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FOREWORD 


The  1982  Army  Numerical  Analysis  and  Computers  Conference,  sponsored  by  the 
Army  Mathematics  Steering  Committee  (AMSC) ,  had  as  its  host  the  0.  S.  Army 
Engineer  Waterways  Experiment  Station,  Vicksburg,  Mississippi,  and  was  held 
on  the  dates  3-4  February  1982.  A  short  'History"  of  and  the  'Hiss ion"  of 
the  Waterways  Experiment  Station  appeared  in  a  booklet  issued  the  attendees 
at  this  meeting.  This  information  together  with  two  photographs  is  reproduced 
next . 


Admintatratfv  Ham/quanara 


HISTORY 


Followingoneof  the  Nation'sgreatdisasters— 
the  1927  flood  on  the  Mississippi  River— the 
Waterways  Experiment  Station  was  estab¬ 
lished  in  1929  as  a  hydraulics  laboratory  to 
assist  the  Mississippi  River  Commission  in 
developing  and  implementing  comprehensive 
plans  for  flood  control  in  the  Lower  Mississippi 
Valley.  As  the  program  advanced,  it  soon 
became  necessary  to  establish  a  soils  labora¬ 
tory  to  aid  in  designing  the  levee  system  and 
ensure  the  adequacy  of  foundations.  To  sup¬ 
port  the  military  missions  of  the  Corps  of 


Engineers  during  World  War  II,  to  meet  the 
unique  and  challenging  requirements  of  the 
postwar  Space  Age,  and  to  keep  abreast  of  the 
public’s  growing  concern  for  protection  and 
enhancementof  our  natural  environment,  func¬ 
tions  and  facilities  were  progressively  added 
to  produce  capabilities  in  the  many  and  diverse 
fields  of  endeavor  described  herein.  Because  of 
its  nationwide  scope  of  activity,  the  Water¬ 
ways  Experiment  Station  now  operates  under 
direct  control  of  the  Chief  of  Engineers. 

Ill 
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MISSION 


Thu  Waterways  Kx|)erimcnl  SUlien  lab-  explosives  for  excavation  |>ur|Mtses,  computer 
oratory  complex  is  the  principal  research.  proceasinR,  analysis,  proicramminff,  data  prep- 

testing,  and  development  facility  of  the  U.  S.  aration,  Rraphics,  and  related  service.  Field 

Army  Corps  of  Knjrinecrs.  Its  mission  is  U»  investifpitinn  services  include  plannini;,a(*rnm- 

conceive,  plan,  and  execute  entrineerinR  inves-  plishment,  and  analysis  of:  comprehensive  ex- 
tiffations,  and  research  and  development  stud-  ploration  of  soil  and  rock  formations:  compre- 

dies,  in  support  of  the  civil  and  military  mis-  '  hensive  examination  and  inspection  of  port- 
sions  of  the  Chief  of  Enitineers  and  other  land  cement  concrete  structures  in  service 

Federal  aKcncics,  throuKh  the  o|>cration  of  a  including  use  of  nondestructive  U^stini;  pna'c- 

complex  of  laboratories  in  the  broad  fields  of  dures;  instrumentation  systems  to  measure 

hydraulics,  soil  and  rock  mechanics,  concrete,  water  velocities  and  directions  and  to  deter- 

ex|)e<liont  c<instr action,  nuclear  an<l  conven-  mine  pressures,  deflections,  and  strains  in 

tional  weapons  effects,  nuclear  and  chemical  enjrineerinR  structures;  telemetry  systems, 
explosives  excavation,  vehicle  mobility,  envi-  principally  for  hydroloiticdata;  and  field  ins|xx;- 

ronmentsil  rolnlinnships,en(;ineorinff  (TOftlotry.  tion  .services  incliidinfr  inspection  of  control 

pavements,  protective  structures,  aquatic  laboratories  and  training  of  field  |>ersonnel. 

plants,  water  (|uality,  and  dredfrcrl  material.  Subject  to  approval  by  theChicfofKnirinecrs, 

On  a  reimbursable  basis,  the  Waterways  Kx-  studies  are  also  undertaken  for  other  Defense 

periment  Stati«)n  (xsrforms,  on  an  extensive  and  Federal  aKcncics,  private  ortranixations, 

national  scope,  basic  and  applied  research  in  State  Public  Works,  and  foreign  {governments, 

these  and  related  fields,  develops  methods  and  The  Waterways  Experiment  Station  operates 

techniques,  tests  materials  and  equipment,  the  Department  of  Defense  Information  Anal- 

and  provides  consulting  .services  in  its  special-  ysis  Centers  for  Pavements  and  Soils  Traffic- 

ixed  fields  of  competence.  Activities  include  ability.ConcretcTechnology.IIydraulieKngi- 

model  ami  prototype  studies,  engineering  and  neering,  and  Soil  Mechanics.  In  connection 

analytical  design  studies  including  blast  and  with  this  fact-<lis.seminatingservice,  WES  main- 

sh(K‘k  effwts,  lalmratory  rc.search  concerning  tains  .sn  extensive  scientific  and  engineering 

(Nirtland  cement  and  bituminous  concrete  mix-  reference  library  and  issues  publications  of 

ture  proportioning,  laboratory  testing,  field  general  interest,  which  can  aid  materially  in 

investigations,  environmental  and  water-  eliminating  duplication  of  effort  throughout 

quality  studies,  dredged  material  research,  theCorpsofEngineersintheconductofexper- 

technical  advice  and  assistance  on  the  use  of  imental  studies, 

nuclear  explosives  and  large-yield  chemical 

A  A  A  ilr  illr 
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The  theme  of  the  1982  Conference  was  '"Grid  Techniques  for  Partial  Differential 
Equations**^.  ^ Not  only  did  all  the  invited  speakers  emphasize  this  important 
area  but  many  of  the  authors  of  contributed  papers  treated  it.  Preceding 
the  conference  on  the  dates  1-2  February  1982  a  tutorial  entitled  "Review 
of  Finite  Eleinent/Finite  Difference  Methods  for  Partial  Differential 
Equations"  was  offered  by  Professors  S.  Parter,  C.  de  Boor,  and  J.  Strikwerda 
of  the  Mathematics  Research  Center,  University  of  Wisconsin,  Madison, 
Wisconsin.  The  names  of  the  invited  speakers  and  the  titles  of  their 
addresses  are  nCted  on  the  following  page. 


Speakers  and  Affiliation 


Title  of  Address 


Professor  J.  F.  Thompson 
Mississippi  State  University 

Dr.  Patrick  J.  Roache 

Ecodynamics  Research  Associates,  Inc. 


Dr.  James  M.  Hyman 

Los  Alamos  Scientific  Laboratory 

Dr.  Dale  A.  Anderson 
Iowa  State  University 


ELLIPTIC  GRID  GENERATION  TECHNIQUES 


INTERACTIVE  DESIGN  OF  LASER  ELECTRODES 
USING  ELLIPTIC  GRID  GENERATION  AND 
SEMIDIRECT/MARCHING  METHODS 

THE  STRUCTURED  DESIGN  OF  ADAPTIVE  MESH 
METHODS  FOR  PDE'S 

S(H.UTIOM  ADAPTIVE  GRIDS  FOR  PARTIAL 
DIFFERENTIAL  EQUATIONS 


Those  attending  this  meeting  would  like  to  take  this  occasion  to  express 
their  appreciation  to  Mr.  Harden  B.  Boyd,  Chairman  of  Local  Arrangements, 
for  doing  such  an  outstanding  job  of  arranging  physical  accommodations 
and  fcr  handling  the  many  problems  they  posed  during  the  course  of  the 
conference. 

Members  of  the  AMSC  would  like  to  thank  the  speakers  and  all  the  other 
individuals  who  contributed  to  the  success  of  this  conference.  They  have 
asked  that  these  proceedings  be  issued  to  enable  those  scientists  that 
could  not  attend,  as  well  as  those  present,  to  have  a  summary  of  the 
meeting. 
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Vicksburg,  Mississippi 
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0830  0900  WELCOMING  REMARKS  -  LTC  John  0.  Evans,  III,  Deputy  Commander  and 
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Experiment  Station,  Vicksburg,  Mississippi 


0900-1000  KEYNOTE  ADDRESS  (Auditorium) 

CHAIRPERSON  -  Or.  B.  Z.  Jenkins,  US  Army  Missile  Command, 
Redstone  Arsenal,  Alabama 

SPEAKER  -  Professor  J.  F.  Thompson,  Mississippi  State 
University,  Mississippi  State,  Mississippi 

TITLE  -  ELLIPTIC  GRID  GENERATION  TECHNIQUES 
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Dr.  Robert  J.  Gelinas,  Science  Applications,  Inc.,  Pleasanton, 
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INTERACTIVE  DESIGN  OF  LASER  ELECTRODES  USING  ELLIPTIC  GRID 
GENERATION  AND  SEMIDIRECT/MARCHING  METHODS 

Or.  Patrick  J.  Roache,  Ecodynamics  Research  Associates,  Inc., 
Albuquerque,  New  Mexico 
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1430-1500 
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1500-1640 


TECHNICAL  SESSION  III  (Main  Conference  Room) 

CHAIRPERSON  -  Or.  0.  S.  Sodhi ,  US  Anqy  Cold  Regions  Research  & 
Engineering  Laboratory,  Hanover,  New  Hampshire 

APPLICATION  OF  THE  PRINCIPAL  COMPONENT  METHOD  TO  TRAJECTORY 
ESTIMATION 

Messrs.  William  S.  Agee  and  Robert  H.  Turner,  White  Sands 
Missile  Range,  White  Sands  Missile  Range,  New  Mexico 

MULTIVARIATE  B-SPLINES 

Professor  Carl  de  Boor,  Mathematics  Research  Center,  I'  ersity 
of  Wisconsin-Madison 
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Activity,  Aberdeen  Proving  Ground,  Maryland 
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CHAIRPERSON  -  Dr.  N.  Radakrishnan,  US  Army  Engineer  Waterways 
Experiment  Station,  Vicksburg,  Mississippi 

THE  STRUCTURED  DESIGN  OF  ADAPTIVE  MESH  METHODS  FOR  PDE'S 

Dr.  James  M.  Hyman,  Los  Alamos  Scientific  Laboratory,  Los 
Alamos,  New  Mexico 

0915-0945  BREAK 

0945-1125  TECHNICAL  SESSION  V  (Main  Conference  Room) 

CHAIRPERSON  -  Mr.  William  S.  Agee,  White  Sands  Missile  Range, 
White  Sands  Missile  Range,  New  Mexico 

THEORETICAL  AND  EXPERIMENTAL  BUCKLING  LOADS  OF  FLOATING  ICE 
SHEETS 
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Abstract 

A  code  for  the  generation  of  boundary-fitted  coordinate  systems 
for  general  2D  regions  with  boundaries  of  arbitrary  shape  and  with  in¬ 
ternal  obstacles  and  boundary  intrusions  ,  arbitrary  in  shape  and  number, 
is  described  and  instructions  for  input  and  use  are  given.  The  coordi¬ 
nate  system  Is  generated  from  the  numerical  solution  of  a  system  of 
elliptic  partial  differential  equations  with  provision  for  controlling 
the  spacing  of  Che  coordinate  lines  in  the  field.  The  transformed 
(computational)  region  is  rectangular  with  the  obstacles  and  intrusions 
transformed  to  slits  and/or  slabs.  A  small  code  to  distribute  points 
on  various  fundamental  curves  with  exponential  concentration  is  also 
described.  This  front-end  code  can  be  used  to  construct  boundary  point 
distributions  for  input  to  the  coordinate  code.  A  plot  code  for  Che  co¬ 
ordinate  system  is  also  included.  The  boundary-fitted  coordinate  systems 
generated  by  this  code  may  be  used  as  a  basis  for  the  numerical  solution 
of  partial  differencial  equations  for  any  physical  problem  of  interest. 
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INTRODUCTION 


The  use  of  numerically-generated  boundary-fitted  curvilinear  coor¬ 
dinate  systems  as  the  basis  for  numerical  solution  of  partial  differential 
equations  on  arbitrary  regions  is  now  well  establ Ishet) •  A  comprehensive 
survey  of  the  generation  and  use  of  these  coordinate  systems  has  recently 
appeared.  Ref.  [1],  and  the  proceedings  of  a  recent  symposium  devoted 
to  this  area.  Ref.  [2],  cover  the  basic  techniques  Involved,  as  well  as 
applications  in  many  areas. 

Such  coordinate  systems  have  the  property  that  some  coordinate  line 
is  Coincident  with  each  segment  of  the  boundary  in  the  physical  region, 
so  chat  the  complication  of  boundary  shape  is  effectively  removed  from 
the  problem.  In  the  past  decade  the  numerical  generation  of  curvilinear 
coordinate  systems  has  provided  the  key  to  the  development  of  finite 
difference  solutions  of  partial  differential  equations  on  regions  with 
arbitrarily  shaped  boundaries.  Although  much  of  the  impetus  for  these 
developments  has  come  from  fluid  dynamics,  the  techniques  are  equally 
applicable  to  heat  transfer,  electromagnetics,  structures,  and  all  other 
areas  involving  field  solutions. 

With  coordinate  systems  generated  to  maintain  coordinate  lines 
(surfaces  in  3D)  coincident  with  the  boundaries,  finite  difference  codes 
can  be  written  which  are  applicable  to  general  configurations  without 
the  need  of  special  procedures  at  the  boundaries.  Even  when  the  bound¬ 
aries  are  in  motion,  the  use  of  such  coordinate  systems  allows  all  com¬ 
putation  to  be  done  on  a  fixed  grid  with  a  uniform  square  mesh  in  the 
transformed  plane.  This  greatly  simplifies  the  coding,  particularly 
with  regard  to  boundary  conditions,  which  can  now  be  represented  without 
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need  of  Interpolation.  It  Is  also  possible  to  distribute  the  curvilinear 
coordinate  lines  in  the  physical  plane  with  concentration  of  lines  in  regions 
of  high  gradients  while  maintaining  the  square  grid  in  the  transformed 
(computational)  plane. 

With  such  systems,  the  grid  points  may  be  thought  of  as  a  finite 
set  of  observers  of  the  physical  solution,  stationed  so  as  to  be  most 
effective  in  covering  all  of  the  action  on  the  field.  The  structure  of 
an  Intersecting  net  of  families  of  coordinate  lines  allows  the  observers 
to  be  readily  identified  in  relation  to  each  other.  This  results  in 
much  more  simple  coding  than  would  the  use  of  a  triangular  structure 
or  a  random  distribution  of  points.  The  grid  generation  system  provides 
some  influence  of  each  observer  on  the  others  so  that  when  one  moves 
to  get  into  a"  better  position,  its  neighbors  will  follow  in  order  to 
maintain  smooth  coverage  of  the  field.  The  curvilinear  coordinate  system 
thus  should  cover  the  field,  with  coordinate  lines  (surfaces)  coincident 
with  all  boundaries.  The  distribution  of  lines  should  be  smooth,  with 
concentration  in  regions  of  high  gradient. 

Numerical  solutions  of  partial  differential  equations  are  done  on 
the  curvilinear  coordinate  system  by  first  transforming  all  partial 
derivatives  (or  Integrals)  analytically  so  that  the  curvilinear  coordinates, 
rather  than  the  physical  coordinates,  become  the  Independent  variables. 

Normal  and  tangential  derivatives  at  bou* daries  are  similarly  transformed. 
(These  transformation  relations  are  given  in  Ref.  [3),)  The  result  is  a 
set  of  partial  differential  equations  and  boundary  conditions  in  which 
all  derivatives  (and  Integrals)  are  with  respect  to  the  curvilinear  coor¬ 
dinates.  These  equations  may  then  be  expressed  as  difference  equations 
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on  the  square  grid  that  Is  Inherent  in  the  transformed  plane.  There  is 
thus  no  need  for  Interpolation  regardless  of  the  shape  of  the  boundaries 
or  the  distribution  of  the  curvilinear  coordinate  lines  in  the  field. 

The  present  report  concerns  a  code  for  the  generation  of  boundary- 
fitted  coordinate  systens  for  general  2D  regions  with  boundaries  of  ar¬ 
bitrary  shape  and  with  internal  obstacles  and  boundary  intrusions,  arbi¬ 
trary  in  shape  and  number.  The  code  is  described  and  instructions  for 
input  and  use  are  given.  Examples  of  the  application  of  this  code  are 
given  in  Ref.  (4]-[6].  The  coordinate  system  is  generated  from  the 
numerical  solution  of  a  system  of  elliptic  partial  differential  equations 
with  provision  for  controlling  the  spacing  of  the  coordinate  lines  in 
the  field.  The  transformed  (computational)  region  is  rectangular  with 
the  obstacles  and  Intrusions  transformed  to  slits  and/or  slabs.  (This 
type  of  transformed  configuration  and  its  use  are  discussed  in  Ref.  [3].) 

A  small  code  to  distribute  points  on  various  fundamental  curves  with 
exponential  concentration  is  also  described.  This  front-end  code  can  be 
used  to  construct  boundary  point  distributions  for  input  to  the  coordinate 
code.  A  plot  code  for  the  coordinate  system  is  also  included.  The 
boundary- fit ted  coordinate  systems  generated  by  this  code  may  be  used  as 
a  basis  for  the  numerical  solution  of  partial  differential  equations  for 
any  physical  problem  of  Interest. 

The  elliptic  generation  system  is  discussed  in  Part  A,  and  the  op¬ 


eration  and  use  of  the  codes  are  covered  in  Part  6. 


PART  A 


ELLIPTIC  GENERATION  SYSTEM 


ELLIPTIC  GENERATION  SYSTEM 

The  generation  of  boundary-fitted  coordinates  from  elliptic  systems 
and  the  use  thereof  in  Che  numerical  solution  of  the  Navler-Stokes  e- 
quatlons  is  surveyed  in  Ref.  (1],  The  foundations  of  elliptic  generation 
systems  are  discussed  in  detail  in  Ref.  [7],  and  basic  configurations  of 
the  transformed  plane  are  covered  in  Ref.  [3].  The  discussion  in  this 
section  is  an  introduction  to  the  subject  given  by  Johnson  in  Ref.  [5) 
and  is  Incorporated  here  for  convenience. 

Basic  Ideas 

Suppose  one  is  Interested  in  solving  a  differencial  system  involving 
two  concentric  circles,  such  as  shown  in  Fig.  1,  where  r  »  constant  « 
on  the  inner  circle  and  r  »  constant  *  on  the  outer  circle,  and  9 
varies  monotonlcally  over  the  same  range  over  both  the  inner  and  outer 
boundaries,  i.e.,  0*  to  360*. 

A  cylindrical  coordinate  system  is  the  obvious  choice  since  a  coor¬ 
dinate  line,  i.e.,  a  line  of  constant  radius,  coincides  with  each  boundary. 
If  one  now  pulls  the  interior  regions  between  the  two  circles 
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apart  at  0  >  0*  (or  6  ■  360*)  and  folds  outward,  It  Is  easy  to  visualize 
the  region  becoming  the  rectangular  region  D^.  Likewise,  it  should 
be  obvious  that  the  right  and  left  sides  of  the  rectangle  are  reentrant 
boundaries  since  e  ■  0*  and  0  -  360*  are  coincident  in  region  Dj^.  If 
one  computes  a  derivative  in  the  cylindrical  system  at  6  -  0*,  values 
at  the  points  marked  x  and  o  on  both  sides  might  be  used.  Thus,  these 
same  points,  as  shown  in  the  rectangular  region,  would  be  used  for  a 
similar  derivative  in  region  D^.  This  is  the  reason  for  calling  these 
boundaries  reentrant  boundaries.  As  shown,  the  boundary  of  the  inner 
circle  becomes  the  bottom  of  the  rectangular  region  while  the  boundary 
of  the  outer  circle  becomes  the  top.- 

The  general  boundary-fitted  system  is  completely  analogous  to  the 
system  discussed  above.  In  Fig.  2  the  curvilinear  coordinate,  n>  Is 
defined  to  be  constant  on  the  inner  boundary  in  the  same  way  that  the 
curvilinear  coordlante,  r,  is  defined  to  be  constant  on  the  inner  circle 
in  the  cylindrical  coordinate  system.  Similarly,  n  is  defined  to  be 
constant  at  a  different  value  on  the  outer  boundary.  The  other  curvi¬ 
linear  coordinate,  is  defined  to  vary  monotonically  over  the  same 
range  on  both  the  inner  and  outer  boundaries,  as  the  curvilinear  coordi¬ 
nate,  6,  varies  from  0  to  2ir  around  both  the  inner  and  outer  circles  in 
cylindrical  coordinatef<.  It  would  be  just  as  meaningless  to  have  a  dif¬ 
ferent  range  for  ^  on  the  inner  and  outer  boundaries  as  it  would  be  to 
have  9  increase  by  something  other  than  2v  around  one  of  the  circles  in 
cylindrical  coordinates.  It  is  this  fact  that  ^  has  the  same  range  on 
both  boundaries  that  causes  the  transformed  field  to  be  rectangular. 

Hote  that  the  actual  values  of  the  coordinates,  n  and  are  irrelevant. 
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In  the  same  way  that  r  and  9  may  be  expressed  in  different  units  in  cylin¬ 
drical  coordinates. 

Now  that  the  values  of  the  coordinates,  n  and  have  been  completely 
specified  on  all  the  boundaries  of  a  closed  field,  it  remains  to  define 
the  values  in  the  interior  of  the  field  in  terms  of  these  boundary  values. 
Such  a  task  immediately  calls  to  mind  elliptic  partial  differential 
equations,  since  the  solution  of  such  an  equation  is  completely  defined 
in  the  interior  of  a  region  by  its  values  on  the  boundary  of  the  region. 
Thus  if  the  coordinates,  C  and  q,  are  taken  as  the  solutions  of  any  two 
elliptic  partial  differential  equations,  say  1.(0  =•  0,  D(t))  »  0,  where 
L  and  D  represent  elliptic  operators,  then  C  and  n  will  be  determined 
at  each  point  in  the  interior  of  the  field  by  the  specified  values  on 
the  boundary.  One  condition  must  be  put  on  the  elliptic  system  chosen, 
since  the  same  pair  of  values  (5,h)  must  not  occur  at  more  than  one  point 
in  the  field  or  the  coordinate  system  will  be  ambiguous.  This  condition 
can  be  met  by  choosing  elliptic  partial  differential  equations  exhibiting 
extremum  principles  that  preclude  the  occurrence  of  extrema  in  the  in¬ 
terior  of  the  field. 

This  may  be  illustrated  with  resort  to  the  governing  equation  for 
a  stretched  membrane.  Consider  a  membrane  attached  to  a  flat  plate 
around  a  closed  circuit  of  arbitrary  shape  as  shown  in  Fig.  3.  Now  let 
a  cylinder  of  arbitrary  flat  cross  section  be  pushei  up  through  the  plate, 
stretching  the  membrane  upward.  The  vertical  displacement,  h,  of  the 
membrane  will  be  described  by  Laplace's  equation,  V^h  ■  0,  with  h  ■  hj^ 
and  h^,  respectively,  on  the  circuits  of  contact  with  the  plate  and  cyl¬ 
inder.  If  equally  spaced  grid  lines  encircling  the  cylinder  had  been 
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drawn  on  the  membrane  before  displacement,  these  lines  would  appear  to 
move  closer  to  the  cylinder  when  viewed  from  above  after  displacement 
of  the  membrane.  None  of  these  lines  would  cross,  however. 

Now  let  pressure  be  applied  on  the  upper  side  of  the  membrane  as 
diagrammed  in  Fig.  4a.  This  will  cause  the  slope  at  the  cylinder  to 
steepen,  with  the  effect  that  the  lines  will  appear  to  be  drawn  even 
closer  to  the  cylinder  but  still  without  crossing.  This  situation  cor¬ 
responds  to  the  Poisson  equation,  V^h  =  p,  where  p  is  the  applied  pressure 
If  a  variable  pressure  is  applied  on  both  sides  of  the  membrane  to  a 
sufficient  degree,  it  is  possible  to  make  the  membrane  assume  an  S  shape 
as  shown  in  Fig.  4b.  In  this  case  the  encircling  lines  have  crossed, 
and  consequently,  a  point  on  the  plate  can  no  longer  be  identified  by 
specifying  the  encircling  line  that  it  lies  below  (together  with  a  radial 
ray).  This  latter  case  corresponds  to  a  right-hand  side  of  the  Poisson 
equation  that  is  not  of  one  sign  over  the  entire  membrane,  in  which  case 
the  extremum  principles  of  Poisson's  equation  are  lost. 

Note,  however,  that  if  the  differential  pressure  that  is  applied 
across  the  membrane  is  not  too  large,  the  S  shape  will  not  be  reached. 

In  this  case  the  lines  do  not  cross,  but  rather  the  lines  seem  to  con¬ 
centrate  near  a  line  in  the  interior  of  the  field.  Thus  the  existence 
of  an  extremum  principle  is  a  sufficient  condition  to  prevent  double¬ 
valuedness  in  the  coordinate  system  but  is  not  a  necessary  condition. 

Care  must  be  exercised  in  its  absence,  however. 
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Hathematlcal  Development 


From  the  discussion  above,  a  logical  choice  of  the  elliptic  gen¬ 
erating  system  Is  Poisson's  equation.  Thus,  based  upon  Fig.  2,  the 
basic  problem  Is  to  solve 


C  +  C  *  P 

XX  yy 

n  +  n  *  0 

XX  yy  ^ 


(1) 


with  boundary  conditions. 


C  =  Cj^(x,y)  on 
n  ■  constant  =  on  F 

(2) 

C  ■  on 

n  »  constant  ■  n2  on  F^ 

The  arbitrary  curve  joining  F^  and  F^  in  the  physical  plane  specifies 
a  branch  cut  for  the  multiple- valued  function,  C(x,y).  Thus  the  values 
of  the  coordinate  functions  x(C,n)  and  y(C,n)  coincide  along  F^ 
and  F^^  and  these  functions  and  their  derivatives  are  continuous  from 
to  F^.  Therefore  boundary  conditions  are  neither  required  nor  allowed 
on  F^  and  F^.  As  previously  noted,  boundaries  with  these  properties 
are  designated  reentrant  boundaries. 

The  functions  P  and  Q  may  be  chosen  to  cause  the  coordinate  lines 
to  concentrate  as  desired,  in  analogy  with  the  membrane  discussed  above. 
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As  discussed  In  Ref.  [7],  negative  values  of  Q  result  In  a  superhamonlc 
solution  and  cause  n-Hnes  to  move  toward  the  n-llne  having  the  lowest 
value  of  n.  while  positive  values  have  the  opposite  effect.  Considering 
the  ^  solution  to  be  superha rmonlc  results  In  the  Interior  of  the  ^  « 
constant  lines  being  rotated  In  a  counterclockwise  direction  In  the  physical 
plane;  whereas  If  the  equation  Is  subharmonlc,  l.e.,  P  is  positive, 
the  lines  are  rotated  In  the  clockwise  direction.  These  effects 
are  discussed  in  more  detail  below.  It  has  been  found  convenient,  as 
discussed  In  Ref.  [7],  to  redefine  the  control  functions  as 


A  <«.'  +  yjy 


Q  “  ^  (x  2  +  y  2)2 


A  major  purpose  of  this  coordinate  system  control  is  to  concentrate 
lines  In  viscous  boundary  layers  near  solid  surfaces,  and  some  automated 
procedures  for  this  purpose  have  been  developed  (cf.  Ref.  [7]).  Control  is 
also  useful  to  improve  grid  spacing  and  configuration  when  complicated 
geometries  are  involved. 

Since  all  numerical  computations  are  to  be  performed  in  the  rec¬ 
tangular  transformed  plane.  It  Is  necessary  to  interchange  the  dependent 
and  Independent  variables  In  Eq.  (1).  Using  the  relations  given  in 
Ref.  [3],  Eq.  (1)  becomes 


ax 

oy 


a 

a 


+  yOXn 


+  yOy^ 


0 

0 


I 


(3) 


10 


where 


a  * 

n  n 

Y  -  k|  +  y2 

J  =  Jacobian  of  Che  transformation  “  x  v  -  x  y 

r  n  n  C 

with  the  transformed  boundary  conditions 

X  -  fj(C,  Hj)  on  rj 

y  =  on  rj 

X  =  f2(C.n2)  on 

y  =  82(C.n2)  on 

Again  considering  Fig.  2,  the  boundary  functions  fj^,  f2,  gj^,  and  g2 
are  specified  by  the  known  shape  of  the  contours  and  r2  **nd  the  speci¬ 
fied  distribution  of  C  thereon.  Boundary  data  are  neither  required  nor 
allowed  along  the  reentrant  boundaries, and  T^.  Although  the  new 
system  of  equations  is  more  complex  than  the  original  system,  the  boundary 
conditions  are  specified  on  straight  boundaries  and  the  coordinate  spacing 
in  the  transformed  plane  is  uniform.  Computationally,  these  advantages 
far  outweigh  any  disadvantages  resulting  from  the  extra  complexity  of 
the  equations  to  be  solved. 


The  boundary-fitted  coordinate  system  so  generated  has  a  constant 
n-  line  coincident  with  each  boundary  in  the  physical  plane.  The  5- 
lines  may  be  spaced  in  any  manner  desired  around  the  boundaries  by 
specification  of  x,y  at  the  equlspaced  points  on  the  rj  and  rj 
lines  of  the  transformed  plane.  As  noted  above,  the  entire  side  boundaries 
are  reentrant  boundaries,  and  thus  neither  require  nor  allow  specification 
of  x,y  thereon. 

Now  the  rectangular  transformed  grid  is  set  up  to  be  the  size 
desired  for  a  particular  problem.  Since  the  values  of  ^  and  n  are 
meaningless  in  the  transformed  plane,  the  assumed  to  run 

from  1  to  the  number  of  n“lines  desired  in  the  physical  plane.  Likewise, 
the  ^-llnes  are  ntimbered  1  to  the  number  specified  on  the  boundaries  of 
the  physical  plane.  The  grid  spacing  in  both  the  5  and  n  directions  of 
the  transformed  plane  is  taken  as  unity.  Second-order  central  difference 
expressions  are  used  to  approximate  all  derivatives. 

Only  one  of  a  pair  of  reentrant  boundaries  is  considered  as  a  com¬ 
putation  line  since  the  (x,y)  are  equal  on  both.  As  an  example  of  how 
a  reentrant  boundary  is  handled,  consider  the  grid  in  Fig.  5  where  ”0" 
indicates  a  computation  point  and  "a"  a  boundary  point.  The  derivative 
of  X  with  respect  to  ^  along  1  «  1  would  be  written,  as 

Mi,j  "  ~ 

Again,  it  should  be  stressed  that  all  computations  are  performed 
on  the  rectangular  field  with  square  mesh  in  the  transformed  plane. 

The  resulting  set  of  nonlinear  difference  equations,  two  for  each  point, 
are  solved  by  accelerated  Causs-Seldel  (SOR)  iteration  using  over relaxation. 
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Some  discussion  of  this  technique  Is  presented  In  Ref.  [8]. 

It  might  be  noted  that  both  orthogonal  and  conformal  transformations 
are  special  cases  of  the  generation  of  boundary-fitted  coordinate  systems 
as  the  solutions  of  elliptic  partial  differential  systems.  In  both  of 
these  cases  the  curvilinear  coordinates  satisfy  Laplace's  equation  with 
one  coordinate  constant  on  each  boundary,  and  the  normal  derivative  of 
the  other  coordinate  equal  to  zero  on  each  boundary.  A  conformal  system 
also  requires  a  certain  relation  between  the  range  of  the  two  curvilinear 
coordinates. 

The  same  procedure  may  be  extended  to  regions  that  are  more  than 
doubly  connected,  l.e.,  have  more  than  two  closed  boundaries,  or  equiv¬ 
alently,  more  than  one  body  within  a  single  outer  body.  A  river  reach 
containing  more  than  one  island  would  be  an  example.  One  such  trans¬ 
formation  for  such  a  problem  is  illustrated  in  Fig.  6. 

Types  of  Boundary-Fitted  Coordinate  Systems 

The  above  discussion  of  the  generation  of  boundary-fitted  coordinates 
has  centered  around  the  idea  of  using  branch  cuts  to  reduce  multiply- 
connected  regions  to  simply-connected  ones  in  the  transformed  plane. 

An  example  using  branch  cuts  Is  sketched  in  Fig.  7.  Here  the  body  in 
the  field  transforms  to  the  entire  bottom  boundary  of  the  transformed 
plane,  while  the  entire  surrounding  boundary,  1-2-3-4-5-6, 
transforms  to  the  top  boundary  of  the  transformed  plane.  The  sides  of 
the  transformed  plane  are  reentrant  boundaries,  corresponding  to  the  cut, 
8-1  and  7-6,  in  the  physical  field.  Thus,  in  the  difference  equations, 
points  lying  just  to  the  right  of  the  right  boundary  are  identical  with 
corresponding  points  just  to  the  right  of  the  left  boundary.  This  is 
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the  same  type  of  circumstance  that  occurs  with  the  familiar  cylindrical 
coordinate  system,  where  0  ■  361®  Is  the  same  point  as  9  *  1®.  Similarly, 
points  Just  outside  the  left  boundary  are  coincident  with  points  just 
Inside  the  right  boundary. 

Many  variations  of  this  type  of  coordinate  system  can  be  produced, 
cf.  Ref.  [3].  For  Instance,  the  transformed  plane  corresponding  to  the 
same  physical  field  shown  In  Fig.  7  can  be  rearranged  as  shown  In  Fig. 

8.  Now  the  reentrant  boundary,  corresponding  to  the  cut.  Is  located  on 
a  pKjrtlon  of  the  bottom  of  the  transformed  plane.  The  coordinate  lines 
that  result  from  these  two  types  of  arrangements  of  the  transformed  plane 
are  shown  on  each  of  the  figures.  As  with  all  the  boundary-fitted  coor¬ 
dinate  systems,  the  grid  Is  square  In  the  transformed  plane  regardless 
of  the  line  configuration  In  the  physical  plane. 

Multiple-body  fields  can  also  be  transformed  to  simply  connected 
regions,  an  example  of  which  Is  shown  In  Fig.  9  .  Again  there  are  many 
different  possible  arrangements  of  the  transformed  plane,  all  of  which 
are  created  by  sliding  the  boundary  segments  around  the  rectangular 
boundary  of  the  transformed  plane.  A  number  of  examples  are  given  In 
Ref.  [  3 ]  and  Ref.  [8] . 

The  other  type  of  coordinate  system  transformation  available  leaves 
the  multiplicity  of  the  region  unchanged.  In  this  case,  bodies  In  the 
Interior  of  the  physical  field  are  transformed  to  rectangular  slabs  or 
even  silts  in  the  transformed  plane.  Three  different  possibilities  are 
shown  In  Fig.  10  for  the  physical  plane  shown  In  Fig.  7.  In  the  case  of 
silts,  the  physical  coordinates  and  solution  variables  In  general  have 
different  values  at  points  on  the  two  sides  of  the  slit,  even  though  such 


points  are  coincident  In  the  transformed  plane.  This  does  not  Introduce 
any  approximations,  but  simply  adds  a  little  more  bookkeeping  to  the 
code.  Fields  with  more  chan  one  body  in  Che  Incerlor  simply  result  in 
a  like  number  of  slabs  and/or  slits  In  the  transformed  plane. 

Comparison  of  all  of  the  above  figures  shows  that  different  types 
of  transformation  may  be  more  appropriate  for  different  physical  config¬ 
urations.  A  further  example  of  this  Is  the  configuration  In  Fig.  11, 
shown  with  three  variations.  Generally,  the  slit/slab  form  Is  more 
appropriate  for  channel-like  physical  configurations  having  bodies  in 
the  Interior,  while  the  other  form  works  particularly  well  for  "unbounded” 
regions  Involving  external  flow  about  bodies  and  for  regions  having  an 
outer  boundary  that  forms  a  continuous  circuit  without  pronounced  comers 
around  Che  field.  The  slab  Is  generally  superior  to  the  silt  unless 
Che  boundary  has  a  sharp  point.  The  case  of  a  single  channel  without 
any  Interior  bodies  Is  'the  same  In  either  form.  An  example  of  a  river 
reach  containing  two  Islands,  using  horizontal  slits  rather  than  Che 
branch  cuts  previously  presented  in  Fig.  6, is  given  In  Fig.  IZ. 

Data  Required  for  Generation  of  Boundary-Fitted  Coordinates 

The  basic  Input  or  data  required  to  generate  a  boundary-fitted 
coordinate  system  are  the  physical  coordinates  of  points  on  the  boundaries. 
For  example,  with  reference  to  Fig.  7,  the  coordinates  of  points  on  the 
body  from  8  around  to  7  would  be  required,  with  these  points  being 
spaced  In  any  manner  desired  as  long  as  there  Is  a  continuous  progression 
from  8  to  7.  Similarly,  the  (x,y)  values  for  points  on  the  outer  boundary 
from  1  to  2,  etc.,  on  around  to  6  would  be  required.  Again  these  points 
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nay  be  spaced  around  Che  boundary  as  desired,  with  no  restriction  as  Co 
how  many  points  lie  on  each  boundary  segment,  e.g.,  between  1  and  2  or 
between  4  and  5,  provided  that  only  the  total  number  of  points  from  1 
around  to  6  is  the  same  as  from  8  to  7.  The  coordinates  of  points  must 
be  specified  on  the  entirety  of  these  lines.  The  coordinates  of  points 
on  reentrant  segments  of  the  boundary  in  the  transformed  plane,  e.g. ,  1 
to  8  and  6  to  7,  are  not  specified  but  are  free  to  be  determined  by  Che 
solution. 

Similarly,  with  reference  to  Fig.  10a,  the  coordinates  of  outer 
boundary  points  are  required  in  the  slab/sllc  transformations.  In 
addition,  body  points  from  6  to  1  on  the  lower  half  of  the  body  and 
from  1  Co  6  on  Che  top  half  are  required.  No  calculations  would  be 
made  on  the  slab  sides  of  Figure  10c  or  slits  of  Figures  IQa  and  lOb 
since  values  at  such  points  are  fixed.  Points  in  the  interior  of  a 
slab  are  irrelevant.  As  always,  points  may  be  spaced  as  desired  around 
the  bodies  and  cuter  boundary  segments. 

Computer  Time  Required  for  Generation  of  Boundary-Fitted  Coordinates 

Ref.  [  8 ]  indicates  that  the  typical  time  required  to  generate  a 
one-body  coordinate  svstem  without  coordinate  system  control  (the 
functions  P  and  Q  are  set  to  zero)  is  about  2  min  on  a  UNIVAC  1106  com¬ 
puter  for  a  70  X  30  field  (70  points  on  the  body).  If  P  and  Q  are  not 
zero,  so  that  Che  spacing  of  coordinate  lines  is  controlled,  the  computation 
time  increases.  Multiple-body  coordinate  systems  typically  require  about 
6  min  for  a  70  x  40  field.  If  these  same  computations  were  to  be  made 
on  a  CDC-7600  computer,  the  times  quoted  above  would  be  reduced  by  perhaps 
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an  order  of  magnitude  or  more.  Therefore,  the  cost  of  generating 
boundary-fitted  coordinate  systems  for  use  In  numerical  models  will 
be  generally  Insignificant. 

COORDINATE  SYSTEM  CONTROL 

Control  of  the  coordinate  line  spacing  in  the  field  can  be  exercised 
through  the  non-zero  values  given  to  the  Laplaclan  of  the  curvilinear 
coordinates  as  In  Eq.  (1),  as  noted  above.  With  a  zero  Laplaclan,  the 
lines  tend  to  be  closely  spaced  near  convex  segments  and  more  widely 
spaced  near  concave  segments.  A  negative  value  of  the  Laplaclan  causes 
the  lines  to  move  toward  lower  values  of  the  curvilinear  coordinate. 

Attraction  to  Other  Coordinate  Lines  and/or  Points 

This  effect  Is  utilized  as  in  Ref.  t  ® 1  to  achieve  attraction  of 
coordinate  lines  to  other  coordinate  lines  and/or  points  by  taking  the 
form  of  the  control  functions  to  be 


P(C,n)  “  -  I  8lgn(c  -  ej^)exp(-c^  (C  -  C^l) 

1-1 

®  u 

-  I  sign(c  -  C^)exp{-d^[(5  -  +  (ii  -  n^)^!  } 

1-1 


(5) 


and  an  analogous  form  for  0(£,n}  with  £  and  n  Interchanged.  The  effects 
of  such  control  Is  Ulustrated  In  Refs.  (  7]  and  [8],  The  efficacy 
of  control  to  improve  Che  accuracy  of  a  physical  solution  done  on  the 
coordinate  system  has  been  noted. 

In  the  P  function,  the  effect  of  the  amplitude,  a^.  Is  to  attract 
C- coordinate  lines  toward  the  £j^-line,  while  the  effect  of  the  amplitude 
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Is  to  attract  C-lines  toward  the  single  point  Note  that 

this  attraction  to  a  point  is  actually  attraction  of  ^-llnes  to  a  point 
on  another  ^-llne,  and,  as  such,  acts  normal  to  the  ^-line  through  the 
point.  There  is  no  attraction  of  to  this  point  via  the  P 

function.  In  each  case  the  range  of  the  attraction  effect  is  determined 
by  the  decay  factors,  c^^  and  d^.  With  the  inclusion  of  the  sign  changing 
function,  the  attraction  occurs  on  both  sides  of  the  ^-llne,  or  the 
point,  as  the  case  may  be.  Without  this  function,  attraction 
occurs  only  on  the  side  toward  Increasing  5.,  with  repulsion  occurring  on 
the' other  side.  A  negative  amplitude  simply  reverses  all  of  the  above- 
described  effects,  l.e.,  attraction  becomes  repulsion  and  vice  versa. 

The  effect  of  the  Q.  function  of  ri~llnes  follows  analogously.  It  should 
be  noted  that  P  and  Q,  are  discontinuous  because  of  the  sign  function  and 
are  equal  to  sums  of  second  derivatives.  As  a  consequence,  the  coordinates 
have  continuous  first  derivatives  but  discontinuous  second  derivatives 
at  controlled  locations. 

In  the  case  of  a  boundary  that  is  an  n-line,  positive  amplitudes 
In  the  Q  function  will  cause  n-llnes  off  the  boundary  to  move  closer 
to  the  boundary,  assuming  that  n  increases  off  the  boundary.  The  effect 
of  the  P  function  will  be  to  alter  the  angle  at  which  the  C-lines  inter¬ 
sect  the  boundary,  since  the  points  on  the  boundary  are  fixed,  with  the 
C-llnes  tending  to  lean  In  the  direction  of  decreasing  If  the  boundary 
is  such  that  n  decreases  off  the  boundary,  then  the  amplitudes  in  the  0 
function  must  be  negative  to  achieve  attraction  to  the  boundary.  In 
any  case,  the  amplitudes  a^^  cause  the  effects  to  occur  all  along  the 
boundary,  while  the  effects  of  the  amplitudes  b^^  occur  only- near  se¬ 
lected  points  on  the  boundary. 
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C-llne 


it  Is  unxeasonable  to  attract  i  lines  to  the  curve  f(x),  while  It  is 
natural  to  attract  the  n-lines  to  f(x). 

However  in  the  gerieral  situation,  the  specified  line  f(x)  will  not 
necessarily  be  aligned  with  either  a  <  or  n  line  along  its  entire  length. 
Since  it  is  unreasonable  to  attract  a  line  tangentially  to  itself,  some 
provision  is  necessary  to  decrease  the  attraction  to  zero  as  the  angle 
between  the  coordinate  line  and  the  given  line  f(x)  goes  to  90*.  This 
can  be  accomplished  by  multiplying  the  attraction  function  by  the  cosine 
of  the  angle  between  the  coordinate  line  and  the  line  f(x).  It  is  also 
necessary  to  change  the  sign  on  the  attraction  function  on  either  side 
of  the  line  f(x).  This  can  be  done  by  multiplying  by  the  sine  of  the 
angle  between  the  line  f(x)  and  the  vector  to  the  point  on  coordinate 
line. 

These  two  purposes  can  be  accomplished  as  follows.  Let  a  general 
point  on  the  ^-llne  be  located  by  the  vector  R(x,y),  and  let  the  attrac¬ 
tion  line  y  -  f(x)  be  specified  by  the  collection  of  points  S(Xj^,yj^), 

1  ■  1,  2,  — ,  n.  Let  the  unit  tangent  to  the  attraction  line  be 
and  the  unit  tangent  to  a  ^-line  be 
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The  control  functions  P(x,y)  and  ^(x,y)  may  then  be  logically  taken  as 


P(x,y) 


.  .  [t  X  (R  -  Spi  •  k 

-  ^  - fR^rtn - "  exp(-djR  -  Sj) 

i=l  ' 


(6) 


OJx.y) 


-  I 

i-1 


^(n)) 


[t^x  (R 


I-  -  !ii 


k 

-  exp(-d^|R  -  S^|) 


where  k  is  the  unit  vector  normal  to  the  two-dimensional  plane.  These 
relations  are  evident  from  the  figure  below: 


Here  the  term  t^^  .  serves  to  decrease  the  attraction  to  zero  as  the 

angle  between  the  ^-line  and  the  attraction  line  approaches  90°.  The 
cross  product  term  changes  the  sign  of  the  control  function  on  either 
side  of  the  attraction  line  to  produce  attraction  on  both  sides  of  the 
line.  Again  the  strength  and  range  of  the  attraction  are  determined  by 
the  amplitude,  a^,  and  the  decay  factor,  d^,  respectively. 
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These  functions  depend  on  x  and  y  through  both  R  and  or  and 

thus  must  be  recalculated  at  each  point  as  the  iterative  solution  proceeds. 
This  form  of  coordinate  control  will  therefore  be  more  expen  :ive  than 
that  based  on  attraction  to  other  coordinate  lines. 

There  is  no  real  distinction  between  "line"  and  "point"  attraction 
with  this  type  of  attraction.  "Line"  attraction  here  is  simply  attraction 
to  a  group  of  points  that  form  a  line  f(x).  If  line  attraction  is  speci¬ 
fied,  then  the  tangent  to  the  line  f(x)  is  computed  from  the  adjacent 
points  on  the  line.  If  point  attraction  is  specified,  then  the  "tangent" 
must  be  input  for  each  point.  The  tangents  to  the  coordinate  lines  are 
computed  from  the  relations  given  in  Ref.  [3]. 

Control  Functions  from  Boundary-Point  Distributions 

With  the  Laplaclans  of  the  coordinates  equal  to  zero,  the  line 
spacing  In  the  field  will  not  be  greatly  affected  by  the  distribution 
of  the  boundary  points,  except  very  near  the  boundaries.  In  fact  If 
the  control  functions  are  not  consistent  with  the  boundary  point  dis¬ 
tribution  very  large  changes  in  the  metric  coefficients  will  occur  near 
the  boundaries.  Values  of  the  control  functions  may  be  determined  from 
the  ID  boundary  point  distribution  such  that  the  line  spacing  in  the 
field  will  generally  follow  that  on  the  boundary.  This  concept  was  in¬ 
troduced  in  Ref.  [10  ]  and  Is  discussed  In  Ref.  [7]  as  generalized  t^<3D 
In  Ref.  [ 11  ] .  However,  in  the  use  of  control  functions  that  are 
ID,  It  should  be  noted  that  excessive  concentration  of  lines  can  occur 
near  sharp  convex  comers  as  discussed  in  Ref.  [7], 

With  Eq.  (3)  evaluated  In  ID  on  a  straight  n~l'ine  conlncldent  with 
the  x-axls  we  have,  since  x^  ■  y^  ■  0  in  this  case. 
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(7) 


“-aPCOx^ 

The  reason  for  the  choice  of  the  form  of  the  control  functions  In  Eq.  3 
becomes  clear,  since  a  cancels  from  this  equation  to  leave 

P(C)  ■  (8) 

Thus  the  control  function,  P(0,  can  be  determined  from  the  specified 
boundary  point  distribution,  x(^).  Generalizing,  x  Is  replaced  by  arc 
length  along  the  g-llne  ,  and  the  effect  will  be  qualitatively  the  same 
when  this  line  is  curved,  (cf.  Ref.  [7]  for  more  detail.) 

If  this  value  of  the  control  function  is  then  used  throughout  the 
field,  the  C-line  distrlbtulon  in  the  field  will  generally  follow  the 
specified  distribution  of  the  end  points  of  these  lines  on  the  boundary. 
With  different  point  distributions  on  two  boundaries,  values  of  the 
control  function  P(C,n)  In  the  field  between  can  be  determined  by  ID 
Interpolation  in  n  between  the  values  determined  in  the  above  manner  on 
the  two  n-llne  boundaries.  An  analogous  development  applies  for  the 
determination  of  the  control  function  from  interpolation  in 

between  ID  evaluations  on  two  fUne  boundaries.  This  interpolation 
was  introduced  in  Ref.  [  12  ]  In  a  2D  coordinate  system. 

SYSTEM  CONFIGURATION 

In  the  present  model,  the  physical  field  may  have  both  external  and 
Internal  boundaries  of  arbitrary  shape.  The  field  in  the  transformed 
plane  Is  rectangular  with  rectangular  holes  corresponding  to  any  Internal 
boundaries.  This  configuration  Is  illustrated  in  Fig.  13.  Boundary 
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Intrusions  nay  be  transformed  either  to  portions  of  the  rectangular  outer 
boundary  of  the  transformed  region,  as  In  Fig.  13,  or  to  slabs  protruding 
inward  from  this  boundary  as  in  Fig.  14.  A  general  discussion  of  possible 
configurations  is  giyen  in  Ref.  (3].  Various  outlet  shapes  and  locations, 
as  well  as  internal  obstacles  aiid  boundary  protrusions  such  as  weirs, 
run  be  created  by  the  sane  code  with  only  changes  in  the  input.  This 
input  consists  of  the  physical  cartesian  coordinates  of  the  points  se- 
luctod  on  each  segment  of  the  physical  boundaries.  A  small  front-end 
code  was  written  to  provide  certain  line  segments  (linear,  quadratic, 
and' cubic  polynomials)  with  linear  or  exponential  distributions  thereon 
automatically. 

The  code  automatically  calculates  control  functions,  P((,r))  and 
Q(C, n),  for  Che  coordinate  generation  equations  (3)  from  the  boundary 
point  distribution  as  discussed  above.  These  functions  are  calculated 
from  the  10  relations  on  each  boundary  segment  and  are  interpolated 
linearly  into  the  field  between  opposing  boundary  sections  in  the 
transformed  plane. 

In  addition,  attraction  of  coordinate  lines  to  other  coordinate 
lines  and/or  points,  and  to  specified  lines  and/or  points  in  space,  also 
discussed  above,  is  provided  through  input  quantities.  This  input 
consists  of  the  coordinate  lines  and/or  points,  and  the  specified  space 
curves  and/or  points,  to  which  the  attraction  is  to  be  made  and  the  ampli¬ 
tudes  and  decay  factors  for  the  corresponding  attractions. 

Several  examples  of  coordinate  syetesw  produced  by  this  code  are 
given  in  Figs.  lS-19.  Examples  of  applications  of  such  systems  appear 
in  Ref.  IA]-[6].  Two  further  examplas,  together  with  complete  Input 
listings  for  the  code,  follow  the  description  of  the  code  in  Part  B. 
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Figure  1.  Transformation  of  domain  between  concentric  cylinders 
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SI  DC  VIEW 


TOP  VIEW 


Figure  3.  Illustration  of  extremum  principle  for 
Laplace's  equation 
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Figure  6.  Boundary- fitted  coordinates  ror  a  river 
containing  two  islands 
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TRANSFORMED  PLANE 


.  Example  of  coordinates  generated  using  a  branch 
cut.  Placement  of  body  is  such  that  sides  are 
reentrant  boundaries. 
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PHYSICAL  PLANE 
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Figure  8.  Example  of  coordinates  generated  using  a  branch  cut. 

Placement  of  body  is  such  that  reentrant  boundaries  lie 
on  bottokfl  line  of  the  transformed  plane. 
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transformed  plane 


aure  9.  Coordinates  generated  for  a  multiple 
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Fijiure  10.  F.xamjles  of  coordinates  generated  using  slabs/slits 
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c. 

phvs^cal  plane  transformed  plane 

Figure  11.  Comparison  of  TOMCAT  and  slit/slab 
generation  of  coordinates 
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Figure  12,  Coordinates  generated  with  si 
river  with  two  islands 
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Figure  13.  Example  of  coordinates  generated  in  n 
field  containing  a  jetty  and  an  island 
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PHYSICAL  PLANE 


TRANSFORMED  PLANE 


Figure  14.  Boundary-fitted  coordinates  for  a 
river  containing  dikes 
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PART  B 


COORDIN’ATF  COnp. 

The  present  code  differs  from  the  TOMCAT  code  described  in  Ref.  [8] 
in  that  the  latter  does  not  provide  for  slits  and/or  slabs  in  the  in¬ 
terior  of  the  transformed  plane.  Also  branch  cuts  (if  used)  in  the  present 
code  are  restricted  to  the  entire  left  and  right  sides  of  the  outer  rec¬ 
tangle  in  the  transformed  region.  Finally,  the  present  code  includes  a 
more  extenrive  means  of  coordinate  line  control,  involving  attraction  to 
space,  lines/or  points  .and  also  involving  determinat  ion  from  boundary 
point  d  ist  r  Ihiit  ions . 

Tilt'  code  for  the  numerical  generation  of  the  !>oundary-f itted  coor¬ 
dinate  system  from  the  equations  of  Part  A,  together  with  a  front-end 
code  to  generate  boundary  point  distributions  and  a  plot  code,  is  discussed 
below.  These  codes  were  implemented  on  the  CRAY-1  computer  at  the  Air 
Force  W<>a;ions  Inhoratory,  K.lrtland  AFB,  Ni'w  Mexico. 

WKSCOK  (Coordinate'  .Sy.stem) 

This  code  generates  the  boundary-fitted  coordinate  system  by  solving 
a  set  of  elliptic  partial  differential  equations  by  SOR  iteration  as 
discussed  above  in  Part  A.  Attraction  of  coordinate  lines  to  other  coor¬ 
dinate  lines  and/or  points, and  to  specified  lines  and/or  points  in  space, 
is  Included.  iiie  sh.ape  and  configuration  of  the  boundary  .are  arbitrary, 
except  th.at  the  outer  hnundaiy  must  be  clo.scd.  Then  may  be  an  arbitrary 
number  of  internal  closed  boundaries  t  ransfvirin  Inv’  to  cither  slits  or 
slah.s  as  d  iseussed  in  i  .irt  A. 

The  inpni  to  this  code  consists  of  the  point  <1  i  s  •- r  ibii  t  ion  on  the 
Ixuindarv  of  tb..  regb-n,  spv'T.tI  q>i.arit  i  r  i  es  in  cenne.-rion  with  the  control 
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of  the  coordinate  line  spacing,  and  the  parameters  associated  with  the 
iterative  solution  process.  This  input  is  described  in  detail  below. 

The  file  output  from  the  code  LIKES  can  be  used  directly  as  a  part  of 
the  input  to  this  code  from  file  H'. 

Boundary  Configurations 

Arrays .  The  dependent  variable  field  arrays  are  X  and  Y,  which  contain 
the  cartesian  coordinates  (x,y)  for  each  grid  point.  The  indices  (1,1) 
of  these  arrays  correspond  to  the  curvilinear  coordinates  ( ri)  ,  and 
run  from  1  to  IMAX  and  JMAX,  respectively.  The  increments,  Af,  and  .'.n, 
in  the  difference  expressions  are  thus  equal  to  unity  by  construction. 
(These  increments  cancel  from  all  the  difference  equations  and  are  thus 
Irrelevant . ) 

In  order  to  treat  slit  configurations,  for  which  a  closed  interior 
boundary  in  the  physical  region  is  collapsed  to  a  si  it  in  the  transformed 
region,  there  are  four  other  coordinate  arrays,  XI,,  YL  and  XU,  YU,  which 
contain  the  c.irtesian  coordinates  on  the  two  sides  of  the  slit.  The 
first  index  of  these  arrays  corresp.onds  to  the  location  of  the  point 
relative  to  the  left  end  of  horizontal  slits,  or  rd  it ive  to  the  lower 
end  of  vertical  slits,  this  end  i::d._/.  betnu  designated  unity.  The  other 
index  indent  if  ies  the  partirula*-  slit.  Fir  h-  r  i/omal  -tits  the  coor¬ 
dinates  on  till.-  lower  ^.ide  if,  ir.  li  atvJ  V!,  viii'i  t  .'le  on  tile  upper 
side  are  in  X’’  and  YF.  Vertical  slits  have  the  co<>idinates  on  the  left 
side  in  XL  ant!  YL,  .and  those  on  the  right  side  in  X!'  and  YU. 

There  is  also  a  field  array  LSLTT(T,.Ii  containing  the  point  type 
for  each  point.  This  array  identifies  each  point  as  being  on  a  slit, 
adjacent  to  a  slit,  on  a  slab  side,  on  an  outer  boundary,  in  the  field. 


or  out  of  th«i  computation  region  (inside  a  slab),  as  Illustrated  on  the 
diagram  below: 


The  coordinate  system  control  functions,  ^  and  for  each  point 
are  contained  in  the  field  arrays  RXI(1,.I)  and  RETA(l,i},  respectively. 
There  are  also  arrays  RXIL,  RETAL  and  RXTU,  RKTAU,  analogous  to  the 
array  XL,  etc.,  discussed  above,  which  contain  the  values  of  these 
functions  on  the  two  sides  of  the  slits.  The  acceleration  parameters 
for  the  iteration  at  each  point  are  in  the  field  array  WAEC(I,J). 

Configuration  types.  The  cartesian  coordinates  of  the  points  on  the 
entire  boundary  of  the  physical  region,  i.e.,  the  closed  outer  boundary 
and  any  Internal  boundaries,  must  be  input.  There  are  two  basic  types 
of  overall  configuration  Included  in  the  code.  In  one  the  convectivity 
of  the  transformed  region  is  the  same  as  that  of  the  physical  region, 
i.e.,  the  closed  outer  boundary  of  the  physical  region  corresponds  to  a 
closed  outer  boundary  of  the  transformed  region.  V.'iih  tiie  other  tvpe, 
one  branch  cut  Is  introduced  in  the  physical  region  so  that  the  closi-d 
outer  boundary  and  one  inner  bo'.ndary  of  the  physical  region  transform 
to  the  bottom  and  top  of  a  rectangle  forming  the  outer  boundary  of  tlie 
transformed  region.  The  left  and  right  sides  of  the  transformed  region 
then  correspond  to  the  branch  cut  in  the  physical  region.  Points  on 
these  sides  therefore  are  not  input  but  rather  are  calculated  as  part  of 
the  solution. 

Rectangular  outer  boundary.  If  the  outer  boundary  of  the  physical 
region  is  to  correspond  to  a  rectangle  forming  the  outer  boundary  of  tiie 
transformed  region,  then  the  points  on  this  boundary  c.in  be  input  in 
clockwise  succession  around  the  outer  rectangle  of  the  transformed  region 
as  in  the  diagram  below.  If  the  outer  bt>undary  of  tlv  physical  region 


Is  a  circle,  then  the  points  on  this  circle  can  be  generated  internally 
by  the  code,  requiring  input  only  of  the  radius  (YINFIN)  and  cartesian 
coordinates  of  the  center  (X?)INF, Y(MNK)  of  the  circle,  together  with 
the  cartesian  coordinates  of  the  angular  position  (AINFIN)  and  indices 
(INFXT , INFETA)  of  the  point  at  which  the  clockwise  succession  of  points 
around  the  outer  rectangle  Is  to  start,  and  the  total  number  of  points 
on  the  circle  (NINF).  As  above,  the  points  will  be  placed  In  clockwise 
succession  around  the  circle  or  boundary  of  the  physical  region  and 
the  rectangular  boundary  of  the  transformed  region.  The  treatment  of 
the  outer  boundary  Is  determined  by  the  Input  parameter  IBNDRY. 

An  alternative  procedure  for  inputting  the  outer  boundary  is  to  input 
each  straight  segment  of  this  boundary  of  the  transformed  region  as  a 
slab  side  in  the  manner  now  to  be  described  for  internal  boundaries. 

Internal  boundaries  (slits/slabs).  Internal  boundaries  in  overall 
configurations  of  the  former  type  introduced  above  correspond  to  either 
slits  or  slabs  in  the  transformed  region: 
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In  the  case  of  slits,  the  points  are  input  in  clockwise  succession 
beginning  at  the  right  end  for  horizontal  slits  or  counter-clockwise  be¬ 
ginning  with  the  top  for  vertical  slits,  and  are  nljcnd  in  t'u-  arravs  XI 
etc.,  described  above.  For  slabs,  the  four  sides  are  input  independently 
and  the  succession  of  points  may  be  in  either  direction  on  each  side. 

In  fact,  it  is  not  even  necessary  for  the  four  sides  of  ^>ne  slab  to  be  Input 
in  succession;  the  sides  of  all  slabs  in  the  field  m.iy  be  placed  in  any 
order  in  the  input.  The  coordinates  of  the  points  on  slab  sides  are 
placed  directly  in  the  field  arrays  X  and  Y.  This  input  of  boundary 
segments  corresponding  to  slits  or  slabs  is  accomplished  as  follows. 

For  horizontal  slits,  the  C~lt>d  ices  (I)  of  the  loft  and  right  ends 
are  placed  in  the  arrays  LBl  and  LB2,  respectively.  The  rrindex  (J)  of 
the  entire  slit  or  slab  side  is  placed  in  the  array  I.Bl.  In  the  case 
of  vertical  slits,  the  n- indices  (J)  of  the  bottom  and  top  go  in  LBl 
and  LB2,  while  the  ^-Index  (I)  goes  in  LB3.  Slab  sides  are  treated  in 
the  same  manner  except  that,  since  the  points  thereon  may  be  input  in 
either  direction,  LBl  and  LB2  contain  the  indices  of  L'.ie  end  points  of 
the  side  in  either  order,  i.e.,  LBl  may  exceed  LB.!,  'ilu  points  are  input 
from  LBl  to  I.B2. 

For  bot!i  slits  and  slab  sides,  a  flay  is  placed  ir  an  array  I.TVi’i' 
to  designate  the  segment  as  a  slit  or  slab  side  in  a.>i  Inontal  or  vertical 

oriental ion ; 

+1  horizontal  slit 
+2  vertical  slit 
-1  horizontal  slab  side 
-2  vertical  slab  side 

The  code  computes  the  number  of  points  on  the  slit  or  slab  side  from  ttie 
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values  of  LBl  and  LB2  and  places  this  value  in  the  array  LPT.  All  of  these 
arrays  are  single- dimension  arrays,  there  being  one  set  of  parameters 
for  each  slit  or  slab  side.  The  total  number  of  slits  and  slab  sides, 
including  those  on  the  outer  boundary  as  described  below,  is  specified 
by  the  input  parameter  NBDY. 

Outer  boundary  intrusions.  As  noted  above,  the  outer  boundary  can  be 
input  in  segments  as  slab  sides.  This  is  Illustrated  below. 


This  Is  done  just  as  described  above  for  Internal  boundaries  except  that 
values  of  -11  and  -12,  respectively,  are  input  for  LITPE  for  horizontTl 
and  vertical  segments  of  the  outer  boundary. 

Branch  cut.  With  the  other  type  of  overall  configuration,  involving 
a  branch  cut,  the  outer  boundary  and  the  internal  boundary  connected  to 
the  cut  are  both  input  clockwise  from  the  points  joined  by  the  cut.  As 
noted  ab'^-  e,  these  points  are  placed  on  the  top  and  bottom  of  the  rec¬ 
tangle  forming  the  outer  boundary  of  the  transformed  region.  This  type 
of  configuration  is  elected  through  the  input  parameter  NREN.  Additional 
Internal  boundaries  can  be  Input  as  either  slits  or  slabs  exactly  as 
described  above. 

Boundary  input.  Provision  is  made  for  reading  the  boundary  points 
either  from  card  images,  (x  and  y  for  one  point  to  a  card  in  2F10.0 
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format)  or  from  the  output  of  the  LINES  code  described  below,  as  de¬ 
termined  by  the  input  parameter  ZSLIT.  The  outer  boundary  must  be  input 
as  segments  of  slab  sides  if  this  boundary  is  included  on  the  output  of 
the  LINES  code. 

Control  Functions 

Coordinate  system  control  is  Included  through  both  the  attraction 
of  coordinate  lines  to  other  coordinate  lines  and/or  points  and  to  speci¬ 
fied  lines  and/or  points  in  the  physical  region,  as  described  in  Part  A. 
(For  completeness,  provision  is  made  for  repulsion  as  well  as  attraction.) 

Attraction  to  coordinate  lines  and/or  points.  The  first  of  these 
requires  the  input  of  the  index  (indices)  of  the  curvilinear  coordinate 
line,  together  with  the  associated  attraction  amplitude  and  decay  factor, 
for  each  line  (point)  to  which  the  attraction  is  made.  For  attraction 
to  lines,  the  index,  amplitude,  and  decay  factor  are  placed  in  the  arrays 
JLN,  ALN,  and  DLN,  respectively,  while  for  attraction  to  points,  the 
corresponding  arrays  IPT,  JPT,  APT,  and  DPT  are  used. 

Attraction  to  space  lines  and/or  points.  For  attraction  to  specified 
lines  and/or  points  in  space,  the  input  is  similar  in  regard  to  the  ampli¬ 
tude  and  decay  factors,  using  the  arrays  APT  and  DPT.  It  is  necessary, 
of  course,  to  also  input  the  cartesian  coordinates  of  the  points  on  the 
line,  or  the  isolated  points,  to  which  the  attraction  is  made.  These 
coordinates  are  placed  in  the  arrays  XPT  and  YPT.  For  attraction  to 
points,  it  is  also  necessary  to  input  the  components  of  a  vector  normal 
to  the  desired  direction  of  the  attraction  for  each  point,  these  com¬ 
ponents  being  placed  in  the  arrays  VECl  and  VEC2. 
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Effect  of  boundary  point  distribution.  In  addition  to  the  above  types 
of  attraction,  the  control  functions  also  include  the  effect  of  the 
boundary  point  distribution  discussed  In  Part  A.  This  Is  done  by  evalu¬ 
ating  one  of  the  control  functions  on  each  boundary  segment  In  the 
transformed  region  (P  on  n-  lines,  0  on  C-  lines)  from  the  one-dlmen- 
slonal  relations  in  terms  of  arc  length  discussed  in  Part  A.  These  values 
are  placed  in  the  arrays  RXT  and  RETA,  except  for  slits  where  the  arrays 
RXIL,  etc.,  are  used  in  the  manner  described  above  for  XL,  etc.  Values 
of  the-  control  functions  In  the  field  are  then  interpolated  linearly 
between  facing  xjundary  segments,  P  being  interpolated  vertically  and 
Q  horizontally,  as  Illustrated  in  the  following  diagram. 


functions  from  the  line  and  point  attraction  is  added  to  the  arrays 
RXI  and  RETA  In  the  field. 

Iterative  Solution 

Initial  guess.  The  Initial  guess  for  the  values  of  the  cartesian  co¬ 
ordinates  in  the  field,  i.e.,  the  values  in  the  arrays  X  and  Y  in  the 
field,  that  is  used  to  start  the  Iterative  solution  is  obtained  by  the 
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same  type  of  Interpolation  between  facing  segments  described  above  for 
the  control  functions,  except  that  both  X  and  Y  are  Interpolated  between 
the  pair  of  facing  segments  with  the  smallest  separation  in  the  transformed 
region.  Thus  values  at  point  1  in  the  figure  below  would  be  obtained 
by  horizontal  Interpolation,  but  at  2  the  Interpolation  would  be  vertical: 


1 

1 

1 

1 

1 

1 

• 

W- . - . 

Since  very  strong  control  functions  can  sometimes  make  the  conver¬ 
gence  of  the  Iterative  solution  difficult  In  complicated  configurations, 
provision  Is  made  for  first  converging  Che  field  with  the  control  functions 
set  to  zero  and  then  re-converglng  In  steps  as  these  functions  are 
Increased  to  full  value.  Actually  this  feature  iS  rarely  needed. 

Acceleration  parameters.  As  discussed  in  Part  A  the  solution  for  the 
cartesian  coordinates  in  the  field  Is  done  by  SOR  iteration.  Either  a 
uniform  value  of  the  acceleration  parameter  can  be  input  -is  R(l)  or  the 
code  will  calculate  a  locally  optimum  value  at  each  point  in  the  field, 
these  values  being  placed  in  the  field  array  WACC.  This  calculation 
Is  discussed  in  Ref.  (8 ], where  It  Is  noted  that  the  values  obtained  are 
not  truly  optimum  in  all  cases.  Therefore  this  provision  has  not  been 
found  to  be  as  generally  efficient  as  simply  using  a  tiniform  valu^  since  the 
calculation  of  the  acceleration  parameter  involves  a  square  root  and 
hence  is  time  consuming.  The  uniform  value  should  be  around  1.85  for 
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large  fields.  This  value  should  be  decreased  for  strong  control  functions 
or  small  fields. 

Iterative  process.  The  Iteration  continues  until  either  the  magni¬ 
tude  of  the  changes  in  the  values  of  x  and  y  at  each  point  in  the  field 
between  iterations  Is  less  than  the  tolerances  Input  as  R(2)  and  R(3), 
respectively,  or  until  the  maximum  number  of  Iterations  allowed  (input 
as  ITER)  is  reached.  In  the  latter  case  the  partially  converged  solu¬ 
tion  Is  stored  on  file  10  for  restart.  The  Input  parameter  IDISK  can 
cause  the  code  to  read  this  partially  converged  solution  from  file  10 
and  continue  the  iterations.  This  parameter  also  controls  the  dispo¬ 
sition  of  the  final  solution,  which  is  normally  stored  on  file  11  for 
use  in  the  flow  solution,  but  can  be  simply  printed  without  being  stored 
if  desired.  Various  other  Input  parameters,  such  as  print  options,  etc., 
are  explained  in  the  detailed  Input  instructions  given  below  and  in 
the  source  listing. 

Code  Operation 

Initial  input  and  setup.  The  code  uses  the  values  of  NDIM,  NDIMl, 
NDIM2,  and  NDIM3,  which  are  assigned  by  a  DATA  statement,  to  determine 
if  the  problem  specified  by  the  input  will  fit  in  the  arrays  as  imeh- 
sioned.  The  first  two  of  these  parameters,  NDIM  and  NDIMl,  correspond 
to  the  dimensions  of  the  field  arrays,  X,  etc.  The  last  two,  NDIM2  and 
ND1M3,  correspond  to  the  dimensions  of  the  slit  arrays  XL,  etc.  The 
last  parameter,  NDIM3,  also  corresponds  to  the  dimension  of  the  segment 
arrays  LBl,  etc.  Thus  NDIM  is  the  maximum  value  of  i  that  can  be  used, 
while  NDIMl  is  the  maximum  value  n  allowed.  Also  NDIM2  is  the  maximum 
number  of  points  that  can  be  used  on  a  slit  or  si.''*'  side,  and  NDIM3  is 
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the  maximum  number  of  silts  and  slab  sides  chat  can  be  used.  The  input 
thus  nsist  satisfy  the  following: 

IMAX  <  NDIM 
JMAX  <  NDim 

1lB2(L)  -  LBKDl  +  1  <  NDIM2  L  -  1,  2,  .  .  .,NBDY 
NBDY  <  ND1M3 

After  the  initial  input  parameters  are  read,  the  code  dues  some 
setup  of  various  intermediate  parameters  and  checks  for  compacabil icy 
with  the  array  dimensions.  The  value  of  IDISK  is  then  checked  Co  de¬ 
termine  if  the  solution  is  to  be  started  from  the  beginning  or  if  a  par¬ 
tially  converged  solution  is  to  be  continued. 

Boundary  input  and  construction.  If  the  start  is  from  the  beginning, 
the  point  type  array  LSLIT  is  Initialized  to  -2  0000  on  the  outer  rectanele 
formed  by  I  ■  1  4  IMAX  and  J  ■  1  &  JMAX,  and  to  0  inside  this  rectangle. 

Next  the  points  on  the  slits  and/or  slab  sides  (if  any)  are  read 
from  either  card  images  or  file  10.  Points  on  slits  are  placed  in  the 
slit  arrays  XL,  etc.,  while  points  on  slab  sides  are  placed  directly 
in  the  field  arrays  X  and  Y.  The  point  type  array  LSLIT  is  set  to 
-(10000  +  L)  at  points  on  slab  sides,  where  L  identifies  the  particular 
segment  in  Che  order  as  input,  unless  the  side  is  a  part  of  the  outer 
boundary  in  which  case  LSLIT  is  left  at  -20000.  At  the  same  time,  10  is 
added  to  the  segment  type  array  LTYPE  for  slab  sides  on  the  outer  boun- 
dar)^  resulting  in  replacing  the  input  values  of  -11  and  -12  with  -1  and 
-2,  respectively,  in  conformance  with  the  usage  for  slits. 

The  slit  arrays,  XL,  etc.,  (if  any)  are  then  printed  and  subroutine 
BNDRY  is  called  for  the  outer  boundary.  If  the  outer  boundary  is  not 
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input  in  segments  as  slab  sides,  this  boundary  is  either  input  as  a 
succession  of  points  proceeding  from  a  specified  point  completely  around 
the  outer  rectangle  formed  by  1  =  1,IMAX  and  J  »  1,JMAX,  or  a  circular 
outer  boundary  is  generated  internally  and  placed  on  this  rectangle. 

Both  of  these  procedures  are  performed  by  this  subroutine  by  calling  the 
subroutine  INFBDY,  which  either  reads  a  point  from  a  card  image  or  cal¬ 
culates  a  point  on  the  circle. 


Point  types.  Next  the  point  type  array  LSLIT  is  set  to  the  following 
values  on  and  adjacent  to  slits  (if  any).  Here  L  identifies  the  partic¬ 
ular  slit  in  the  order  as  input: 


-L 

lOL  +  1 
lOL  +  2 
lOL  +  3 
lOL  +  4 


on  slit 

below  horizontal  slit 
above  horizontal  slit 
left  of  vertical  slit 
right  of  vertical  slit 


not  adjacent  to 
slit  ends 


The  point  type  array  LSLIT  is  then  set  to  -10000  for  points  outside 
the  computational  region,  i.e.,  inside  slabs,  by  sweeping  along  each  ^ 
and  n  line  and  noting  when  the  computational  region  is  entered  or  left 
across  a  slab  side.  The  complete  point  type  array  then  contains  the 
values  indicated  in  the  diagram  below: 
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•-Sr-ii,. 


lOL  +  3 


• lOL  +  4 


'-L 


lOL  +  2 

» 


lOL  +  1 


-20000  i 


-(10000  +  L) 


* -10000 


-20000 


Control  functions  and  initial  guess.  With  all  of  the  boundary  points 
in  place  and  the  point  type  array  filled,  the  code  then  calls  subroutine 
C0NTRL  to  evaluate  the  control  functions  on  the  entire  boundary  (including 
internal  boundaries).  The  subroutine  CUESSA  is  called  next  to  calculate 
the  control  functions  and  the  initial  guess  for  the  cartesian  coordinates 
in  the  field  by  interpolation  from  the  values  on  the  boundaries.  This 
interpolation  is  done  at  each  point  in  the  field  by  locating  the  pair  of 
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boundary  segments  facing  the  point  (one  or  both  members  may  be  internal 
boundaries)  and  interpolating  between  these  segments.  For  the  coordinate 
values,  the  distances  separating  the  pair  of  segments  facing  the  point 
in  the  horizontal  and  vertical  directions  are  examined  and  the  interpo¬ 
lation  is  done  between  the  pair  with  the  smaller  separation. 

Iterative  solution.  If  the  solution  is  to  be  restarted  from  a  partially 
converged  result,  then  all  of  the  above  computations  are  skipped  and  the 
partially  converged  solution  is  read  from  file  10  instead.  In  either 
case  the  initial  array  values  are  printed  at  this  point  according  to 
the  input  print  controls. 

Subroutine  TRANS  is  now  called  to  perform  the  iterative  solution. 

This  subroutine  first  reads  the  parameters  associated  with  the  attraction 
of  curvilinear  coordinate  lines  to  other  curvilinear  coordinate  lines  and/ 
or  points.  The  species  of  line  being  controlled,  i.e.,  C  or  n,  is  read 
into  AT^’P,  and  whether  the  control  is  to  be  attraction  or  repulsion  is 
determined  by  the  input  parameter  ITYP.  The  number  of  coordinate  lines 
and  points  designated  as  sources  of  attraction  are  read  into  NLN  and  NPT, 
respectively.  Also  a  common  decay  factor  and  a  common  amplitude  multi¬ 
plication  factor  to  be  used  for  all  attraction  lines  and  points  for  this 
species  can  be  read  into  DEC  and  AMPFAC,  respectively. 

For  each  species  of  control,  subroutine  RHS  is  called  to  read  the 
attraction  line  index,  or  point  indices,  and  the  amplitude  and  decay 
factor  fur  each.  This  subroutine  also  sums  the  effects  for  all  such 
attraction  lines  and  points  and  adds  this  cumulative  effect  to  the 
control  function  at  each  point  in  the  field  in  accordance  with  Eq.  (5) 
of  Part  A. 
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Subroutine  TRANS  then  reads  the  parameters  associated  with  attraction 
of  curvilinear  coordinate  lines  to  specified  lines  and/or  points  in  space 
and  adds  the  cumulative  effect  of  all  such  attraction  lines  and/or  points 
to  the  control  functions  at  each  point  in  the  field.  This  is  done  in  a 
similar  manner  as  described  above.  Subroutine  RHSXY  reads  the  cartesian 
coordinates  of  thepolntson  the  specified  attraction  line  and  those  of 
the  Isolated  attraction  points  and  calculates  the  normal  to  the  attrac¬ 
tion  line.  These  qualities  are  placed  in  the  arrays  XPT,  YPT,  VECl,  and 
VEC2.  The  addition  to  the  control  functions  in  this  case  must  be  changed 
as  the  iterative  solution  of  x  and  y  proceeds  since  the  control  functions 
depend  on  x  and  y  for  this  type  of  attraction. 

After  completing  the  calculation  of  the  control  functions,  sub¬ 
routine  TRANS  reads  the  parameters  that  provide  for  a  gradual  implemen¬ 
tation  of  these  equations  during  the  iteration,  and  performs  some  setup 
for  the  iterative  solution. 

The  field  is  then  swept  iteratively  until  convergence  is  achieved 
or  the  maximum  number  of  iterations  allowed  is  reached.  In  each  itera¬ 
tion,  new  values  for  x  and  y  at  points  having  the  point  type  LSLIT  non- 
negative  are  calculated. 

First  the  coordinate  derivatives  are  calculated,  and  the  Jacobian 
and  other  such  quantities  and  coefficients  are  evaluated.  Then  the 
locally  optimum  acceleration  parameters  are  calculated  if  such  is  elected. 
The  change  in  these  acceleration  parameters  between  iterations  is  moni¬ 
tored  and  the  values  are  frozen  when  the  magnitude  of  the  change  falls 
below  a  specified  tolerance  at  all  points.  (This  change  between  itera¬ 
tions,  and  the  analogous  changes  in  x  and  y,  are  calculated  by  calling 
subroutine  ERR0R) .  The  acceleration  parameter  is  placed  in  the  field 
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array  WACC.  The  addition  to  the  control  functions  from  attraction  to 
specified  lines  and/or  points  in  the  physical  region  is  calculated  next, 
and  then  the  new  values  of  x  and  y  for  the  point  are  calculated. 

This  procedure  is  followed  for  all  points  in  the  field,  l.e.,  points 
having  the  point  type  LSLIT  non-negative.  For  points  adjacent  to  slits 
it  is  necessary  to  obtain  the  values  on  the  slit  from  the  slit  arrays, 

XL,  etc.,  and  the  calculations  are  done  in  that  case  by  calling  sub¬ 
routine  SLIT. 

After  each  sweep  of  the  field  the  maximum  changes  in  x  and  y  from 
Che  previous  sweep  are  compared  with  Che  input  tolerances.  If  the  max¬ 
imum  number  of  iterations  allowed  by  the  input  is  reached  before  conver¬ 
gence,  then  the  partially  converged  solution  is  written  on  file  10  for 
potential  restart.  If  convergence  is  obtained  the  solution  is  written 
on  file  11. 

LINES  (Boundary  Segments) 

The  small  front-end  code  LINES  generates  a  distribution  of  a  speci¬ 
fied  number  of  points  on  a  curve  between  two  specified  points.  The  curve 
may  be  specified  to  be  a  straight  line,  a  circular  or  elliptic’ arc,  a 
quadratic  with  zero  slope  at  either  end  point,  or  a  cubic  with  the  slope 
specified  at  both  ends.  In  any  case  the  point  distribution  on  the  curve 
may  be  uniform  or  exponentially  concentrated  toward  either  end.  The 
input  consists  of  the  number  of  curves  to  be  generated  and,  for  each 
curve,  the  number  of  points  on  the  curve,  the  type  of  curve,  the  end 
points,  and  the  particular  quantities  to  be  specified  in  connection  with 
each  curve.  Detailed  instructions  for  input  are  given  below. 
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The  cartesian  coordinates  of  the  points  generated  on  each  curve 
are  output  In  succession  on  file  10  by  a  separate  unformatted  write 
statement  for  each  point  (MRITE(IO)  X,Y).  Since  more  than  one  curve 
can  be  generated  In  one  run,  this  code  can  be  used  to  build  an  entire 
boundary  composeo  of  segments  of  different  types.  The  generation  of  the 
curves  and  the  exponential  concentration  of  points  thereon  are  explained 
in  the  following  section. 

Generation  of  Curves 

Straight  line.  Here  we  have  simply 

y  •=  a  +  bx 

so  that  with  the  end  points,  (x^,  y^^)  and  (x^.  specified  we  have 


so  that 


1 


1 


yi 

^2 


>’l^-2  -  ^2^ 


Circular  arc.  For  a  circular  arc  of  radius  r  centered  at  (Xq,  y^) 


with  0  measured  counter-clockwise  from  the  positive  x-axis,  we  have 


X  ■  Xq  +  r  cos  0 
y  •  Yq  +  r  sin  0 

The  end  points  are  defined  by  inputting  the  radius  r  and  center  of 

the  arc  (x^,  y^),  together  with  the  angles,  0j^,  and  02,  of  the  end  points. 


Elliptic  arc.  In  this  case  we  have,  for  an  ellipse  with  semi-major 
axis,  a,  and  semi-minor  axis,  b,  centered  at  x^,  y^,  the  equation 


(x  -  x-)2  (y  -  y  )2 
- ^ - +  - p - 


which  can  be  written  in  terms  of  the  angle  0,  measured  counter-clockwise 
from  the  positive  x-axls,  and  the  angular-dependent  radius  r(6)  as 

x  -  Xq  +  r(0)  cos  0 

y  -  y^  +  r(e)  sin  0 


Then 


r(e)  . 
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The  end  points  are  specified  by  Inputting  the  axes,  a  and  b,  the  center 
(Xq*  ^0^*  angles  of  the  end  points. 


y  =  a  +  bx  +  cx^ 
y  '  =  b  +  2cx 

Then  with  the  end  points,  (xj^,  yj^)  and  (x2,  y2).  specified  together 
with  Che  specification  of  zero  slope  at  end  point  i  (i  =  1  or  2)  we  have 


which  is  solved  for  the  coefficients  a,  b,  c. 
Cubic.  The  cubic  equation  is 

y  ■  a  +  bx  +  cx^  +  dx^ 

y'  »  b  +  2cx  +  3dx^ 
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which  is  solved  for  the  coefficients  a,  b,  c,  d. 

Exponential  Concentration  of  Points 

The  exponential  distribution  of  points  on  the  curve  of  any  type  is 
done  by  taking 


X 


+  (x- 


-  Xj)  1 


-o(N-n) 

e 

-a(N-l) 

e 


for  concentration  near  the  first  end  point  and 


X  *  +  (x2 


xp 


1  - 
1  _ 


for  concentration  near  the  second  end  point.  Here  the  strength  of  the 
concentration  is  controlled  by  the  specified  decay  factor  n,  and  N  is 
the  number  of  points  on  the  curve. 
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CSPLiiT  (Plot) 


The  plot  code  CSPL0T  plots  the  coordinate  systCTn  generated  by  the 
code  WESC^R,  having  read  the  coordinate  system  from  file  11  as  output 
by  WESC^JR.  The  input  consists  of  the  number  of  coordinate  lines  to  be 
plotted,  a  designation  for  skipping  lines,  the  extent  of  the  field  to  be 
plotted,  and  a  factor  for  using  different  seating  in  the  horizontal 
and  vertical  directions.  This  input  is  detailed  below. 

The  plot  is  formed  by  simply  connecting  the  points  on  a  line  of 
constant  curvilinear  coordinates  in  the  physical  region,  l,e.,  by  con¬ 
structing  straight  lines  between  each  successive  pair  of  points,  X(I,J) 
and  Y(I,J),  as  one  index  is  held  fixed. 


WESCilR  Input  Instructions 


no=c 

m-tmmutmmmtumt  u  E  s  c  o  k  nmtttmmttxntmttnmm 

130=C 

M=ztuimmuiumwttutummmuutxtmtmtmtummmmt 

150=C 

1W=C  2-J)  BOUHIiARY-FlTTEIi  COOfcDlHATE  SfSTEh  CODE 
170=C 

180=C  MISSISSIPPI  STATE  IWIVERSITY  .  1982 
190=C 

?00=C  U.S.  ARMY  EhGIHEER  HATERHAYS  EXPERIMENT  STATION 

210=C  VICKSBURG.  MISSISSIPPI 

220=C 

2yi=cttmmumutunuumtmtmttmtmtmmtmumtmtmttt 

240=C 

250=c  mnmmu  slit-slab  configuration  tttn 
2t0=c  I 

270=C  «»»  ATTRACTION  TO  COORDINATE  LINES/POINTS  AND  TO  SPACE  LINES/POINTS. 

:SO=C  «»»  CONTROL  FUNCTIONS  ALSO  INTERPOLATED  FROM  BOUNDARY  POINT  DISTRIBUTION. 
:!90=C  t 

300=:C  mtummttuumnmmmmitimnmmmttmtmmtm 
310=C  uututm  INPUT  INSTRUCTIONS  1 
320=C  » 

330=C  m  CARDS!  2)  !  LABEL  -  FORMAT!  I0A8) 

340*0  I 

350*C  I  LABEL  -  TNO  80  CHARACTER  CARDS.  ! BLANK  CARDS  IF  NO  LABEL) 

340=C  I 

370=C  l«  CARD  :  iNAX.JNAXfNBDY.ITER.lSLIT.IBNDRY.lDISK.HiIR.HilNTL. 


-  NUMBER  OF  XI  POINTS- 

-  Number  of  eia  points. 

-  totac  number  of  Slab  sides  and  sjts  in  the  fieiJ. 

-  MAXIMUM  NUMBER  OF  ITER.1TI0NS  A. LOWED. 

-  =1  SLAB  SIMS  OR  SLITS  READ  FROM  CARDS. 

XrY  -  FORMAT!  2F10.0)  .  ONE  POINT  PER  CARD. 
*2  SLAB  SIMS  OR  SLITS  READ  FROM  FILE  10. 

X.Y  -  UNFORMATTED  .  ONE  POINT  PER  IMAGE. 


(NOTE:  HORIZONTAL  SLITS  ARE  READ  CLOCKWISE  FROM  RIGHT  END.) 
!  VERTICAL  SclTS  ARE  COUNTER-CLOCKWISE  FROM  TOP.  ) 
(  SLAB  SIMS  M.AY  BE  READ  IN  EITHER  DIRECTION.  ) 


=1  OUTER  BCWDARY  READ  FROM  CARDS. 

X.Y  -  FORMAT!  2F10.0)  .  ONE  POINT  PER  CARD. 

=2  OUTER  BOUNDARY  READ  FROM  FILE  10. 

X.Y  -  UNFORHATTED  .  ONE  POINT  PER  IMAGE. 

*-l  OUTER  BOUNDARY  READ  IN  SEGMENTS  AS  SLAB  SIDES, 

!N0TE:  FOR  IBMDRY  *  I  OR  2  .  OUTER  BOUNDARY  IS  READ  CLOCKWISE) 

.  FROM  POINT  YINEXIrlNFETA).  ) 

•  'OUTER  BOUHD.ARY'  MEANS  ENTIRE  BOUNDARY  Of  TRANSFORMED  ) 

•:  REGION  IF  NREN*0.  IF  NREh  IS  NOT  ZERO.  THEN  OUTER  ) 

<  BOUNDARY  IS  THE  TOP  OF  THE  TRANSFORMED  REGION  AND  ) 

!  Inner  boundary  is  the  bottom.  '  i 

ilSK  -  =0  DON'T  READ  OR  WRITE  SYSTEM  FROM  OR  On  FILE. 

=1  WRITE  SYSTEM  ON  FILES  10  R  11.  ION  T  READ  SiSTEM  FROM  FILE, 

~2  WRITE  SYSTEM  OM  FILES  10  R  U  .  REiTD  SYSTEM  FROM  FILE  10  FOR  RESTART. 

*5  READ  SYSTEM  FROM  FILE  10  FOR  RESTART.  DON'T  WRITE  SYSTEM  ON  FILE  11. 

InGTF:  FILE  10  IS  RESTART  FILE  FOR  CONTNUATIOn  OF  ITERATION.) 

!  FILE  11  IS  STORAGE  FILE  FOR  FINAL  SYSTEM.  ) 

UR  -  =0  DON'T  PRINT  EACH  ITERATION  ERF«R. 

-•!  PRINT  E.)CH  ITERATION  ERROR. 


380=C 

t 

IWFIN) 

390=C 

t 

400*£ 

t 

IMAX  - 

410=C 

t 

420=C 

t 

UMAX  - 

430=C 

t 

440*C 

t 

nBDY  - 

450=C 

i 

♦60-C 

1 

ITER  ■ 

470=C 

t 

480*r, 

t 

ISLIT 

*?o=c 

t 

soo^c 

t 

510=C 

t 

520=C 

t 

530=C 

t 

(NOTE 

540=C 

t 

! 

5S0=C 

t 

( 

560=C 

t 

570=C 

t 

IBNDRY 

5B0=C 

t 

590*C 

t 

40O=C 

t 

I 

«20=C 

t 

A30=C 

t 

f>40*C 

t 

(NOTE 

;>50=C 

t 

«oO*C 

t 

. 

470--:C 

t 

i 

480*C 

t 

i 

490=C 

t 

! 

700=C 

f 

■io*c 

t 

IDISK 

■’20=!' 

t 

’30=-C 

t 

740=C 

t 

7S0=C 

I 

7eO=C 

t 

(nOTF 

’ZO^C 

t 

! 

780=C 

t 

*90*C 

t 

IWIR 

800=C 

t 

810*C 

I 

520=C 

t 

IWIMTL 

830=C 

t 

640--C 

I 

350*C 

t 

IWFIf. 

=1  PRINT  initial  Guess, 

IWFIf.  -  NON-ZERO  SIPPRESSES  PPINT  OF  FINAl  VALUES 


BiO=C 

870=C 


89<h: 

900=C 

910=C 

920=C 

930=C 

940=C 

950=C 

960=C 

«7<n: 

990=C 

o90=£ 

1000=C 

101(K 

1020=C 

1030=C 

1040=C 

1()50=C 

1060=C 

1070=C 

1080=C 

1090=C 

no<N: 

1110=C 

1120=C 

1130=C 

J140=C 

1150=C 

1140=C 

n70=c 

’.180=C 

11M=C 

1200=C 

»210=C 

1220=C 

1230=C 

1250=C 

S26<K 

1270=C 

12M=C 

1290=C 

1300=C 

1310--C 

1320=C 

1330=C 

134«=C 

1350=C 

13«I=C 

1370=C 

1380*C 

1390=0 

U00=C 

1410=-C 

1420=C 

1430=C 

1440=C 

14SO=C 

1440=C 

1470=C 

1480=C 

1490=C 

1500=C 

1510=C 

1520=C 

1530=C 

1540=C 

1S50=C 

1500=0 

1570=C 

1580=C 

1590=C 

loOO^C 

1610=C 

1«2«=C 

1430=0 

1«40=C 

1450=0 


HREN  -  HON-ZERO  USES  RE-EHTRAHT  tOURDARY  0«  LEFT  I  RIGHT  SIDES 
Of  TRARSEORHEII  region.  UlTh  OUTER  DOUNDARY  ON  TOR 
AND  INNER  BOUNDARY  On  BOTTON. 

INNER  BOUNDARY  IS  READ  AS  E0LLDN3  BEEORE  READING  OUTER  BOUNDARY! 
=1  INNER  BOUNDARY  READ  EROH  0ARD3. 

X.Y  -  FOR«AT(2flO.O)  .  ONE  POINT  PER  CARD. 

=2  INNER  BOINDARY  READ  ERON  FILE  10. 

X.Y  '  UNfORNATTED  i  ONE  INAGE  PER  CARD. 

(NOTE!  SLITS  AND/OR  SLABS  H.TT  AiSO  BE  PRESENT.) 


m  CARDS(NBDY)  LB1.LB2.LB3.LTYPE  -  FDE;NATi415) 

t 

LB1.LB2  -  FIRST  AND  LAST  INDICES  OF  SLAB  SIDE  DR  SLIT  ENDS. 

<LB2  NAY  BE  LESS  ThAN  LBl  FOR  SLAB  SIDE.  INPUT  IS  FRON  LBl  TO  LB2. ) 


LB3  -  INDEX  OF  LINE  ON  VHICH  SLAB  SIDE  OR  SLIT  IS  LOCATED. 

LTYPE  -  SLAB  SIDE  OR  SlIT  TYPE  (1  fCR  HORITONTAL.  2  FOR  VERTICAL. ) 

(NEGATIVE  INDICATES  SLAB  SIDE.  RATHER  THAN  SLIT. ) 

(SUBTRACT  10  FOR  OUTER  BiXNDARY  SEGNENT.  ) 

(I.E.t  -11  IS  HORIZONTAL  OUTER  BOUNDART  SEGNENT.) 

(  -12  IS  VERTICAL  OUTER  BOUNDARY  SEGNENT.  I 

R(1).R(2).R(3).YINFIN.AInF1N.X0INF.Y0INF.INFXI.InFETA 
-  F0RNAT(7F10.0.2I5) 


R(l) 

R(2) 

Rl3) 


-  SOR  ACCELERATION  PARAMETER. 

(ZERO  VALUE  CAUSES  VARIABLE  ACCELERATION  PARAMETER) 
(FIElD  TO  BE  CALCULATED  INTERNALLY.  ) 

-  ALLONABlE  X  ITEPATIOh  ERROR. 

-  ALLOWABLE  Y  ITERATIO.'I  ERROR. 


t 
t 
t 
« 
t 
t 
t 
t 
t 
I 
t 
t 

m  CARD 

I 
t 
I 
t 
* 
t 
I 
t 
t 
t 
I 
I 
t 
t 
t 
t 
I 
t 
t 
t 
t 
I 
t 

t . 

I 

»*  IF  BODIES  AnD/OR  OUTER  BOUNIiARt  ARE  READ  FRON  CARDS.  SuCH  CARPS 
tt  FOILOU  NEXT. 

tt 

tt  slits  and/or  slab  SIDES  ARE  READ  FIRST.  THEN  0;.TER  BOUNDARY  IS  READ, 
t  (THESE  ROLES  APPLY  FOR  READING  FRON  FILE  10  AS  NELL  AS  FROM  CARDS.  > 

tt 

t . 

t 

tt  IE  NO  COORDINATE  ATTRACTION  IS  TO  BE  USED.  FCLLDW  THESE  CARDS 
tt  KITH  FIVE  BLANK  CARDS.  IF  ATTRACTION  IS  TE.  BE  USED.  USE  THE  FOLLOWING 
tt  INPUT  RATHER  THAN  THE  BI.ANX  CARDS! 

tt 

tt  INPUT  FOR  COORDINATE  SYSTEM  CONTROL  I  USE  FOUR  SETS.  ONE  FOR 

tt  XI-LINE  ATTRACTION  TO  COORDINATE  LINES  fOINTS.  OnE  FOR  ETA-LImE  ATTRACTION 

tt  TO  COORDINATE  LIHE3/P0INTS.  ONE  E(»  XI-llNE  ATTRACTION  TO  SFACE  LINES/POINTS. 

tt  AND  ONE  FOR  ETA-LINE  ATTRACTION  10  STAC'  LINES/FEINTS. 

tt  ANY  SET  HOT  H.INTED  IS  REPLACED  BY  ONE  BlAnK  CARD. 

tt 

ttttttUtttttmttUtttttitttttttttHtlttHItttitlltttttttHtttttt 

tt 

tt  THE  FOLLOWING.  N.ARKED  WITH  t*  IS  FOR  ATTR-LCTIGN  TO  COORDINATE  LINES/POINTSI 

tt 

tttt  CiTRD  !  ATYP.ITYP.NLN.NFT.IiEC.ANEFAC  -  FCRNAT'.  A?, .12.215. 1'FIO.O ) 

tt 

tt  AHP  -  TYPE  OF  ATTRACTiaM.  (xl  FOR  XI-lINE  ATTRACTION, 

tt  ETA  FOR  ETA-LINE  ATTRACTION. )  LEFT  JUSTIFIED. 

tt 


YINFIN  -  RADIUS  OF  CIRCULAR  OUTER  BOUNDARY, 

AIHFIN  -  ANGLE  OF  FIRST  POINT  ON  CIRCULAR  OUTER  BOUnDAFi  (DEGREES). 

(COUNTER -CLOCK  FRON  POSITIVE  X-AxlS. ) 

XOINF.YOINF  -  CENTER  OF  C1RCUI.AR  OUTER  BOUNDARY. 

NINF  -  number  of  UNIQUE  POINTS  ON  CIRCULAR  OUTER  BOUNliARY. 

INFXI.INFETA  -  INDICES  OF  FIRST  POINT  ON  CIRCULAR  OUTER  BOUNDART. 

(note  :  LAST  7  OF  THESE  PARAMETERS  Af;E  IRRELEVANT  IF  OUTER  BOUNDARY  IS  READ.) 
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1()«0=C  tt 
1470=C  M 
1680=C  I* 

1690=C  It 
I'OO^C  It 
UlO^C  It 
1720^C  It 
1730=C  It 
17tO=C  It 
1750=^  It 
1740<  It 
1770=C  It 

1780-c  tm  :  JLMfALHrPi.fl  -  FimAT(5jirir.f2no.O' 

1790=c  It  (0«1T  If  KH  IS  2fR0) 

1800=C  It 

1810=C  It  JLM  -  ATTR.^CTIW  LM  IMKX. 

mo=c  It 

1330=C  It  AlN  -  ArtHITuDE  («:GAT1VE  REAElS;  FIR  L!hE  A'IRACTIuN. 

1840^0  It 

1850=C  It  IiLH  -  IiECAr  FACTOR  FOR  II-^E  ATTRACTICR. 

1BA0=C  It 

1870=C  Itit  CARtSiNfT)  :  lfT,.JPT.APTtIifT  -  FORfiATi 215.2f iC.Oi 
1880=C  It  'CAIT  IF  HF'T  iS  ZERO’ 

1890=C  It 

1900-C  It  If'Tt.Jf'T  -  ATTRACTION  ECIM  li’OlCES. 

J»10=C  It 

!«''  r,  tt  APT  -  ArtP'LlTUOE  (NEGATIVE  REPELS)  FOR  PQInT  ATTRACTION. 

1930^1  It 

t940=C  It  OPT  -  imr  FACTOP;  FOR  POINT  ATTRACTION. 

1950=C  II 
1960=0 
1970=C  « 

1980=C  l»  TPif  following,  NARKEO  WITH  ».  IE  FOR  ATTRACTION  TO  SPACE  LINES/POINTS  ! 
1990=C  II 

2000=C  lUI  THE  following  CAROS  ARE  FOR  ATTRACTION  TO  LINES  ANO/CR  POINTS 
2010=0  IW  OEFINEO  Ri  Xd  COOROINATES.  IF  NLN  IS  MCT  ZERO.  THEN  NiN 

2020=C  nil  Of  THE  CARtS  GIVING  NP  HOST  APPEAR.  EACH  OF  THESE  CAROS  U 

2030=C  nil  FOLLOWS  BY  K2  OF  THE  CARDS  GIVING  XPT.  ETC.  IF  NPT  IS  NOT 

2040=C  nil  ZERO.  THEN  NPT  OF  THE  CAR'DS  CIVWS  XFTr  ETC.  NHST  FOlLOW 

2050=C  nil  TPC  LAST  GROUP  CF  THESE  CARDS. 

2<'60=C  nil  ANY  SET  NOT  WANTED  IS  REPLACED  BY  ONE  BLANK  CARD. 

207fl=C  n 

2080=C  nit  C.'iRi)  :  ATYP.ITYP.NlN.NPT.DEC.ANFfAT  -  F0RrtATiA8.I2.2I5.2f  10.0) 
2090=C  n 

2ioo=c  n 

2110=C  It 
2120=C  n 
2130=C  It 
2140=C  It 
2150=C  It 

:i60=c  n 
:i7o=c  It 
2lB0=C  tt 
:i9o=c  It 
:2oo=c  n 
2210=C  It 

2220=c  n 

2230=C  It 
:240=C  It 
2250=C  It 

2*260=0  nil  CARD  ;  NP  -  FjRHATilS) 

2270=C  It 

2280=C  It  nP'  '  NONEER  Of  POINTS  On  TiIS  ATTR.ACTIOn  LINE. 

2290=C  It 

2300=C  nil  CiW’S  ;  ):PI.I'PT..Af'T..IiPT.VECl;VfC:  -  FjR))AT’  6riP,D.' 


ATYP  -  TYPE  0^  ATTRACTION.  (XI  FOR  XI-1.INF  ATTRACTION. 

ETA  FOR  FTA-LINE  ATTRACTION. )  LEFT  JUSTIFIED. 

ITYP  -  ZERO  GIVES  ATTRACTION  ON  BOTH  SIDES. 

NON-ZERO  GIVES  ATTR.ACTION  ON  UPPER  SIDE  AND 
REPULSION  ON  LOWER  SIDE. 

NLN  -  nunrer  of  aitr-action  lines. 

NPT  -  NUNSER  of  attraction  POINTS. 

(NO?  including  points  On  ATTRACTION  LINES' 

DfC  -  NON-ZERO  DEC  USES  ICC  F;:R  tCCAf  FaCTOF  , 

AftPFAC  -  NON-ZERO  AnFf.TC  N.;;.TI,-L IFS  ALL  AnPlITiCCS  BY  AnFFAC. 


ITYP  -  ZERO  GIVES  AT’'  CTICN  ON  fc.jlh  SIDES. 

NON-ZERO  Gl'JES  hITR.SCTION  ON  UPPER  SIDE  AxD 
REPULSION  ON  LOWER  SIDE. 

NLN  -  nunber  OF  attraction  lines. 

NPT  -  NUftBER  OF  ATTRACTION  POInTS. 

ICC  -  non-zero  DfC  OSES  DEC  FOR’  DECF.f  FACTOR. 

ANffAC  -  NON-ZERO  AftPFAC  MULTIPLIES  ALL  AnPllTUDES  BY  AnPFiSC. 


:3io=c  n 
2320^C  It 
:330=C  It 
2340=C  It 
:s5o=c  It 
2:>60=C  It 
2370^0  It 
2380=C  n 
2300=0  It 
2400=c  n 
:4io=c  It 
2420=C  It 
:430=C  I 
:440=c  I. 
2450=C  t 


xPT.fPT  -  CuOBDINATES  Of  A'lER^YCTinN  PCInI  OR 
POINT  ON  ATTRACTTC’N  LINE. 

apt  -  ATTRACTION  ANPLITUIt  (nEGAIIvE  REPELS). 


Df'T  -  DFCAY  FACTOR. 

‘.PCl.VEC:  -  X.Y  CQNPOnENIS  OF  UNIT  VECTOR  NORMAL  TO 

attraction  direction  for  point  attraction. 
(CAlCULATEB  INT£R.-*A..LY  for  line  attraction.) 


I 


I 


I 


1 


69 


Ill  M  LAST  COOMiIHATL  hlllT.n  CDNTTiiX  Wt:'-.'  IS  F.:.LDdI.'lG  CAR),.  ! 
It  Mf:Ii  :  IFACiIRITiFFAt  -  FORHAK^ISfFlO.Oj 


:460=^c 

:i7o-c 

:43o=c 

2490=C 

2500=C 

:sio=c 

:520--C 

2530=C 

:540=c 

2550=C 

2%0=C 

:!;7o=c 

2580=C 

2590=C 

2600=C 

2A10< 

:62o=c 

2o30=C 

2640=C 

2o50=C 

2660=C 

2470=C 

2o80=C 

2(i90=C 

270C-C 

2710=C 

2720=C 

2730=C 

2740--C 

2750=C 

2760=C 

:770< 

2780=C 

2790^^0 

2800=C 

2310--C 

2820=C 

2330=C 

2840-C 

2850=C 

28«0=C 

2370=C 

2830--:C 

23?0=C 

;?oo^c 

291C< 

29:0=C 


(CAN  K  USED  TO  AID  CONVERGENCF.  Bi  COWLEFtlNt  FIELD  ) 
(«ITH  LFSS  ATTRACTION  FIRST  AND  USING  THIS  RE5ULT  ) 
(AS  The  INITIAL  GUESS  FOR  STRONCER  ATTRACTION.  ) 

(Blank  card  must  be  input  if  tnis  feature  is  not  used.) 

'STANDARD  IS  TO  NOT  USE  THIS  FEATURE  »  BUT  ITS  USE  MAY) 

( BE  NECESSARY  yiTH  STRONG  ATTRACTION.  ) 

;FAC  -  NUfiBER  Of  STEFS  IN  ADDITION  OF  INHOnOGFNtOUS  TERN. 
DOUBLES  INHOMOGENEOUS  TERM  AT  EACH  STEF. 


(ZERO  CONVERGES  NITH  FULL  ATTRACTION.  ) 

(1.0  CONVERGES  HlTh  NO  ATTRACTION  FIRST.  THEN  ) 

•,  KITH  FULL  ATTRACTION.  2.0  CONVERGES  WITH  NO  ) 

< ATTRACTION  FIRST.  THEN  NITH  HAlF.  THEN  NITM  FULL.) 

( INCREASE  NUMBER  OF  STEFS  IF  DIVERGENCE  OCCURS.  ) 

IRIT  -  NON-ZERO  VAi.UE  CAUSES  INHOMOGENEOUS  TERM  TO  BE  PRINTED. 

EFAC  -  MULTIPLE  OF  CONVERGENCE  CRITERION  TO  BE  USED  FOR 
INTERMEDIATE  CONVERGENCE  BETWEEN  ADDITIONS  OF 
INHOMOGENEOUS  TERM.  (TYPICALLY  10.0  ) 


iumutmmuxtmmummmuimtuummmtmmttut 

\  MASS  STORAGE  FILES  1 

1  RESTART  FILE  -  FILE  10  1 

1 

(10)  RXI.RETA 

I  '10)  X.T.LSLIT.LABrL.IMAX..JMAX 

t  '10)  NBDyfNUMBfLBl.Lf.7*LB3.LTiPE.LFT.XLfXlJ,Yl.YJ. 

1  NDIn.NDlMl.NliIM2.NDlM'.WACC 

1 

;  COORDIHATc  SYSTEM  STORAGE  FkE  -  FILE  i:  : 


(11 )  LABEL. ln.'<X.J(iA.', 

■,11)  ((LSL1T(I..J).M-I.1AX;..>;.JHAX; 

(ID  ('X(lrJ).I-i.lnAX.'-J-;..JnAX' 

;  ■  ID  '(YD.J)fI--l.lMAX.fJ=lfJMAX; 

i  il)  NBDY.NUMB.LBifLB2-!.k'.LTYF'E.LF I* aL.XU. Yi. .YU. 

I  MDIniN[iIMl.NliI.n2tNDI.T. 

xuutiiiuitttxittxiiitmumtunnwittiiiimtuumntttttt 
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LINES  Input  Instructions 

M=<:imtnmttmnnwtwntuimtv’iumuummmitmtumu 

no=c 

i20-cut»mut»utttttfttt  limes  mumnntmttttunittumtm 

130*C 

i5C=C 

'  BOimOflRY  SEGMENT  CODE  FOR  INPUT  TO  NESCOft 


160=C 

170=C 

180=C 

19«=C 

M0=C 

:io=c 

220=C 


NlSSISSlPfl  STATE  UNIUERSITY  .  1082 

O.S.ARNY  ENGINEER  IWTERNAYS  EXPERIMENT  STATION 
VICKSDURGr  MISSISSIPPI 


24IH: 

250=cmt  POINTS  ON  BOUNDARY  SEGMENTS  mt 
2AD=C 

:70=cmmmumtmummmmmmmtntmutuntmmttt 

280=C 

290=cm»  INPUT  ; 

300=C 

310=:C«CAftD  t  NLINES  -  FORMAT!  15) 

320=C 

330=C  KLINES  -  TOTAl  NUMBER  OF  LfNES. 

340=^C 

350=-C«CARDS(NLInES)  :  N,ITYP,DliD2.r'3.IH,ri5'k.,Iif  -  FORMAT!  2I5.7F10.0  ' 
340=C 


^=C  se  -  EXPONENTIAL  CONCENTRAIlOf*  FACTOR. 

•«)=€  0,0  FOR  E3UAL  SPACING  ON  LINE. 

770=C  NEGATIVE  FOR  CONCENTRATION  MEM!  FIRST  POInT. 

7B0=C  POSITIVE  FOR  CONCENTRATION  NEAR  SECCnH  PCINT. 

790=C 

810=C 

820=C  MASS  STORAGE  FILE  I 
830=C 

840=C  OUTPUT  -  F7LE  10  !  WFITEilO'  X'D.Yd) 

850=C  X  I  Y  POINTS  Of  EACH  LINE-  INCLJTlNf  E-PI. 


370=C 

K  -  NUMBER  Of  POINTS  ON  LINE. 

380=C 

390=C 

ITYf  -  TYRE  Of  LINE 

400M: 

0 

!  STRAIGHT. 

410=C 

1 

;  CIRCULAR  ARC. 

4:o=f 

1 

:  ELLIPTIC  ARC. 

•30=C 

3 

!  CUBIC. 

440=C 

4 

;  mmiK  nith  zero  slope  at  first  point. 

450=C 

5 

I  OUAPRATIC  kith  ZERO  SLOPE  AT  SF.COND  POINT. 

400=C 

• 

470=C 

Cl-Dt  AS 

FOLLOWS  -  -ITENS  NOT  CITED  ARE  IRRELEVANT) 

480=C 

49!)*C 

ITYP-'O 

:  D1  -  X  OF  FIRST  POINT. 

50!)=C 

tC  -  Y  OF  FIRST  POINT. 

1 

510=C 

D3  -  X  OF  SECOND  POINT. 

520=C 

D4  -  1  OF  SECOND  POINT. 

^  1 

530=C 

540=C 

ITYP=1 

:  D1  -  ANGLE  OF  FIRST  POInT  (DEGREES.  COUnTEk-CLOCK  FROH  POSITIVE  X-AXIS) 

,  1 

550=C 

D2  -  ANGLE  OF  SECOND  POINT  (DEGREES.  COUNTER-CLOCK  FROM  POSITIVE  X-AXIS) 

5AO=C 

D3  -  X  OF  CIRCLE  CENTER. 

570-C 

D4  -  Y  OF  circle  CENTER. 

( 

5BO:=C 

K  -  CIRCLE  RADIUS. 

5»0=C 

«  I 

jOO=C 

nYP=2 

:  Dl  -  angle  of  FIRST  POINT.  (DEGREES.  CCWIER-CLOf 4  FROn  POSITIVE  X-AXIS) 

«10=C 

D2  -  ANGLE  OF  SECOND  POINT.  (DEGREES.  COUNTER-CLClK  FROM  POSITIVE  X-AXIS) 

»20=C 

D3  -  X  Of  Ellipse  center. 

5  ! 

A30=C 

D4  -  Y  OF  ELLIPSE  CENTER. 

^  t 

A40=C 

D5  -  X-AXIS  length  OF  EdlfSE. 

950^ 

Dt  -  Y-AXIS  LENGTH  OF  ELLIPSE. 

^  I 

«oo-c 

A70=C 

ITYP=3 

:  Dl-Di  SAME  AS  1TYP=0 

i 

980=C 

K  -  SLOft  AT  FIRST  POInT,  (DEGREES.  COUNTER-CuOCK  FROM  POSITIVE  X-AXIS) 

f  1 

»90=C 

Do  -  SLOPE  AT  SECOND  POInT.  (DECREES-  COUNTER-CLOCK  FROM  POSITIVE  X-AXIS) 

■I 

700=C 

710=C 

nYP=4 

:  D1-D4  SAME  AS  ITYf=0 

•i 

720=0 

i 

^30=C 

ITYP=5 

:  D1-D4  Same  as  ityf^o 

J 

740=C 

1? 


CSPL^T  Input  Instructions 

110=C» 

i20=ctitmmimitt»mtt  c  s  f  l  o  t  tmtxmmuuitummmuun 

130=CI 

\M>=zmnnmttuunttmnmuwumtmmmttmmimtmtmtu 

150=CI 

:60=C  COORDIhATE  SfSTEM  PLOT  COOE  -  HISF.ISSIffl  STATE  UmWERSITi  .  1982 
170=C 

180=C  U.5.  AivAY  Engineer  WATERKATS  E/PfRI/(FKT  STATION 

190=C  VICKSPUEGi  HlSSlSSIfPI 

200=CI 

220==C 

230-c  mxtmttmmutttmumtmtttnmtmmiitmiuutttfutut 
240=C  I 

:5o=c  *««t  INPUT  instructions  : 

2A0=C  I 

270=C  ««  CARD  :  NUhPR  i  NUflERlb  ISMP;  .  ITU':'  -  FTPfiAK  4 ; 

280=C  I 

290=C  »  NUHBR  -  NUrtBER  OE  ETA-CO.^STAnT  lTvES  DESIRE;.  FOR  PLOT. 

:00=C  «  (DEFAULT  IS  ALL  LIkES) 

310=C  I 

320=C  I  WJHBRl  -  NUHBER  OF  )I=CDNSTAnT  LINES  DESIRED  FOR  F'.jT. 

330=C  I  (DEFAULT  15  AlL  LINES) 

340=C  I 

350=C  I  ISMPl  -  SMP  FARANETER  F'lft  XI^COnSTAnT  COORDINATE  LINES. 

SoO^^C  I  il  plots  evert  Li(«f  2  PLOTS  EvER)  SECOND  LINE,  ETC.; 

370^C  I  ( DEFAULT  IS  EVERT  LINE ) 

380=C  I 

390^C  I  ISKIP2  -  SKIP  PARANETER  FDR  ETA=CONSTAnT  COORDINATE  LINES. 

400=c  I  (SEE  ISKIPl) 

410-C  t 

n20=C  lit  CARD  I  IRl  ,  IB:  ,  Jtl  ,  JB2  -  FDRd.TK  415, 

430=C  I 

44o<  I  !,j  Indices  of  plot  field  boundary. 

450=C  I  (I  is  XI,  J  IS  ETA.  DEFAULT  IS  ENTIRE  FIELD, 

♦60=C  I 

470=C  III  CARD  !  XTRaT  -  FjRNAK  FlO.O, 

480=C  I 

490=C  I  XYRAT  -  RATIO  OF  FvOTTED  X  TO  Y  LENGTHS.  d.O' 

f.i)0=C  I 

sio=c  iiiiiiitfiiiintiitttitiittittitittiiitiitititiittiiiiiiitt!t{iitti 

520=C  I 

CSO'-^C  tiltll  coordinate  ScSTCrt  IS  READ  UnFORNATTED  FRON  UNIT  10  AS 
540=^c  mill  written  by  T.hE  CODE  'WESCOR:'  . 

550=C  I 

5A0=C  Iillttff4ttlttmi(ti2tiutimtftllinmmiiii;itttitinr;rttt{»r«? 


LINES  Sample  Runstream  #1 


I20=m, 

;30=ACQU1KE  ■  IlN=BINi\R^PIiH=TnQM>SO««LIMESI>U>=MaB  <  [tT^TEtUQ  > 
i40=LBRfDf»=liIIWRY. 

;50=DlSP0SE.Il«=FTl0iSIiM=fILE.lD=«B«»,0(.=ST,Df=Tf;fTtXTM 
:oO=  'CATALDG)FILEiThOrtfmiNESO>ID=«nM>RF-?9?. ' . 
j70=IiELETE.ItH=lilKAM. 

130=^EXn. 

i?0=IiELEIE.IiH=BlNARr. 


200=lF.O(i 
210=  5 

220=  33 

0  0.0 

0.0 

24.3? 

0.0 

230=  9 

0  0.0 

-0.3 

0.1 

-0,3 

240=  25 

0  Oil 

-0.3 

24.39 

-0.91 

250=  25 

0  0.0 

-0.3 

0.0 

0.0 

2i0=  25 

270=«£0(i 

0  24.39 

-0.91 

24.39 

0.0 

;ao=KOF 

WESC0R  Sample  Runstream  </l 


i:0=J0BiT=60. 

i30~ACMIRE(DN=FT10«PW=TH0i1F’S(Ml.lNESrt>II>=mMlfIiF=TR»UQ. 

;44=ACQUIRE>DN=EtINAftYfPDfl=TH0hPS0M;0RDB>IIi<«aMI>t>F:TRiU0. 

l50-LDftfW-8lWARY 

;oO-»lSPOS£rW=FTlhSIi(l=FlLEflD=i*««I.DC=ST»DFs7R.TEXTM 
170=  'CATAL0GiFILE>TH0KPS0MC0FlD0ilD=mMiRF'--999.  , 
180=Ii£LE7E.WI=FTl0. 

190=IiaETfjM»=iiINARY. 

:oo=Exn. 

:io=iiEin£iWi=Fiio. 

;2o=oelete,:h*hhary. 

:jo=»E» 

:40=J0HNSO((  FLUHE 
250=33  X  25  COOftDIffATE  SrSTErt 


2o0= 

270= 

230= 

290= 

300= 

310= 
320=1.8 
3:>o= 

3i0=- 

350= 

3ct0= 

3'0- 

360=»r0E 

3'?0=«t'0F 


25 

33 

9 

33 

■>«; 

25 


4.J 

1 

1 

_1 

33 


too 

-a 

-a 

•a 

•12 


-1 


1  1  1 


3 


O.OOOOl  0.0000 1 


CSPL0T  Sample  Runstream 


120=J0I. 

l30=AC(HIIRE>IlM=FT10>PbM=TH0hPS0NC0RIl0fID=MBMII>Dr=TF.iUQ. 

140=ACQUIREtM=EiIMARY<PIi«i=TH0HPS0«CSPL0TEifII>=«MMIfDF=TRtU0. 

j50=L»*LlB=lCT(U.lB.I)H=BIIWiY.  _ 

i60=BlSPOSE»lW=FT0aS[i4l=riLE.ID=— ■liIlC=ST>BF=SB>TEXT=t 
1*0=  'CATAu0GiFILEiTK(MF'S0NF'L0TtIli=«MN»fF(P=9?9.' . 
l80=DELETE»M=fTlO. 
l90=DELETE>B»l=BIt4ARY. 

200=£XIT. 

2l0=DELETE.DK=fT10. 

220=D£LETE.ll(*=BI»4APf. 

:30=‘tE0P 


240=  0 

250=  0 

260=2.0 
270=IE« 
280=<EOF 
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LINES  Sample  Runstream  #2 


i20=J0B,  __ 

l30=ACGtJIRE)DR=ilIi<ARyif'DN=THOllfSOHLlRESIfIL^«flMiiDf^TR.lJQ. 
140=LllBiliN=ilINARY. 

lS0=IIISP0SE>SN=FT10>SDH==EILE)ID'aMai>[>C=ST.DF=TR>T£XTM 


160=  'CATALOG.FILE.THOriPSOKLlf(£SOlfID= 
170=BELETE»D»I=B3NARY. 

180=EXIT. 

l90=DELETE»DN=BINAf[Y. 

;00=IE0R 


hRr=9?9.'. 


210= 

■>20= 

15 

25 

0  15.0 

0.0 

5.91 

0.0 

0.0 

0.0 

-0.08 

230= 

9 

0  5.91 

0.0 

4.1 

O.oB 

0.0 

0.0 

0.2 

240= 

3 

0  4.1 

0.68 

3.9 

0.68 

0.0 

0.0 

0.0 

250= 

9 

0  3.9 

0.68 

2.29 

0.0 

0.0 

0.0 

-0.2 

260= 

7 

0  2.2? 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

270= 

13 

0  0.0 

0.0 

0.0 

l.o3 

0.0 

0.0 

0.0 

280= 

21 

0  0.0 

1.63 

5.91 

1.63 

0.0 

0.0 

0.0 

2°0= 

29 

0  S.?l 

1.63 

15.0 

1.63 

0.0 

0.0 

0.04 

300= 

7 

0  15.0 

1.63 

15.0 

1.25 

0.0 

0.0 

0.0 

310= 

5 

3  15.0 

1.25 

15.25 

0.96 

-57.0 

135.0 

0.0 

320= 

5 

0  15.25 

0.96 

15.8 

0.43 

0.0 

0.0 

0.0 

330= 

9 

0  15.8 

0.43 

15.6j 

0.23 

0.0 

0.0 

0.0 

340= 

5 

0  15.63 

0,23 

15.25 

0.58 

0.0 

0.0 

0.0 

350= 

S 

3  15.25 

0.58 

15.0 

0.5 

135.0 

51.0 

0.0 

3o0= 

9 
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FLUX-CORRECTED  TRANSPORT  IN  AN  EXPONENTIALLY 
STRETCHED  GRID 

Richard  A.  Schmalz,  Jr. 

U.  S.  Army  Engineer  Waterways  Experiment  Station 
P.  0.  Box  631,  Vicksburg,  Mississippi  39180 


ABSTRACT.  The  transport  of  a  passive  constituent  In  a  tidal 
(oscillatory)  flow  regime  is  approximated  using  a  Flux-Corrected  Trans¬ 
port  (FCT)  technique  over  an  exponentially  stretched  grid.  The  FCT 
technique  consists  of  a  nonlinear  average  of  the  results  obtained  from 
two  schemes:  a  lower  order  In  space  nonoscillatory  scheme,  and  a  higher 
order  in  space  scliume.  Tlie  FCT  method  studied  in  this  research  employed 
a  forward  time  upwind  space  (FTUS)  scheme  as  the  lower  order  non- 
osciilatory  scheme  attd  a  forward  time  centered  spiice  (FTCS)  scheme  as  the 
higher  order  scheme.  Both  schemes  were  Implemented  through  an  Alternat¬ 
ing  Direction  implicit  (ADI)  mettiod  employing  tlie  Thomas  algorithm  for 
matrix  Inversion. 

Numerical  results  are  obtained  on  a  6785  cell  exponentially  stretched 
grid  employed  to  represent  circulation  in  Mississippi  Sound  for  the  FTUS, 
FTCS,  and  FCT  schemes.  Comparison  of  these  results  'demonstrates  the  mag¬ 
nitude  of  the  differences  for  constituent  transport  obtained  from  these 
alternate  numerical  approaches  on  a  real  world  problem  size  computational 
grid. 


1.  Introduction.  The  transport  of  a  passive  constituent  (salinity) 
in  a  tidal  (oscillatory)  flow  regime  is  considered  using  a  Flux-Corrected 
Transport  (FCT)  technique  in  an  exponentially  stretched  grid.  The  gov¬ 
erning  transport  equation  is  first  transformed  using  a  piecewise 

exponential  transformation.  The  development  of  the  FCT  approach  for 
approximating  the  transformed  equation  is  next  presented.  The  FCT  tech¬ 
nique  consists  of  a  nonlinear  average  of  the  results  obtained  from  two 
schemes:  a  lower  order  in  space  nonoscillatory  scheme,  and  a  higher 
order  in  space  scheme.  The  FCT  method  studied  in  this  research  employs 
a  forward  time  upwind  space  (FTUS)  scheme  as  the  lower  order  non¬ 
oscillatory  scheme  and  a  forward  time  centered  space  (FTCS)  scheme  as 
the  higher  order  scheme.  The  implementation  of  these  schemes  through  an 
Alternating  Direction  Implicit  (ADI)  method  is  then  presented  followed 
by  a  discussion  of  the  limiting  process  within  FCT. 

The  ADI  multioperational  FCT  has  been  incorporated  as  a  subroutine 
within  the  Waterways  Experiment  Station  Implicit  Flooding  Model  (WIFM) . 

The  revised  model  will  be  applied  to  Mississippi  Sound  and  adjacent  waters 
to  study  circulation  and  salinity  patterns.  Global  effects  are  studied 
on  a  6785  cell  exponentially  stretched  grid.  Numerical  results  for  a 
sharp  front  problem  over  this  global  grid  are  presented  for  the  FTUS, 

FTCS,  and  FCT  schemes  employing  three  different  limiters.  Results  are 
compared  to  assess  the  magnitude  of  the  differences  on  a  real  world 


I 
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problem  size  computational  grid.  Conclusions  and  an  outline  for  future 
work  are  finally  presented. 


2.  TRANSPORT  EQUATIONS  IN  CARTESIAN  AND  TRANSFORMED  COORDINATES. 

For  tidal  flow  problems  the  following  depth  integrated  form  of  the  trans¬ 
port  equation  is  Initially  considered. 


where 

h 


X 


y 


u 

V 


K* 


(hs)  +  (hus)  +  (hvs) 
t  X  y 


water  depth 

constituent  concentration 

X  coordinate  direction 

y  coordinate  direction 

velocity  component  in  the  x  direction 

velocity  component  In  the  y  direction 

effective  dispersion  coefficient  in  the  x  direction 

effective  dispersion  coefficient  In  the  y  direction 

3/3r  for  arbitrary  variable  r 


(1) 


The  following  expon.ential  transformation  has  been  considered  by 
Wanstrath  [1]  and  used  by  Butler  in  UIFM  [2].  Consider  an  arbitrary 
variable  x  mapped  or  tzanaformed  into  a  .  The  transformation  is 
carried  out  in  a  piecewise  fashion  by  first  partitioning  x  space  as 
follows 


i  =  1,  N 


where  ^ 

=  lower  partition  point  for  region  i 
x^  =  upper  partition  point  for  region  i 
N  s  number  of  regions  in  the  partition 


in  X 

space 

in  X 

space 

(2> 


Within  each  region  of  the  partition  the  following  transformation  is 
considered. 


where 


X  =  Si  +  biO  ^  X  e  (xi.xj) 

,  c^  ,  and  a  are  determined  such  that 

/  ^  L  u  ^  u  L 

a  e  ^n^Ao.n^AoJ  "i’**!  ^  ^  ^  "i 


(3) 


(4a) 
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i  -  2,.,.N 


^  i  -  2,...N 


From  Equations  4b  and  4c,  the  transformation  is  . 

Normally  one  specifies:  ,  i  -  1,...N  ,  ,  the  partition 

points  for  the  N  regions,  and  dx/da|  ^  ,  i  -  1,...N  , 

dx/da|  ^  ,  the  rate  of  stretching  at  the  partition  points  for  the 

*N 

N  regions.  A  time  sliaring  code  MAl’iT  has  been  developed  to  compute 
tl  I  c 

°i  ’  *1  ’  ^1  ’  ^i  *  *  i  ■  1,...N  .  The  computed  rate 

of  stretching  dx/da|^^  is  not  exactly  equal  to  the  specified 
dx/da{  „  ,  1  *  1,...N  .  However,  the  difference  is  usually  negligi¬ 


ble.  Special  options  in  the  code  allow  the  consideration  of  double 
regions:  i.e.,  computations  are  performed  simultaneously  for  two  adjacent 
regions. 

For  the  two-dimensional  depth  integrated  transport  equation,  each 
coordinate  is  transformed  separately;  I.e.,  x  ->  Oj  and  y  •>  a-  .  Thus, 
we  obtain  ^ 


i  i  1 


*1  ' 


i  -  1,  N 


i  .  .  i  *^2 
y  -  a2  + 


y  s  (yi./j) 

“2  ‘  ("i“2'"l“2) 


i  -  1,  M 


Let  p,  ■  dx/da.  and  y„  -  dy/do,  ,  then  for  an  arbitrary  variable  P 
obtain;  x  £  ^ 


Thus  we  may  transform  the  depth  Integrated  transport  equation  from  x  -  y 
to  space  as  follows: 


This  equation  is  the  subject  of  numerical  approximation.  For  convection 
much  larger  than  diffusion  as  is  the  case  In  coastal  flow  regimes,  the 
equation's  character  becomes  predominantly  hyperbolic  making  numerical 
approximation  difficult. 


3 ,  FCT  APPROACH .  The  sharp  front  problem  has  traditionally  been 
employed  to  characterize  the  properties  of  finite  difference  approxima¬ 
tions  to  the  transport  equation.  Results  of  finite  difference  approxima¬ 
tions  for  the  sharp  front  problem  fall  into  two  general  categories. 
Category  I  approximations  produce  severe  oscillatory  behavior  for  prac¬ 
tical  grid  spacing  but  maintain  the  shape  of  the  front.  Category  XI 
approximations  exhibit  positively  nonoscillatory  solutions  at  the  expense 
of  frontal  smearing.  The  Flux-Corrected  Transport  approach  as  developed 
by  Boris  and  Book  [4]  and  reformatted  by  Zalesak  [5]  attempts  to  obtain 
Llio  bust  features  from  buLli  categories;  namely,  a  nonuscillatory  solutiun 
to  the  sharp  front  problem  with  limited  frontal  smearing.  In  order  to 
accomplish  this,  two  schemes,  one  from  each  category,  are  considered. 

The  schemes  are  written  in  the  following  flux  format. 


j^k+lgl  ^  ^k  gl 

n,m  n,m  n,m  n,m 


^“l^^‘l)/“2^^2)J'n^n+l/2,m 


F 


I 

n-l/2,m 


+  F 

n,nH-l/2 


^n,m-l/2^ 


(8) 


such  that  t  =  kdt  ,  x  =  1  (p^)  ,  y  “  Z  (p,)  Ao- 

^  i  i  i  i 

where  S  =  concentration  at  location  (n,m)  at  time  level  k 

llyia 

h^  ^  =  water  depth  at  location  (n,m)  at  time  level  k 


Aaj^(Pj^)  =  X 

space 

step  at 

m 

Aa2(P2)  =  y 

space 

step  at 

n 

1  =  General  scheme  Index,  which  we  set  to  H  or  L  to 
designate  the  solution  or  flux  at  time  level  k+1 
^  for  the  Category  I  or  Category  II  scheme,  respectively 

^n+1/2  m+1/2  ^  fluxes  through  the  appropriate  cell  faces  of  cell 
—  '  —  (n,m).  Their  form  is  dependent  upon  the  FD  scheme 

employed.  H  designates  the  higher  order  space  fluxes; 
while  L  designates  the  lower  order  space  fluxes 
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Note  that  the  difference  between  the  higher  and  lower  order  schemes  may 
be  written  as  follows: 


(®n,m  -  ®n,m)“  (Vl/2.ni  "  Vl/2.m 


+  A 


■n,iiH-l/2 


^n,m-l/2^ 


(9) 


where  anti-diffusive  fluxes  are  given  by: 

A  = 

n+l/2,n^l/2  '^n+l/2,n^l/2  n±l/2,n±l/2 

These  anti-diffusive  fluxes  are  next  limited,  such  that 

^n+l/2,iirfl/2  “  ^n+l/2,m+l/2\+l/2,m+l/2  °  ^  ^n+l/2.mtl/2  ^  ^ 


(10) 


(11) 


The  crucial  step  in  the  Flux-Corrected  Transport  process  is  the  deter¬ 
mination  of  the  limiting  factors,  C^^.y2  nri-1/2  »  deferred  to 
a  subsequent  section.  —  ’  — 


^k+1 

’n,m 


Finally  the  updated  FCT  solution  is  determined  as  follows: 

1-1 


n,m  I 


AOj^(Pj^)  Ao2(u2) 
m 


hH’  { 


,c  c 

n+l/2,m  ■  *n-l/2,m 


+  A 


h,m+l/2 


^n,m-l/2^ 


•(12) 


k+1  L 

Note  that  if  C^+i/2,m  =  ^  '  ^n,nrtl/2  ’  ®n,m  “  «n,m  '^n+l/2,m 

1.0  -  C 

n, 11^1/2  n,m  n,m 


k+1 


both  8 


Since,  in  general,  0  <  ^1/2,041/2  "  ^  ’  ®n.m 

_ j  H 


is  bounded  by 


n.m 


and  8 


n,m 


4.  FLUX-CORRECTED  TRANSPORT  IN  A  MULTIOPERATIONAL  FORMAT.  The 
transformed  transport  equation  of  Equation  7  is  the  subject  of  numerical 
approximation.  A  space  staggered  grid  setup  as  shown  in  Figure  1  is 
employed.  The  datum  convention  is  as  shown  in  Figure  2. 


Let  us  Introduce  the  following  notation  as  a  prelude  to  the  approxi¬ 
mations.  Define  for  an  arbitrary  variable  Fj^  where  t  ■  kAt  , 

a  A  R  f  III 

y  ■  nAy  ,  x  •  mLx  : 


6Hr'^  )  .  -  f'' 

t \  n,m/  n,m  n,m 


(13a) 


AD-AllA  MO 


UNCLASSIFIED 


omcc  mcMCH  tkiaimu  pm  nc  r/«  la/i 

P^CroiNM  or  THE  lOM  AMT  MMEftlCAL  AMALTSIS  AND  CO*<ruTERS  C— ETC(U) 


and  the  following  upwind  difference  operations  dependent  upon  an  arbi¬ 
trary  auxiliary  field  variable, 


f^  >  0 
n,m-l/2  n,m  —  i 

V  |p 

F  /o  f  <  0 
n,iirt-l/2  n,m 


(lAa) 


^  ('11-1/2..  i  » 

'  ('ii«/2..  'i:.. '  “ 


(Ub) 


Within  the  FCT  approach,  two  solution  schemes  are  considered.  The 
standard  Crank-Nicolson  and  their  multioperational  counterpart  are  pre¬ 
sented  in  turn  for  the  Category  I  FTCS  and  Category  II  FTUS  schones. 

5.  FTCS  CATEGORY  I  SCHEME.  The  following  finite  difference  equa¬ 
tion  is  considered  as  an  approximation  to  the  transformed  transport 
equation: 


*  24i 


/“l  “l  “l  “l  \ 

At  .1  .  k+l — k+1  k+1  .  — rk  "k  k  ) 
s  u  +  h  s  u  / 


/“2  ®2  “2  “2  \ 

l-4k+i-^+l  k+1  ~-k— k  kj 

\h  8  V  +  h8v/ 


At  r  l-=4t+i-^+l  k+1 
n 


- ^ -  6  -  +  "hSc‘^ 

2(AaJ^(p.)  “l  “l  ®1  ^‘‘l^ 

XX  IQ  n 

m  ^ 


,  /  k+1.. 

“2  "^01  ^ 

_ At  -  -^+1  k+1  _22 _ 

2<Aa2)^(y2)  “z  “z  ^^Z^^ 

n  ^ 


“2  ^ 

+  “hV*^  -7*-r —  -  0  at  (n,m) 

n 


The  solution  of  the  above  seml-lmplicit  difference  scheme  requires  the 
Inversion  of  a  large  unbanded  matrix.  In  order  to  reduce  computational 
effort,  the  following  AOI  multloperatlonal  difference  equations  are  used. 

The  approximations  for  the  a^-X-Sweep  are  given  as  follows  : 


At  6  /  °1  °1  \ 

.k,.  .  “l  I .  k+1/2  k+1/2  k+1/2  j 

+  Ua^(u~)  ®  “  > 


At  6 


2AaJ(U^) 


-^+1/2  „k+l/2 

n  K 

“i 


-At 

2(p2)  Aa2  02 


w  s^7 


k+1/2 


(U^) 


m 


(16a) 


At  A 


2Aa2(w2) 


A-  (s*^) 

®2  ^‘*2^  , 
n  J 


0  at  (n  ,m) 


The  approximations  for  the  o^-Y-Sweep  are  as  follows: 


k+1/2  .  .  _ 

\  ^  2Aa2(w2) 


/  °2  “2  \ 


At  6 


2Aa2(M2) 


.  .  k+lv 

o-  A  (s  ) 

-^+l..k+l  ®2 

h  K  — V " 

0I2  ^^^2^ 


At  A  /  “1  “1  \ 

+  ^_^^,k+i/2  ^k+1/2  ^k+1/2 ; 

2AOj^(U2) 


(16b) 


At  6 


2Aa2(y2)  L 


jjk+1/2  |;k+l/2 


^  k+1/2  J 

o. 


(Pj^) 


0  at  (n,m) 
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The  Thomas  algorithm  may  be  used  to  Invert  the  trldlagonal  matrices  in 
each  sweep  with  minimal  computational  effort. 

6.  FTUS  CATEGORY  II  SCHEME.  The  following  finite  difference  equa¬ 
tion  is  considered  as  an  approximation  to  the  transformed  transport 
equation: 


/ o.  k+1  a.  k  \ 

..k.,  .  .  At  .  I -r4t+l-  k+1  .  kl 

2Aa^(up  ■  \  \  ^  ®1  “  ^  V/ 

m 


/^o  * 

At  ,  (  -4k+l^ 


k+1 


2Aa2(P2)  2  '  ^ 

n 


k+1 


a.,  k  \ 
+  h  S2V  y 


At 


6 


2(Aa^)"(y^)  “l 
m 


“i  “1 

-j^+l^k+l^_ - +  -h*^‘^  - 


“1  <^1> 


m 


“1  ^^i> 


(17) 


At 


2(Aa2)'‘(y2)  2 


“2 

-^+lj^k+l  ®2 


(Po) 


2'n 


+ 


6  (s'^) 

2 


(U2) 


0  at  (n,m) 


To  affect  the  solution  of  this  scheme  again  the  inversion  of  an 
unbanded  matrix  is  required.  To  reduce  computational  effort,  the 
following  ADI  multloperatlonal  difference  equations  are  utilised. 
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o,-X  Sweep; 


“  (ii 

+  2to^(p7r ' " 


^k+1/2 

1^+1/ 2  “k+1/2  yk+1/2 


) 


tt  6 


“l  -^+1/2  K 


k+1/2  _!i 


(s 


2Ao^(Vj^) 


(Uj^) 


fei-) 

^  2(u2)  A»2  ®2 

n 


&c 


At  6. 


2Aa2(U2) 


-K^  ' — 


O2  (^2^ 


0  at  (n,m) 


o^-Y  Sweep; 


(he) 


it  «  (“2  ^ 

^  2402(^2^ 


At  6. 


2ba.2^V<^ 


-1 


6^  (8  ) 
a*- 


(U2) 


(k+1/2  \ 

!^2/2  \a7r„kei/2 ) 

t  . 


At  6 


2 

2AOj^(Vj^) 


-ik+1/2  „k+l/2  .”1 - 

^  a,  (Wi) 


m  J 


>  0  at  (n,m) 


(18a) 


(18b) 
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The  standard  Crank-Nlcolson  equations  are  assumed  to  be  contained 
within  their  corresponding  multloperational  dlfferenge  equations.  For 
the  linear  case  obtained  for  (U2)  *  1  >  K  ^  ,  u  ,  v  , 

and  h  constant  in  space  and  timeV  the  intermediate  time  level  may  be 
eliminated  in  the  multloperational  approach  and  the  total  difference 
equation  obtained  equals  the  standard  difference  equation  plus  some 
higher  order  in  time  factorization  terms.  The  total  difference  equation 
is  also  consistent  with  the  linear  transport  equation.  For  the  nonlinear 
case  considered,  it  is  not  possible  to  eliminate  the  constituent  inter¬ 
mediate  time  level.  Thus  the  exact  form  of  the  factorization  terms  may 
not  be  determined.  However,  their  numerical  effect  is  small  and 
may  be  tested  in  the  following  manner. 

Consider  the  standard  Crank-Nlcolson  approximations, 

1  ,  where  1  -  H  for  FTCS,  and  I  -  L  for  FTUS. 


Similarly,  denote  th( 


Similarly,  denote  the  corresponding  multloperational  ADI  approximations, 
.slj  „1  ,  where  I  -  H  for  FTCS  and  L  for  FTUS. 


First  compute,  implicitly. 


'  n,m  L  'n,m  *  J 


then  compute,  explicitly, 


( 

\ 

'n,m 

\^ADl) 

Compare 

\  ADI, 

.1 

j  and  I 

n,m 

)  for 

n,m 

Compare  IS^^  I  and  IS^^,  I  for  I  -  H  and  L  .  Numerical  tests 
'  ^n,m  '  'n,m 

confirm  that  the  two  solutions  are  practically  identical,  thus 


(O'*  (0'»  (c)' 


The  standard  Crank-Nlcolson  equations  may  be  written  in  the  flux  form  of 
Equation  8;  thus  they  by  their  nature  are  mass  conservative.  Thus  the 
multloperational  schemes  are  also  mass  conservative.  To  Implement  FCT, 


/s^lj  are  computed,  then  ^cnK^ADi)  ’®n  ml  employed  to  compute 
'  /n,m  -  L'  'n,m  ’  J 

the  fluxes  F^,  ..  . ,  ..  shown  in  Equation  8.  Computations  outlined  In 

1^1/2, nrfl/Z  -  i 

Equations  9-11  are  next  performed.  In  Equation  12,  ^  ~  , 

’  \  /n,m 
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7.  FLUX-CORRECTED  TRANSPORT  LIMITERS.  The  crucial  step  in  the  FCT 
method  is  the  limiting  of  the  anti-diffusive  fluxes;  e.g.,  the 
determination  of  nri-1/2  Equation  11.  Zales^  employs  the 

following  method  [5].  In  what  follows,  n,  “  vADI/ 

'  ^n,m 

The  anti-diffusive  fluxes  are  first  screened  as  follows: 


^n+l/2,m  *  ^ 

if 

^n+l/2,m^ 

-s^  )< 

,  n+l,m  n,m/ 

0 

and 

either 

^n+l/2,m( 

'i 

,n+2,m  n+l,m/ 

<  0 

(21a) 

or 

^n+l/2,m( 

)< 

,  n,m  n-l,m/ 

0 

^n,m+l/2  *  ^ 

if 

^n,m+l/2( 

-L  _  \ 

.  n.m+l  *n,m/ 

0 

and 

either 

^n,iD+l/2( 

^ 

j*n,m+2  *n,m+l/ 

<  0 

(21b) 

or 

\,m+l/2( 

., )  < 

^  n,m  n,m— 1/ 

0 

Cell  maxjvum  and  minimum  values  are  computed. 


i 

.a 

maxi 

,S^  ) 

*  mln(sj^  ,S^  ^ 

(22a) 

n,m 

> 

.  n,m’  n,m/ 

XitVi 

\  n,m’  n,m/ 

f  <  f 

i 

/  i  V 

.max  ^ 
n,m 

max| 

s  ,  ,s*  , 

n,m 

n+l»m 

»®n,m-l'®n,m+iy 

(22b) 

.min 

{  m 

Ufm 

min^ 

.  i  .9 

,  ,s^  , 

^  n-l,m  n,m 

n+l,m 

S^'  s*^'  'i 

*  n,m-l’  n.m+l^ 

(22c) 

^  Next  the  sum  of  all  anti-diffusive  fluxes  into  and  out  of  cell  (n,m), 

P  and  P.  ,  respectively,  are.  determined, 
n^itt  n^n 


^n,«  "  “*<0‘Vl/2,m>  ’  “^“<°’Vl/2,m>  *■  ”**<®»^.mfl/2> 

-  min(0,A^ 

The  maximum  allowable  mass  into  cell  (n,m),  ^  ,  such  that 


(23) 


(24) 
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<  s"***  and  the  maximum  allowable  mass  out 
n,m  —  Hfm 

such  that  are  computed  as  follows: 

n,m  —  n.m  ^ 


he  maximum  allowable 

S  are  computed  ai 
n,m  ^ 


mass  out  of  cell  (n. 


are  computed  as  follows: 

,m  —  n,m  ^ 

0^.,  ■  -  0[“'l>.“l“'2\‘“2C] 


^  Si,. 


V  —  1  ♦T  — 

^  n,m  \  n»m 

The  following  ratios  are 
limiting  coefficients. 


calculated  for  use  In  determining 


r"*"  - 


The  limiting  coefficients  are  then  given  by 

I rain ,R  ^  A  . , >  ( 
1  \  n+l,m  n,m/  n+l/2,m  — 

^n+l/2,m  "  1  .  _  V 

fmlniR  ,R  . ,  )  A  . ,  <  ( 

\  \  n,m’  n+l,m/  n+l/2,m 

/  /  +  -  \ 


'I,.  *  ») 

-  oi 

n.m  J 

nfl.q"  \  ?~  >  o) 

\  ^n.m/  n.m/  n.m  f 

P‘  -  oi 
n.m  / 


are  then  given  by 


fmlnIR  ,R  . ,  J  A  . ,  <01 

\  \  n.m’  n+l.m/  n+l/2,m  / 

(mln(R^  . , ,R~  )  A  . ,  /-  >  0  | 

1  \  n,m+l’  n.m/  n.nH-1/2  —  f 

'„..*l/2-<  ,  \ 

fmlniR  ,  R  . ,  )  A  . ,  <01 
\  \  n.m’  n.m+l/  n.iiri'1/2  / 

The  author  has  considered  two  alternative  limiters.  In  alternative 
?,  Equation  22  is  replaced  with  the  following  expressions 

c  ■  i)  <“w  • 


(22a) ' 
(22b) ’ 


i 


\ 


This  alternative  is  designated  as  a  mixed  time  level  limiter,  since 

ginax  depend  only  on  time  level  k  values,  while  q"*"  and 

ii>n  n9iii 

Q~  depend  upon  time  level  k+1  values  of  the  lower  order  scheme.  To 
obtain  the  second  alternative  limiter  dependent  only  on  previous  time 
level  k  ,  employ  Equation  22'  and  consider  the  following  relations  for 
Q"*"  and  Q“  : 


max 

n,m 


-  0[<^>  “l<“2>  “2C] 


(25) ' 

(26) ' 


8.  APPLICATIGM  TO  MISSISSIPPI  SOUMD.  The  Flux-Corrected  Transport 
algorithm  was  Incorporated  as  a  group  of  subroutines  in  the  Waterways 
Implicit  Flooding  Model  (WIFM).  Density  coupling  was  not  considered. 
Since  the  Mississippi  Sound  Project  is  concerned  only  with  fixed  boundary 
problems,  the  flooding  routine  was  removed  from  UlFM.  The  resulting 
hydrodynamic-salinity  code  enables  the  treatment  of  the  general  nonlinear 
problem  on  a  variably  stretched  grid.  It  is  this  problem  which  is  the 
focus  of  the  Mississippi  Sound  Numerical  Investigation. 


An  exponentially  stretched  grid  has  been  developed  as  shown  in  Fig¬ 
ure  3  to  describe  global  circulation  and  horizontal  salinity  variation. 
The  grid  employs  6785  computational  cells  with  a  minimum  spatial  resolu¬ 
tion  of  approximately  4000  feet  corresponding  to  areas  within  the  passes 
between  the  barrier  islands.  Maximum  grid  spacing  is  achieved  on  the 
bottom  and  right  hand  side  of  the  grid.  This  spacing  of  15'  latitude 
and  longitude  enables  the  grid  to  link  directly  to  a  15'  latitude  and 
longitude  grid  employed  to  compute  Gulf  of  Mexico  tidal  variations.  The 
flexibility  of  the  exponential  transformation  to  provide  areas  of  high 
resolution  and  spacing  compatible  with  coarser  grids  for  boundary  driving 
Is  demonstrated. 

In  order  to  describe  the  dispersion  mechanics  within  Mississippi 
Sound  the  following  relations  will  be  considered  [6]. 


Ola) 

(31b) 


where 


2 

dispersion  coefficients  (ft  /sec) 

dimensionless  constant  dependent  upon  the  local  flow 
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:  ■'Sk.  Af.  . . 


Exponentially  stretched  Mississippi  Sound  global  grid 


conditions  [(5.93  -  20.2)  In  the  direction  of  flow 
0.23  in  the  direction  perpendicular  to  flow] 

C  =  Chezy  coefficient  (ft^/^/sec) 
g  H  gravity  (ft/sec^) 
h  =  water  depth  (ft) 

u,  V  =  velocity  components  in  the  x-Oj^  and  y-02  directions, 

respectively  (ft/sec) 

<*2  2 
R  ,  R  =  additional  dispersion  effects  (ft  /sec) 


9.  SHARP  FRONT  PROBLEM.  The  following  sharp  front  problem  was 
employed  to  test  the  FCT  method  for  application  to  Mississippi  Sound. 

The  hydrodynamic  problem  setup  employed  Initial  water  surface  eleva¬ 
tions  set  to  zero  over  the  computational  domain,  flow  Inputs  of  A  ft^/sec 
per  unit  flow  width  at  cells  (97,3)  and  (2,4A),  and  a  ramp  function  of 
1/6'  per  time  step  as  the  seaward  boundary  elevation  condition. 

The  salinity  problem  setup  employed  initial  zero  levels  over  the 
entire  computational  region  except  in  a  block  of  ten  cells  as  shown 
below  and  indicated  as  the  shaded  area  in  Figure  3. 

In  i  (101,105)  I 

0.0  I 

m  i  (54,55)  ( 

V  (32) 

n  c  (101,105)  I 

10.0  I 

m  e  (54,55)  I 

Salinity  levels  were  maintained  at  zero  at  the  two  flow  input  locations. 

c*!  O-  2 

In  the  dispersion  relations,  D  >  10.0  and  R  ■  R  ■>  0.0  ft  /sec. 

A  5  time  step  (5t)  simulation  was  performed  for  several  numerical 
schemes  employing  a  time  step  length  of  6  minutes  resulting  in  a  maximum 
gravity  wave  speed  Courant  number  of  4  within  Mississippi  Sound. 

In  order  to  characterize  the  transport  aspects  of  these  simulations 
the  following  dimensionless  numbers  are  computed. 


"n.nri-l/2l^" 

(Uj)  AOj^ 


(33a) 


V  . ,  /_  At 
n-H/2.m| 

(Uj)  6O2 
n 


(33b) 


rn,iiri-l/2  ^*'1^  ^“1 

ffl 


(3Aa) 


n,m+l/2 


''n+l/2,iB  ^“2^  ^“2 
n 


(34b) 


n+l/2,m 


where 


Cr^  r  x-a^  cell  (n,m)  Courant  transport  number  at  time  k 

n,m 

Cr  =  y-a2  cell  (n,m)  Courant  transport  number  at  time  k 

^n,m 

cell  (n,m)  Peclet  number  at  time  k 

n,m 

h 

=  y-a,  c«31  (n,m)  Peclet  number  at  time  k 

^n,m 

At  =  time  step  length 
AOi  =  space  increment 
Aa2  =  space  increment 

CWj^)  =  cell  (n,m)  stretching  coefficient  in  the  a.  direction 

(Wj)  cell  (n,m)  stretching  coefficient  in  the  o,  direction 

k  “ 

“n  iiri-1/2  ■  'velocity  component  in  cell  (n,m)  at  time  k  in  the  o, 

1^'  direction  ^ 

'^n  m+-l/2  ^  velocity  component  in  cell  (n,m)  at  time  k  in  the  a, 

*  direction  ^ 

Olk 

*^n  m+1/2  “  dispersion  coefficient  in  cell  (n,m)  at  time  k  in  the 

’  a,  direction 

Ojk  ^ 

*^n+l/2  m  ^  dispersion  coefficient  in  cell  (n,m)  at  time  k  in  the 

*  012  direction 

In  general,  these  dimensionless  numbers  vary  in  time  as  well  as  in  space 
over  the  computational  grid  and  time  interval  of  concern.  Normal  prac¬ 
tice  is  to  replace  the  time  dependency  of  the  cell  velocity  components 
by  their  maximum  values,  thus  removing  the  time  dependency.  In  all 
simulations,  the  following  relations  for  the  transport  cell  Courant 
numbers  hold. 


Cr*^  <0.3 
^n,m 
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The  time  dependency  In  the  Peclet  numbers 

stltutlng  Equation  31a  into  Equation  34a  with 

Ic  It 

Thus  obtain  for  Pe  (results  for  Pe 

X  y 

n,m  'n,m 


,  may  be  removed  by  sub- 

“l  2 

R  »  0.0  ft  /sec. 

are  analogous) 


Pe 


k 

%,nri-l/2 


(Ul) 

m 


c  (wJ  4a. 
n  ain  1.  X 
n 


n,m 


k 

%,iii+l/2 


n,m/  n,m 


D*^h: 


(36) 


n,m 


k  k 

Since  C  and  U  vary  extremely  slowly  with  time,  we  may  drop  the 
11)01  11)01 

k  superscript  and  obtain 


Pe 


C  ,„(p,)  Ao, 
11)10  1  1 
m 


ii)m 


D^h 


n,m 


(37a) 


Pe 


^n.«^‘'2>  ^“2 
*  n 


'11)10 


Di/gh 


n,m 


(37b) 


In  all  simulations,  the  following  relations  hold  for  the  cell  Peclet 
numbers  in  the  vicinity  of  the  sharp  front: 

Pe^  ,  Pe  >  100  (38) 

n,m  'n,m 


Results  at  the  end  of  the  simulation  for  the  FTU5  scheme  are  shown 
in  Table  I.  All  concentrations  are  positive  and  the  initial  mass  of 
0.132435  X  10^^  equaled  the  final  mass  plus  the  diffusion  of  material 
through  the  boundaries  to  within  the  precision  limits  of  the  CRAY  I-S. 


Results  at  the  end  of  the  simulation  for  the  FTCS  scheme  are  shown 
in  Table  II.  Since  the  cell  Peclet  number  limit  of  2  is  violated  in  the 
vicinity  of  the  front,  oscillations  develop  behind  the  movement  of  the 
front.  Mass  is  conserved  in  the  simulation,  at  the  expense  of  negative 
concentrations  and  cell  concentrations  greater  than  iO.O. 


The  three  FCT  limiters  outlined  previously  were  tested.  The  origi¬ 
nal  Zalesak  limiter  results  are  shown  in  Table  III.  Cell  concentrations 
greater  than  10.0  "ere  developed.  The  alternative  one  (mixed  time  level) 
limiter  results  are  shown  in  Table  IV.  No  cell  concentrations  exceed  10.0. 
However,  and  Q  may  now  be  negative  unlike  in  the  original  limiter. 

Some  small  negative  concentrations  are  also  developed.  The  second  alrer- 
natlve  (previous  time  level)  limiter  results  are  shown  in  Table  V.  No 
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Table  I.  FTUS  Results  at  5t  (x  10^) 


M/N 

100 

101 

102 

103 

lOA 

105 

106 

107 

50 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

51 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

52 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

53 

0.0 

20.0 

20.0 

20.0 

20.0 

21.0 

0.0 

0.0 

5A 

7.0 

999a. 0 

9998.0 

9997.0 

9997.0 

9988.0 

0.0 

0.0 

55 

12.0 

9961.0 

9960.0 

9959.0 

9959.0 

9944.0 

0.0 

0.0 

56 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

57 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

Table  II.  FTCS  Results  at  5t  (x  10^) 


M/N 

100 

101 

102 

103 

104 

105 

106 

50 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

-0.0 

51 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

-0.0 

52 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

-0.0 

53 

0.0 

10.0 

10.0 

10.0 

10.0 

10.0 

-0.0 

54 

4.0 

10009.0 

10005.0 

10005.0 

10005.0 

10001.0 

-4.0 

55 

6.0 

9985.0 

9979.0 

9978.0 

9978.0 

9970.0 

-6.0 

56 

-0. 

-14.0 

-14.0 

-15.0 

-15.0 

-16.0 

0.0 

57 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

-0.0 

Table  III.  Original  Zaleaak  Llaltar  FCT  Results  at  5t  (x  10^) 


M/N 

100 

101 

102 

104 

105 

106 

107 

50 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

51 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

52 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

53 

0.0 

17.0 

16.0 

16.0 

16.0 

10.0 

0.0 

0.0 

54 

6.0 

10001.0 

10001.0 

10001.0 

10001.0 

9996.0 

0.0 

0.0 

55 

6.0 

9967.0 

9960.0 

9959.0 

9959.0 

9944.0 

0.0 

0.0 

56 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

-0.0 

57 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

Table 

IV.  Mixed 

Time  Level 

Limiter 

FCT  Results 

at  5t 

(X  10^) 

M/N 

100 

101 

102 

103 

104 

105 

106 

107 

50 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

51 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

-0.0 

0.0 

52 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

-0.0 

0.0 

53 

0.0 

18.0 

17.0 

17.0 

17.0 

11.0 

0.0 

0.0 

54 

7.0 

10000.0 

10000.0 

10000.0 

10000.0 

9995.0 

0.0 

0.0 

55 

6.0 

9967.0 

9960.0 

9959.0 

9959.0 

9944.0 

0.0 

‘  0.0 

56 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

57 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

-0.0 

0.0 

3 

Table  V.  Previous  Time  Level  Limiter  FCT  Results  at  5t  (x  10  ) 


M/N 

100 

101 

102 

103 

104 

105 

106 

107 

50 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

51 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

52 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

53 

0.0 

20.0 

20.0 

20.0 

20.0 

17.0 

0.0 

0.0 

54 

7.0 

9998.0 

9998.0 

9998.0 

9997.0 

9990.0 

0.0 

0.0 

55 

7.0 

9960.0 

9960.0 

9959.0 

9959.0 

9944.0 

0.0 

0.0 

56 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

57 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

cell  concentrations  exceed  10.0,  and  Q  are  nonnegative,  and  no 

negative  concentrations  are  developed. 

The  FCT  method  results  exhibit  nonosclllatory  profiles  with  less 
frontal  smearing  than  the  results  obtained  by  the  FTUS  method  even  after 
only  five  time  steps.  FTCS  methods  are  unacceptable  due  to  their  oscil¬ 
latory  behavior.  To  obtain  oscillation  free  results  with  the  FTCS 
method,  the  space  step  would  be  so  small  that  an  application  to  Missis¬ 
sippi  Sound  would  be  economically  Infeasible. 

10.  CONCLUSIONS  AND  DIRECTIONS  OF  FUTURE  WORK.  For  the  sharp 
front  problem,  the  FCT  method  employing  the  previous  time  level  limiter 
was  found  to  be  superior  to  any  of  the  other  methods.  Based  upon  this 
finding,  the  FCT  iiiulliod  umpJuylng  the  previous  time  level  limiter  is 
recommended  for  further  study.  Presently  work  Is  under  way  to  consider 
verifying  this  FCT  method  and  calibrating  tlie  dispersion  coefficients. 

A  5-  to  6-day  time  period  Is  being  contemplated  for  the  calibration 
period.  Bused  upon  tiie  6-minute  time  step  used  In  the  sharp  front 
problem,  simulations  on  the  order  1200-1440  time  steps  will  be  performed. 
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ABSTRACT.  The  determination  of  accurate  projectile  aerodynamics  is  a 
major  area  of  concern  for  shell  designers  involved  with  new  shapes  and 
Ballisticans  concerned  with  developing  artillery  aiming  data.  To  achieve  the 
desired  goals  a  research  effort  has  been  on  going  within  the  Aerodynamics 
►  Research  Branch/ BRL  to  establish  a  predictive  capability  for  determing  pro¬ 

jectile  aerodynamics.  Modern  finite  difference  codes  have  been  applied  to  the 
projectile  problem  and  encouraging  results  have  been  obtained  in  transonic^ 
and  supersonic^  flow.  The  generation  of  good  computational  grids  has  been  a 
prerequisite  for  achieving  these  flow  field  solutions. 

This  paper  describes  a  versatile  grid  generation  program  which  has  been 
developed  for  standard,  hollow  and  non-axi symmetric  projectile  shapes.  The 
grid  generator  makes  use  of  both  elliptic  and  hyperbolic  type  partial  differ¬ 
ential  equation  solvers.  The  code  allows  arbitrary  grid  point  clustering 
along  the  body  suface  in  areas  of  anticipated  flow  field  gradients.  The  outer 
boundary  can  also  be  arbitraily  defined  with  its  own  clustering  distribution. 
The  grid  is  then  generated  between  these  two  boundarys  with  either  straight 
rays  or  by  use  of  an  elliptic  solver.  For  those  cases  when  the  outer  boundary 
'  is  not  restricted,  the  grid  can  be  generated  using  a  hyperbolic  solver  which 

adds  the  additional  benefit  of  an  orthogonal  mesh. 

The  mathematical  development  of  the  clustering  functions  and  partial 
*  differential  equation  solvers  are  described  and  a  series  of  grids  are  pre- 

j.  sented  which  show  the  versatility  of  the  grid  generation  program.  Grids  for 

,j  ogive-cylinder-boattail  configurations,  hollow  ring  airfoil  projectiles  and 

non-axi symmetric  projectiles  are  discussed. 

1.  INTRODUCTION.  The  numerical  solution  of  the  Navier-Stokes***^’^ 
equations  has  been  successfully  applied  to  a  wide  variety  of  problems.  The 
versatility  of  these  methods  is  inpart  attributed  to  the  solution  of  the 
transformed  set  of  differential  equations.  Using  transformed  equations  the 
physical  space  can  be  mapped  onto  a  regularly  spaced  rectangular  region  for 
two  dimensional  flow.  This  mapping  allows  for  a  wide  variety  of  projectile 
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configurations  to  be  solved  using  the  same  basic  numerical  technique.  An 
example  of  some  characteristic  projectile  shapes  are  shown  in  Figure  1.  A 
standard  projectile  shape  which  consists  of  an  ogive  cylinder  boattail  is 
shown  in  la;  a  more  non-conventional  shape  but  one  of  considerable  interest, 
the  triangular  boattail  configuration  in  lb;  and  a  tubular  projectile 
configuration  which  has  been  type  classified  and  is  currently  in  the  Army 
inventory,  in  Ic.  To  calculate  the  flow  field  for  any  one  of  these  shapes  the 
first  requirement  is  to  develop  a  suitable  finite  difference  grid  for  use  with 
the  equation  solver.  The  grid  generator  described  in  this  paper  addresses 
this  problem. 

Grid  generation  routines  are  employed  to  generate  a  network  of  constant  C 
and  n  lines  in  the  physical  x-y  plane  as  indicated  in  Figure  2a.  Correspond¬ 
ing  uniform  values  of  C  and  n  in  the  computational  space  define  a  one  to  one 
mapping  between  points  j,k  in  the  physical  plane  to  points  j,k  in  the  computa¬ 
tional  plane  as  shown  in  Figure  2b.  The  mapping  functions  are  described,  at 
least  numerically,  once  C-  .  and  n.-  ■,  are  known  in  the  physical  plane  as  a 

function  of  xj^j^  and  yj^^.  The  metric  quantities  and  needed  in 

the  transformed  flow  equations  can  then  be  determined  numerically  (see,  for 
example.  References  4-6). 

The  grid  generation  program  presented  here  describes  earlier  work  done  by 
the  authors^  as  well  as  extensions  which  include  a  hyperbolic  solver  and  the 
addition  of  more  general  projectile  shapes.  The  grid  generator  is  modular  and 
begins  with  a  determination  of  the  body  shape.  The  inner  body  clustering 
routine  is  then  called  to  distribute  points  in  the  vicinity  of  previously 
determined  flow  field  gradients.  The  next  option  allows  for  the  insertion  of 
stings  for  wake  modeling,  a  rear  cut  or  forward  cut.  If  the  outer  boundary  is 
free  or  unconstrained  as  is  the  case  for  conventional  projectiles,  the  hyper¬ 
bolic  solver,  which  generates  a  smoothly  varying  orthogonal  grid,  is  called. 
For  those  cases  where  the  outer  boundary  is  constrained,  as  is  the  case  for 
tubular  projectile  shapes,  the  outer  boundary  clustering  routine  is  called. 
Once  the  outer  boundary  is  specified  the  elliptic  solver  is  called.  The  grids 
generated  up  to  this  point  would  be  planar  and  sufficient  for  ax i- symmetric 
calculations.  However  for  three  dimensional  flow  fields  a  periodic  or  non¬ 
periodic  grid  is  generated  by  spinning  the  planar  grid  about  the  symmetry 
axis.  A  flow  chart  of  the  overall  grid  program  is  shown  in  Figure  3. 

The  following  sections  of  the  paper  will  present  some  of  the  details  used 
for  the  inner  boundary  clustering  the  outer  boundary  description  and  interior 
grid  generation. 

2.  INNER  BOUNDARY  DESCRIPTION.  The  body  shape  can  be  input  to  the 
program  by  cards,  file  specification  or  as  a  set  of  x,y  ordinates.  The  data 
is  assumed  to  be  non-dimensional  with  respect  to  the  diameter  or  cord  depend¬ 
ing  on  the  projectile  configuration.  Additionally,  the  code  can  generate  a 
parabolic  arc  or  standard  class  of  projectiles  such  as  sharp  or  blunt,  tangent 
or  secant  ogive-nose,  cylindrical  body,  boattail,  or  spherical  cap.  Once  the 
body  shape  is  determined  the  values  of  x  along  the  body  axis  are  distributed 
by  contiguously  combining  segments  of  the  clustering  function 
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Xp  <  Xj  <  x^ 


(1) 


X .  =  x^  +  a+j  +  4 


<  j  < 


where  \i»j  =  {j-jQ)/( and  j  is  an  index  value  such  that  points  Jq  to 
lie  in  the  interval  Xq  to  Xf  and  xj  =  Xq  while  Xj^  =  Xj:.  Equation  (1)  is 

used  to  cluster  xj  as  a  function  of  j.  The  user  determines  the  shape  of  the 

clustering  function  by  specifying  the  initial  and  final  increments  of  x,  that 
is 


"^0=  ^  41  -  ’'j 
''o  '^O 

(2a) 

’’‘f  =  "j,  -  "j^-1 

(2b) 

Since  Xq  and  Xf  are  also  specified,  a,  b,  and  c  are  determined 

c  =  {Vx^  +  AXq  -  2h(x^  -  Xjj)}/(h  -  3h2  +  2h3) 

b  =  {aXq  -  h(x^  -  Xq)  -  c(h3  -  h)}/(h2  -  h) 

a*x,  -  x„-b-c 
f  0 


where  h  =  (J^  - 

The  amount  of  clustering  at  each  point  is  determined  by  the  specified 
values  of  Ax^  and  Vx^.  Moreover,  because  Ax^  and  Vx^  are  specified,  the  user 

can  smoothly  patch  functions  together  to  form  a  general  clustering  function. 
One  drawback  to  the  clustering  function.  Eg.  (1),  is  that  the  function  is  not 
guaranteed  to  be  monotone  in  the  interval.  This  can  happen,  for  example,  if 
AXq  Is  too  small  and  Vx^  too  large. 

At  this  point  a  sting  or  forward  cut  can  be  added  to  the  previously 
described  body  as  shown  in  Figures  4a  and  4b.  Again  the  clustering  function 
of  Equation  (1)  Is  used  to  distribute  points  along  these  new  boundaries. 

3.  GRID  GENERATION  USING  A  HYPERBOLIC  SOLVER.  For  most  projectile 
applications  the  outer  boundary  Is  unconstrained  and  simply  needs  to  be  placed 
far  enough  away  from  the  projectile  body  so  as  not  to  adversely  affect  the 
flow  field  solution.  This  situation  represents  an  Ideal  case  for  a  hyperbolic 
grid  generation  scheme. 
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Once  the  body  points  have  been  redistributed  and  the  sting  or  cut  has 
been  determined,  a  grid  can  be  generated  using  a  hyperboli'  solver  similar  to 
that  described  in  Reference  8.  Before  the  actual  solver  can  be  implimented 
however,  the  distance  to  the  outer  boundary  must  be  specified  and  either  con¬ 
stant  spacing  in  n  or  some  type  of  stretching  function  is  required.  The  n 
stretching  used  here  is  determined  by  the  following  relationship 


''  ■  '•  "max  -  ' 


(3) 


Here  As^  is  the  minimum  specified  grid  spacing  desired  at  the  wall  or  inner 

boundary.  The  paraAieter  e  is  determined  by  a  Newton-Raphson  iteration  process 
so  that  the  sum  of  the  above  increments  matches  the  known  arc  length  between 
n  =  0  and  n  =  for  points  which  have  the  same  value  of  £. 

The  governing  equations  for  the  hyperbolic  solver  are  obtained  by 
requiring:  (1)  the  coordinate  lines  i  and  n  to  be  orthogonal;  and  (2)  the 
specification  of  a  cell  volume  or  area  for  the  two  dimensional  case.  The 
condition  of  orthogonality  requires 


AC  •  An  *  0 


(4) 


The  second  equation  is  obtained  by  specifying  a  grid  cell  volume  (or  area  in 
two  dimensions).  Since  the  grid  cell  volume  is  finite  the  transformation 
Jacobian  will  be  greater  than  one,  i.e.. 


dxdy  =  |x^y^  -  x^^|  dedn  (5) 


The  set  of  grid  generation  equations  are  therefore  given  in  the  physical  plane 
by 


€  n  +  5  n  ®  0 
^x  X  y  y 

C  n  -  £  n  =  J 
X  y  y  X 

or  in  the  transformed  plane  by  (6) 

“ 

Vn  ■  Vt  -  * 

Using  local  linearization  for  this  set  of  non-linear  differential  equations, 
the  resulting  system  is  shown  to  be  hyperbolic^  and  can  therefore  be  marched 
in  the  n  direction. 
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The  linearized  set  of  differential  equations  to  be  solved  numerically  is 
written  in  vector  form  as 


Ar%  Br"  =  ? 
4  n 


where 


-  [_v*vaj  .  |_,J 

where  x5,  y°,  etc.,  refers  to  known  conditions, 
n  n 

The  set  of  Equations  (7)  are  solved  with  an  implicit  finite  difference 
scheme  which  is  first  order  accurate  in  the  n  direction(k)  and  where  central 
differencing  is  used  in  the  4  direction( j) .  The  resulting  set  of  finite 
difference  equations  becomes 


Rearranging  Eq.  (8)  and  setting  an  =  A4  =  1  results  in 


I  '■j+l.k+l  ®  ''j.k+l  ^j-l,k+l  "  ^j,k+l  ®  ""j.k  "  ^j,k+l 


where 


j  (x»x«  * 

(-y”x“  .  xjy'jj  ^  *  V  *  V» 


Equation  (9)  is  now  in  a  form  which  can  be  easily  solved  by  inverting  a  block 
tridiagonal  matrix  with  2*2  blocks.  The  terms  x°  and  y°  are  central  differ¬ 
enced  as  4  4 


1 


The  terms  x°  and  y°  are  obtained  from  Equation  (6)  evaluated  at  the  old 
station(o).  That  is 


x^x®  +  yOy®  =  0 


vOyO  ^  =  V ^ 


(11) 


Solving  for  x®  and  y®  with  x®  and  y®  given  in  (10)  yields 


y?  V® 


x®  V® 


(12) 


The  cell  volume  remains  to  be  specified.  This  specification  is  important 
since  it  has  the  effect  of  controlling  the  grid  evolution  as  the  solution  is 
being  marched  out  from  the  body.  The  method  chosen  here  is  straight  forward 
and  uses  the  stretching  function  given  by  Equation  (3).  Specifying  the 
minimum  spacing  at  the  wall  As^  and  the  total  number  of  points,  j'max* 

the  n  direction  an  array  of  arc  lengths  AS|^  is  determined.  Since  the  Ax  is 

known  along  the  j  line,  the  volumes  are  calculated  by 


(Vl,k  -  ’'j.kl  (”) 

This  specification  of  cell  volumes  yields  smoothly  varying  grids  in  the 
n  direction.  Grid  volume  control  is  obtained  by  varying  the  arc  length 
distribution  ASj^  and/or  surface  point  distribution.  An  jdditional  volume 

specification  approach  can  be  found  in  Reference  8.  A  grid  generated  using 
this  technique  is  shown  in  Figure  5a  and  5b  for  a  standard  projectile 
configuration  with  sting. 

4.  OUTER  BOUNDARY  DEFINITION.  For  those  cases  where  the  outer  boundary 
is  constrained  or  specified  a  grid  point  distribution  along  the  outer  boundary 
is  required.  An  example  is  shown  in  Figure  6  .  A  part  of  the  grid  generation 
problem  then  is  the  formation  of  an  arbitrary  outer  boundary.  Here  this 
boundary  is  built  up  by  connecting  contiguous  cubic  segments,  which  in  the 
degenerate  case  can  be  straight  lines.  Figures  7a  and  7b  illustrate  two 
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typical  outer  boundary  curves.  In  Figure  7a  three  cubic  segments  make  up  the 
boundary,  n  =  Each  segment  is  formed  by  specifying  the  values  of  x,y, 

and  angle  6,  at  the  endpoints,  where  0  is  the  angle  between  the  curve  and  the 

X  axis.  In  the  example.  Figure  7a,  0,  =  90",  0.  =  0  =  0"  ,  or  180°  and  0.  = 
90° .  a  D  c  a 


The  data  (x,y,0)  at  each  endpoint  determines  the  shape  of  the  parametric 
curves 

.t2 

0  <  t  <  1  (14) 


Xo  +  oit  +  021 


y  =  yo  +  +  02^ 

which  are  equivalent  to  a  cubic 


y  =  yo  +  Ti(x-x^)  +  Y2(x-Xq)2  +  Y3(x-Xq)' 


(15) 


The  parametric  cubic  is  used  because  the  condition-^  =  *  can  be  specified 
(segment  be  of  Figure  7b  has  this  constraint  at  both  endpoints). 


The  solution  for  the  parameters  Oj ,  02,  Sj,  and  $2  found  in  Refer¬ 

ence  7. 


The  outer  boundary  curve  is  thus  made  up  of  contiguous  cubic  segments 
starting  from  the  C  =  0  boundary.  Points  are  distributed  along  this  curve 
either  as  a  uniform  distribution  of  arc  length,  or  as  a  specified  arc  length 
distribution  using  the  previously  defined  clustering  scheme,  Eq.  (1).  Since 
the  true  arc  length  is  not  specified  a  priori,  precise  alignment  of  points 
along  the  outer  boundary  can  be  determined  only  after  the  cubic  segments  are 
specified  and  the  arc  length  is  computed. 

5.  STRAIGHT  RAY  AND  ELLIPTIC  GRID  GENERATION.  Once  the  boundary  curves 
have  been  specified  and  points  are  distributed  on  the  n  =  0  and  bound¬ 

aries,  two  types  of  grid  generation  procedures  can  be  used. 

In  the  first  case,  lines  of  constant  C  (i.e.,  the  rays  emerging  from  the 
body)  are  formed  by  simply  connecting  straight  lines  from  points  along  n  =  0 
to  points  along  n  =  The  spacing  in  n  along  each  such  line  is  either 

uniform  or  is  determined  by  the  stretching  relationship  given  by  Equation 
(3).  Figures  8a  and  8b  illustrate  a  straight  ray  grid  with  clustering  in  n 
for  a  tubular  projectile. 

In  the  second  case,  the  grid  is  generated  with  elliptic  partial  differen¬ 
tial  equations  following  References  9,  10,  and  11.  The  grid  generating  equa¬ 
tions  are  solved  on  the  specified  computational  space  for  unknowns  xj  and 

yj.k= 
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(16) 


=  0  and  y  is  given 

on  a  horizontal  boundary. 

The  difference  equations  to  Eq.  (16)  (see  Reference  7)  are  solved  with  a 
successive  line  over  relaxation  (SLOR)  procedure.  As  an  initial  guess  for  the 
relaxation  procedure  the  straight  line  ray  £rocedure  previously  described  is 
used.  For  the  most  part,  if  coefficients  P  and  Q  are  large,  the  SLOR  pro¬ 
cedure  is  very  difficult  to  converge.  Consequently,  the  algebraic  clustering 
function,  Eq.  (3)  is  recommended. 

In  the  algebrajc  clustering  approach  the  elliptic  solver  is  used  to  gen¬ 
erate  a  grid  with  P  =  Q  =  0.  The  x,y  points  along  a  C  =  constant  line  are 
then  redistributed  along  this  line  as  a  function  of  arc  length.  The  clus¬ 
tering  function  Eq.  (3)  is  used  for  this  purpose.  This  procedure  works  quite 
well  and  provides  excellent  control  of  the  grid  spacing  near  the  body  surface. 
Further  details  are  given  in  Reference  7. 
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The  elliptic  solver  need  not  be  used  over  the  entire  range  in  C.  Because 
of  the  boundary  condition,  Eq.  (17),  the  elliptic  equations  can  be  joined  to  a 
straight  ray  along  any  vertical  or  horizontal  boundary  line  in  C.  Figure  9 
shows  details  of  such  a  procedure  used  for  a  secant-ogive-cylinder  boattai 1 
projectile  which  also  includes  a  sting.  Here  the  5-region  over  the  secant- 
ogive  nose  is  generated  using  the  elliptic  equations  while  the  remainder  is 
meshed  with  straight  rays.  After  the  basic  grid  is  formed,  the  entire  grid  is 
clustered  in  n  using  Eq.  (3). 

6.  30  GRIDS.  The  final  option  available  in  the  code  is  the  ability  to 
generate  three  dimensional  grids.  At  present  the  grids  are  formed  in  a  two 
dimensional  plane  and  then  rotated  about  a  symmetry  axis.  The  rotation  is 
either  periodic  or  non-periodic  depending  on  the  grid  desired.  For  cases 
where  the  flow  field  has  planar  symetry,  such  as  a  projectile  at  angle  of 
attack,  without  spin,  a  non-periodic  grid  is  generated. 

The  generation  of  grids  for  projectile  shapes,  with  non- ax i symmetric 
sections  (Figure  lb)  is  accomplished  with  a  series  of  planar  grids.  Planes 
are  generated  normal  to  the  projectile  axis  at  incremental  values  of  Ax.  For 
each  of  these  planes  a  grid  is  generated  using  an  0  type  grid  (Figure  10). 
These  grids  are  then  combined  to  form  a  three  dimensional  mesh  making  sure 
that  continuity  in  the  x  direction  is  maintained. 

7.  SUMMARY.  A  versatile  grid  generation  program  has  been  described 
which  utilizes  general  elliptic  and  hyperbolic  equation  solvers  for  internal 
grid  generation.  The  flexibility  of  longitudinal  grid  point  distribution  is 
obtained  with  the  general  clustering  functions  allowing  points  to  be  placed  in 
the  vicinity  of  flow  field  gradients.  Grid  clustering  is  also  obtained  near 
the  body  surface  for  viscous  flow  field  calculations. 

A  series  of  grids  have  been  presented  which  show  the  versatility  of  the 
code.  Grids  for  secant-ogive-cylinder  boattai Is  have  been  shown  using  an 
elliptic  solver,  hyperbolic  solver  and  a  hybrid  elliptic/straight  ray  solver. 
The  generation  of  a  grid  for  a  non-conventional  hollow  projectile  shape  has 
been  demonstrated. 
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Figure  1.  Projectile  Configurations 


mm 


CaC  (x.y) 

(*.y) 


{M,y  SPECIFIED) 


Vlo  (K.y  SPECIFIED) 


Figure  2.  Mapping  frooi  Physical  Space  to  Computational  Space 


Fioiire  5a.  Overview  of  Hyperbolic  Grid  for  SOCBT  With  Sting 


Figure  6.  Tubular  Projectile  Grid  or  C-6r1d 
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(b)  C-GRID  FOR  TUBULAR  PROJBCTIL.E 


Figure  7.  Outer  Boundary  Structure  end  Temlnology 
for  TWo  Classes  of  6r1d 
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Ffgure  8b.  Grid  Detail  near  Lower  Trailing  Edge 
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Figure  10a.  Projectile  Cross  Section  with  Periodic  B.C.  (0-Grid) 


Figure  10b.  Projectile  Cross  Section  with  Symmetry  Plane  (0-Grid) 


APPLICATION  OF.  RELATIVE  COORDINATES  IN  HYDRODYNAMICS 


R.  H.  Multer 

Waterways  Experiment  Station 
Vicksburg,  MS 

ABSTRACT .  A  method  for  approximating  the  solution  of  th^*  exact  hydrodynamic 
wave  problem  is  presented. 

1.  Introduction.  It  is  assumed  that  the  fluid  in  question  is  inviscid,  of 
constant  density  and  incompressible  and  that  the  flow  is  irrotational .  The 
case  of  two-dimensional  flow,  restricted  to  a  vertical  plane,  is  considered. 

In  modern  times  (see  Refs  1  and  2)  perturbation  expansions  have  been 
used  to  develop  approximate  mathematical  models  of  the  hydrodynamic  wave 
problem,  i.e.,  free-surface  flows  of  inviscid,  constant-density,  imcompressible 
fluids.  In  most  instances  these  models  cannot  be  solved  exactly  and  it  is 
essential  to  resort  to  numerical  computation  to  obtain  an  estimate  of  the 
wave  motion.  Involved  then  are  three  layers  of  approximation;  those  about 
the  fluid,  those  in  the  perturbation  expansion,  and  those  in  the  numerical 
approximation.  Thence,  when  the  agreement  between  physical  observation  and 
predicted  wave  behavior  are  not  overly  good  it  is  infeasible  to  identify  the 
culprit. 

Presented  here  is  a  method  of  numerically  approximating  the  solution  of 
the  exact  hydrodynamic  wave  problem.  The  most  obvious  difference  between  the 
two  is  that  the  intermediate  approximation  of  the  perturbation  expansion  is 
avoided.  Thus  comparison  between  physical  cbservations  and  computed  wave 
behavior  becomes,  essentially,  an  assessment  of  the  validity  of  the  physical 
assumptions  about  the  process,  Madsen  and  Mai's  development  (Ref  2)  is 
at  least  superficially  similar  to  that  presented  here,  i.e.,  a  velocity  potential 
is  introduced  in  both  cases  and  a  polynomial  is  introduced  for  the  velocity 
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potential  in  both  cases.  Madsen  and  Mai  treat  this  series  as  a  power  (Taylor) 
series. 


<t'(x,y,t)  =  Z  <J>jj(x,t)  (y+b(x))" 
n=o 


In  order  for  this  series  to  be  a  harmonic  power-series  the  elevation  of  the 
channel  bottom,  b(x),  must  be  on  analytic  function  (see  Ref  2).  In  most 
instances  this  will  not  be  the  case.  Hence  their  approximation  cannot 
converge  to  the  solution  of  the  problem.  We  should  note  also  that  power 
series  (see  Ref  3  and  Ref  4)  have  relatively  slow  and  weak  convergence 
properties.  We  shall  apply  Ritz's  method  to  determine  the  value  of  the 
functions  The  associated  convergence  is  more  rapid  (see  Ref  5  and  Ref  6), 

2.  Development  of  the  Hydrodynamic  Wave  Problem.  There  are  two  coordinate 
systems  of  importance  in  classical  dynamics.  The  Eularian  coordinate  system 
which  describes  the  behavior  of  a  substance  as  points  fixed  in  inertial  space 
and  the  Lagrangian  coordinate  system.  In  the  dynamics  of  systems  of  discrete 
particles  we  have  the  location  of  the  ith  particle. 

X.  =*  f.  (t) 

-1  -1  ^ 


its  velocity 


V. 

-1 


=  ‘^t?i 


(t) 


and  its  acceleration 


Vi  “  '^tt^i  =  fit^^ 
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The  Lagrangian  coordinate  system  is  the  extension  of  these  definitions  for  a 
system  of  discrete  particles  to  a  continuum.  Specifically 


Displacement 

X  =  x(a,3,t) 

(1) 

Velocity 

V  =  3^  x(o,3,t) 

(2) 

Acceleration 

a  =  3^^  x(a,S,t) 

(3) 

The  Lagrangian  and  tiulcrian  Coordinate  Systems  arc  related  by  this  chain 

rule. 


'd  (1> /  -s,  *  S  6-  ^  ^  (b3  X  +  3  (i>3  ^ 

t^(x,y)  t  y^  t' 


which  because  of  Cq  2  may  be  rewritten  as 


D^<ti  =  3^<ti  + 


(4) 


where  the  notation  is  introduced  for  clarity. 


The  Dynamic  Equation  of  Bernoulli,  written  in  Eulerian  coordinates,  i‘ 


1  2  ^  P 

♦'fry)  +  ~+gy  =  c 


(5) 


where  <|>  is  the  velocity  potential  and 


(|)  a  3  <(1  =  U, 
X  X 


b  =  3  (t  =  V 

y  y 


(6) 


Eq  6  implies  that 
1 


(♦v  *  ♦yj  " 


(7) 


In  line  8  the  notation  i,  means  that  a, 3  are  to  be  held  fixed. 

lOiP; 


125 


Thence  on  substituting  from  Eq  7  into  Eq  5  and  recalling  Eq  4  we  have 


D  <(.  +  - 
t  p 


+  gy  -  j  (<('x 


:)  =  c 


(8) 


Equation  8  has  been  used  previously  by  the  author  (Ref  7)  in  the  study  of  wave 
motion  in  a  channel  of  constant  depth. 

The  difference  between  Eq  5  and  Eq  8  should  be  kept  clearly  in 
mind.  Eq  5  gives  the  rate  of  change  of  (|i  at  a  fixed  point  inertial  space 
where  Eq  8  gives  the  rate  of  change  of  ({>  following  a  particle.  For  wave 
motions  in  elastic  bodies  the  displacement  of  particles  could  be  expected  to  be 
typically  quite  small  and  3^(ji  to  be  a  good  approximation  of  For  large- 

amplitude,  water-waves  the  displacements  would  be  large  and  this  would  not  be 
the  case.  This  is  mentioned  because  there  is  an  occasional  paper  on  water- 
waves  where  the  distinction  is  not  recognized. 

Considered  next  are  mixed  coordinate  systems.  Suppose  that  3^y 
is  finite  so  that 


y  =  y  (x,6,t) 


(9) 


and 


'‘'(x.y.t)  =  H'Cx.e.t)  (10) 

are  well  behaved  functions.  Applying  the  chain  rule  to  Eq  9 

®t^(a,B)  "  ^t^(x, 6)  *  ^x^  ^t*(a,B) 
or 

D^y  =  V  =  a^y  +  u3^y  (11) 
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and  similarly 


t 


I 

r 


“t’  =  \’CB)  *  “V(6) 


(12) 


Before  proceeding  further  it  seems  advisable  to  consider  the  continuum 
hypothesis  which  is  fundamental  to  classical  mechanics.  The  following  statement 
is  due  to  Stoker  (Ref  8) . 

THE  CONTINUUM  HYPOTHESIS:  The  motion  of  a  substance  can 
be  described  as  a  topological  deformation  which  depends 
continuously  on  time. 

The  implication  of  the  continuum  hypothesis  is  that  particles  which  are  on  the 
free-surface  or  the  bottom  of  the  channel  remain  there.  Thence  we  may  interpret 


n(x.t)  =  y(a.B.t)^p^ 

as  a  mathematical  parametric  description  of  a  Lagrangian  surface.  Eq  11  then 
becomes,  because  of  Eq  2 

D^n  =  V  =  3^n+u3^n  (13) 


or 


3^n  =  V  -  u3^n 


(14) 


Also,  on  substituting  from  Eq  12  into  Eq  8 


(15) 
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A  physical  Interpretation  of  the  coordinate  system  may  be  useful. 

Suppose  that  a  vertical  wire  passed  downward  through  the  fluid  and  that  a  cork 
was  free  to  move  up  and  down  the  wire.  Equation  14  would  describe  the  location 
of  the  cork  and  Eq  15  would  describe  the  time  rate  of  change  of  <l>  following  the 
cork.  Let  us  compare  Eqs  5,  8,  and  15.  Equation  5  describes  the  variation 
of  ())  at  fixed  Eulerlan  points  whereas  we  shall  want  to  describe  the  variation 
of  (ji  following  particles  In  the  free-surface.  Equation  8  has  two  (sometimes 
unavoidable)  unfavorable  properties.  First,  If  there  Is  a  net  flux  through 
the  system,  particles  must  be  continuously  added  to  and  deleted  from  the 
system  In  numerical  computations,  because  only  a  finite  length  of  channel 
may  be  modeled  numerically.  Secondly,  a  set  of  particles  which  are  Initially 
at  some  fixed  horizontal  distance  apart  do  not  necessarily  remain  so  and  this 
of  course  leads  to  an  obvious  problem  In  applying  numerical  techniques.  Equation 
15  Is  Introduced  to  overcome  these  two  problems.  Equation  15  becomes  unattrac¬ 
tive  when  one  end  of  the  channel  Is  bounded  by  a  mechanical  generator  or  a 
sloping  wall  which  pierces  the  free-surface.  These  last  two  circumstances  are 
of  a  complexity  which  precludes  their  treatment  here. 


3.  STATEMENT  OF  THE  PROBLEM  AND  SOLUTION  ALGORITHM 

We  shall  treat  the  specific  problem  of  sloshing  in  a  two-dimensional  basin 
botmded  by  vertical  walls. 


3x 


3^-0 

3x 


FIG  1 
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The  problem  is  depicted  on  Fig  1.  It  is  supposed  that  at  some  initial 
time 


n(x.O)  =  fj(x) 

(16) 

ay-Kx.n.O)  =  f2(x) 

(17) 

where  and  are  known  functions.  By  solving  a  boundary  value  problem  of 
the  second  kind  for  the  Laplace  equation 

3  if  +  3  f  =  0  (18) 

XX  yy  ^ 

and  then  performing  some  ancillary  computations  we  may  determine  <p,u,  and 
V  at  time  t  =  0  along  the  free  surface.  Equations  14  and  15  may  be  written 
as 


3^n=  v-u3^n  (19) 

^^x.n)  =  c  -  gn  +  (20) 

where  every  term  in  the  right  hand  side  is  known  so  that  we  may  use  those  relations 
to  estimate  numerically  the  location  of  the  free  surface  and  the  distribution  of 
(f  along  it  at  time  t  =  dt.  At  this  point  the  mixed  boundary  value  problem  for 
the  Laplace  Equation 


3  4  +  3  f  =  0 

\r\r^ 


XX 


yy 


(21) 


<f(x,n)  *  ♦(&)  (on  the  free-surface) 


(22) 
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3^  I  3n  =  0 


(elsewhere) 


(23) 


where  41(6)  is  the  just  computed  distribution  of  (j)  along  the  free  surface, 
must  be  solved.  Thereinafter  we  may  continue  to  estimate  values  of  4  and  n 
at  still  later  times  by  cycling  through  Eqs  19  and  20  and  the  mixed  boundary 
value  problem. 

4.  Approximate  Solution  of  the  Mixed  Boundary  Value  Problem.  The  remainder 
of  this  paper  is  devoted  to  the  approximate  solution  of  the  mixed  boundary 
value  problem.  It  is  convenient  to  introduce  the  relative  coordinate 


where  the  depth  h  is 

h  =  n-b  (25) 


thence 


b  +h  c 
X  x 


(26) 


and ,  also 

R 

R* 


130 


When  R  is  the  y-simple  region  occupied  by  the  fluid  and  because  of  Eq  24  R  is  the 
strip  of  unit  height. 

It  is  assumed  that 

^  =t^^^Cx.t)  +I^*^(x.t)(l-o"  (28) 

This  expression  satisfies  apriori  the  free-surface  boundary  condition 

'Kx,n,t)  =(}i^^^Cx,t)  (29) 

and  represents  a  "relatively"  complete  class  of  functions.  Equation  27  is  the 
functional  associated  with  the  Laplace  equation  and  the  natural  boundary  condition 
84i|3n.  Finding  an  extremal  of  Eq  27  over  the  relatively  complete  class  of 
functions  given  by  28  is,  thence,  equivalent  to  finding  a  solution  of  the 
Laplace  equation  such  that  34il3n  along  the  boundary  except  along  the  free-surface 
where  is  constrained,  i.e.,  this  is  the  solution  of  the  mixed  boundary  value 
problem.  Moreover,  (see.  Ref  6)  applying  Ritz's  method  results  in  a  sequence 
of  approximations  which  converges  to  the  solution  of  the  problem. 

Substituting  from  exps.  28  into  Eq  27  and  integrating  with  respect  to  i; 
results  in 


Isfc  +  E*^  +  F4>  +  A 

^  m^m  m  m  mn’^m  n 

+  B  +  C  <P 

mn’^m^n  mn  m  n 


Hence,  because  of  Euler's  Equation 


d 

Ix 


{a  <f '  +  b  <p 

'•  mn  n 


mn^n 


T  ' 

-  B  4  -  C  4 

mn^n  mn^n 


(30) 


(31) 
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provides  the  extremum  of  I.  Associated  with  the  end  boundary  conditions 
are  the  boundary  conditions 


<()'  =  0  (at  the  ends  of  the  channel)  (32) 

n 

Equations  31  and  32  then  constitute  a  two-point  boundary  value  problem. 

The  coefficient  matrices  of  Eq  31  are  nonconstant  and  it  is  unlikely  that 
a  closed  form  solution  of  the  two-point  boundary  value  problem  exists  except  as  the 
simplest  cases.  We  shall  therefore  consider  the  problem  of  solving  Eq  31 
numerically.  The  simplest  problem  which  might  be  considered  would  be  for  the 
region 


b(x)  =  0.  h(x)  =  n(x)  =  1 


(33) 


Retaining  only  one  term  in  the  expansion,  Eq  31  becomes 


h" 

3^1 


^tn) 


the  solution  of  the  homogeneous  equation  is  then 


*  be 


-/Sx 


(34) 


(35) 


This  simple  result  tells  us  a  great  deal.  Specifically,  we  see  that  because 
of  the  exponential  factors  "shooting  methods"  for  solving  the  two-point 
boundary  value  problem  would  be  unstable  and  therefore  finite  difference 

II 

methods  are  more  appropriate.  Also  we  might  note  that  when  <(>  is  replaced  by 

~  ~ 

26x 
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the  spectral  radius  of  the  coefficient  matrix  in  the  finite  difference 
formulation  is  less  than  1.  Hence  this  matrix  is  non-singular  and  the 
existence  of  a  solution  insured. 


5.  Local  Approximation.  The  theory  presented  to  this  point  would  seem  to  be 
of  academic  value  in  ascertaining  how  accurately  hydrodynamic  wave  theory 
describes  real  wave  phenomena.  It  would  also  appear  economically  feasible  to 
solve  two-dimensional  wave  problems  numerically  when  real  world  considerations 
warranted.  The  theory  presented  may  immediately  be  extended  to  three-dimensions. 
The  problem  is,  Eq  31  then  becomes  a  system  of  partial  differential  equations 
and  the  solution  of  them  using  contemporary  computers  would  usually  be  too 
expensive.  Approximation  of  the  solution  of  Equation  31  is  then  of  some  interest. 

If  one  assumes  that  for  all  quantities  in  question 

<  a"  .  X«  1 


The  following  approximation  appears  reasonable.  First  approximation 


(o)  _ 


mn  n 


F 

m 


I 


Higher  Order 


C 


mn 


(k-1) 


The  exact  solution  of  the  first  approximation  is 
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*  =  ^  ‘^(n) 

-  b  (n-y)  +  0(a'') 

The  next  approximation  has  been  worked  out.  The  obvious  difficulty  with  it  is 
that  fourth  order  derivatives  of  the  variables  become  involved. 

6.  Summary.  A  method  for  approximating  the  solution  of  the  exact  hydrodynamic 
wave  problem  has  been  presented.  This  method  avoids  the  use  of  a  linear 
additive  (Taylor's)  series  and  perturbation  approximation.  It  should, 
therefore,  provide  a  better  approximation  to  the  solution  of  the  problem 
in  question. 

Several  experiments  involving  the  solution  of  mixed  boundary  value 
problems  on  the  unit  strip  have  been  made.  These  may  be  compared  to  linear 
wave  theory.  Retaining  4  terms  in  the  series  (Eq  28) — actually  the  odd 
terms  go  out  in  this  case- -it  was  found  that,  for  a  X  value  {X=  2iTh/L) 
value  of  0.3,  Ritz's  method  predicted  the  correct  wave  speed  to  four  decimal 
places,  while  a  corresponding  power  series  was  accurate  to  less  than  three 
decimal  places.  Collocation  gave  an  estimate  (using  Q  values  of  0.25  and 
0.75)  which  was  substantially  more  accurate  than  the  power  series  estimate 
but  less  accurate  than  Ritz's  method.  What  this  computation  suggests, 
beyond  the  obvious,  is  that  something  on  the  order  of  4  or  6  terms  need  to 
be  retained  in  Eq  28.  For  a  given  number  of  terms,  the  degradation  of  the 
approximate  solution  is  gradual  and  increases  with  h.  Hence  the  shorter 
the  relative  wave  length,  the  more  terms  that  need  to  be  retained. 
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ABSTRACT 

We  solve  a  generalization  of  the  Riemann 
problem  for  gas  dynamical  flows  influenced  by 
curved  geometry,  such  as  flows  in  a  variable-area 
duet.  For  this  generalized  Riemann  problem  the 
Initial  data  consists  of  a  pair  of  steady-state 
solutions  separated  by  a  Jump  discontinuity.  The 
solution  of  the  generalized  Riemann  problem  is 
used  as  a  basis  for  a  random  choice  method  in 
which  steady-state  solutions  are  used  as  an  Ansatz 
to  approximate  the  spatial  variation  of  the  solu¬ 
tion  between  grid  points.  For  nearly  steady  flow 
in  a  Laval  nozzle,  where  this  Ansatz  is  appropri¬ 
ate,  this  generalized  random  choice  method  gives 
greatly  improved  results. 


2*  Introduction 

Many  computational  methods  for  solving  gas  flow  prob¬ 
lems  are  based  on  approximating  the  problem  with  a  number  of 
more  elementary  flow  problems,  called  Riemann  problems.  The 
solution  of  these  Riemann  problems  are  important  because 
they  provide  an  explicit  and  elementary  class  of  solutions 
which  contain  extensive  information  about  wave  interaction. 
They  are  the  basic  constructive  step  in  the  random  choice 
method,  and  they  provide  the  key  input  into  methods  based  on 
front-tracking . 


*Also  at  Courant  Institute  of  Mathematical  Sciences, 
New  York  University,  New  York,  NY  10012. 
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The  solutions  of  Rlemann  problems  for  flows  influenced 
by  curved  geometry  exhibit,  as  characteristic  phenomena,  a 
bending  and  either  strengthening  or  weakening  of  the  waves. 
Curvature  effects  arise,  for  instance,  in  one-dimensional 
flows  in  tubes  with  variable  cross-sectional  area  and  in 
flows  with  cylindrical  and  spherical  symmetry.  Such  flows 
are  called  quasi-one-dimensional .  Hathematically ,  the 
curved  geometry  Introduces  a  source  term  in  the  conservation 
laws  describing  the  flow,  so  that  the  conservation  laws  are 
inhomogeneous.  This  source  term  influences  the  speeds  and 
strengths  of  sound  waves  and  shock  waves,  so  their  trajec¬ 
tories  are  not  straight  lines  when  drawn  in  the  space-time 
plane.  The  wave  speeds  and  strengths  depend  on  the  source 
term  to  first  order  in  time,  while  the  wave  positions  depend 
on  the  source  terms  only  to  second  order  in  time. 


The  purpose  of  this  paper  is  to  assess  tne  benefits  and 
difficulties  of  including  second  order  accuracy  in  the 
Kiemann  problem  solution.  Kor  this  purpose  we  studied  gas 
flow  in  Laval  nozzles  using  a  generalization  of  the  random 
choice  method.  To  include  second  order  accuracy,  the  data 
for  a  Kiemann  problem  is  Inadequate,  however.  The  Kiemann 
problem,  a  single  jump  separating  two  arbitrary  constant 
states,  can  be  thought  of  as  representing  a  localized  por¬ 
tion  of  a  complicated  flow  field.  In  order  to  obtain  second 
order  accuracy  of  the  Kiemann  problem  solution  it  is  neces¬ 
sary  to  give  as  data  not  only  the  value  of  the  states  on 
each  side  of  the  jump,  but  also  their  spatial  derivatives. 
To  do  this  we  suppose  that  over  spatial  mesh  intervals  the 
solution  is  a  solution  of  the  steady  state  equations.  This 
gives  rise  to  what  we  call  a  generalized  Kiemann  problem. 
Which  can  be  solved  to  second  order  in  time.  Uur  method  of 
solution  incorporates  the  generalized  Kiemann  problem  into 
the  framework  of  the  random  choice  method;  this  constitutes 
what  we  call  the  generalized  random  choice  method. 


2.  The  Ueneralized  Random  Choice  Method 

The  random  choice  method  is  a  technique  for  computing 
solutions  of  hyperbolic  systems  of  conservation  laws.  It 
consists  of  approximating  the  solution  at  each  time  step  by 
a  piecewise  constant  state  and  advancing  to  the  next  time 
step  by  solving  the  local  Kiemann  problems  formed  by  the 
constant  states  on  adjacent  mesh  Intervals.  The  value  of 
the  approximate  solution  over  each  mesh  interval  of  the  new 
time  step  is  taken  to  be  the  exact  solution  evaluated  at  a 
randomly  chosen  point.  The  main  advantages  of  the  method 
lie  in  its  power  of  resolution  for  the  numerical  treatment 
of  discontinuities  and  sharp  interfaces,  and  in  its  absence 
of  over-  and  under-shooting  phenomena.  The  random  choice 
method  was  introduced  by  UlimmldJ  for  homogeneous  systems  of 
conservation  laws;  it  was  developed  into  a  numerical  method 
by  ChorinllJ,  who  made  extensive  use  of  it  for  computations 
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of  combustion  problems. 

In  its  present  form  the  random  choice  method  cannot  be 
applied  to  inhomogeneous  hyperbolic  systems  of  conservation 
laws,  such  as  those  describing  quasl-one-dimensional  gas 
flows.  Several  attempts  have  been  made  to  extend  the  method 
to  Include  these  problems.  SodlBJ  developed  a  straight¬ 
forward  generalization  using  operator  splitting.  It  con¬ 
sists  of  a  two-step  procedure.  In  the  first  step  the  inho¬ 
mogeneous  term  is  removed  and  the  Riemann  problem  for  the 
resulting  homogeneous  system  is  solved  and  sampled.  In  the 
second  step  the  system  of  ordinary  differential  equations 
obtained  by  removing  the  convection  terms  is  solved,  using 
the  solution  from  the  first  step  as  initial  data.  The 
advantages  of  this  procedure  are  its  simplicity  and  robust¬ 
ness.  However,  for  certain  applications,  such  as  steady 
nozzle  flows,  this  method  requires  that  the  mesh  size  be 
quite  small  to  obtain  reasonable  accuracy. 

Another  generalization  of  the  random  choice  method, 
which  uses  characteristic  tracing,  was  developed  by  Marshall 
and  Menendez[6].  This  method,  by  contrast,  is  a  one-step 
procedure.  The  Riemann  problem  for  the  associated  homogene¬ 
ous  system  is  solved  and  the  influence  of  the  inhomogeneous 
term  is  introduced  by  integration  along  characteristic 
curves;  only  then  is  the  solution  sampled.  The  method  of 
characteristic  tracing  is  more  accurate  than  Sod's  splitting 
method  for  equal  mesh  size,  but  the  computational  effort  for 
obtaining  the  same  degree  of  accuracy  is  greater  for  charac¬ 
teristic  tracing. 

In  L5]  Liu  proved  global  existence  for  quasi-linear 
hyperbolic  systems,  including  quasi-one-dimensional  gas 
flow,  using  a  method  which  generalizes  that  of  Glimm.  His 
results  were  limited,  however,  to  gas  flows  which  are 
nowhere  sonic  (but  see  [4]).  Fok[2]  used  this  method  as  a 
basis  for  constructing  a  numerical  scheme,  which  he  called 
Liu's  scheme.  Here  the  solution  at  each  time  step  is 
approximated  by  a  piecewise  steady  flow.  It  is  advanced  to 
the  next  time  step  by  solving  the  ordinary  Riemann  problems 
formed  by  the  Jumps  between  steady  flow  states  on  adjacent 
spatial  mesh  intervals.  The  approximating  steady  flow  for 
each  mesh  interval  at  the  new  time  step  is  obtained  by  sam¬ 
pling  this  solution  at  a  randomly  chosen  point  (without 
extrapolation  using  the  steady  state  equations;  cf.  the  gen¬ 
eralized  random  choice  method  described  below).  Fok  claims 
that  this  method  offers  only  marginal  improvement  over  Sod's 
method,  and  only  at  greater  computational  cost.  In  addi¬ 
tion,  it  cannot  handle  transonic  flows. 

We  now  introduce  the  generalized  random  choice  method. 
This  method  is  also  based  on  the  work  of  Liu,  but  is  an 
extension  in  two  respects.  Here  again  the  solution  at  each 
time  step  is  approximated  by  a  piecewise  steady  flow.  It  is 
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advanced  to  the  next  time  step  by  solving,  to  second  order 
in  time,  the  generalized  Riemann  problems  formed  by  the 
steady  flows  on  adjacent  spatial  mesh  intervals.  The 
approximating  steady  flow  for  <ach  mesh  of  the  new  time  step 
is  obtained  by  sampling  this  so).ution  at  a  randomly  chosen 
point  and  extrapolating  from  this  point  by  using  the  steady 
state  equations.  Thus  we  have  extended  Liu's  methods  to 
include  the  curving  of  shocks  and  rarefactions  on  the  level 
of  the  local  Riemann  problem.  We  have  al^o  included  a  sim¬ 
ple  stabilizing  mechanism  in  the  numerical'  scheme  which 
allows  it  to  be  applied  to  transonic  flows. 

The  generalized  random  choice  method  was  applied  to 
transient  gas  flows,  with  and  without  shocks,  in  a  Laval 
nozzle.  Me  found  significant  Improvement  over  finite 
difference  methods  as  well  as  the  above  mentioned  generali¬ 
zations  of  the  random  choice  method.  The  major  reason  for 
this  improvement  seems  to  be  tnat  the  random  fluctuations 
caused  by  the  sampling  are  greatly  reduced:  for  nearly 
steady  flows  the  solution  is  better  approximated  by  piece- 
wise  steady  flows  than  by  piecewise  constant  flows. 

3.  Numerical  Results 


We  present  the  results  of  numerical  tests  using  the 
generalized  random  choice  method  applied  to  the  problem  of 
transient  gas  flows  which  possesses  an  asymptotic  steady 
state  whose  solution  is  known.  We  compare  these  results 
with  those  obtained  using  Sod's  splitting  method. 

In  the  numerical  tests  we  considered  the  flow  of  an 
inviscid,  polytropic,  compressible  gas  through  a 
convergent-divergent  (Laval)  nozzle.  The  nozzle,  taken  from 
MorettiC?],  was  composed  of  four  parts,  each  of  length  5.0: 
an  inlet  section  with  constant  area  1.5,  a  sinusoidal  con¬ 
traction  to  a  throat  with  area  1.0,  a  sinusoidal  expansion 
from  the  throat  back  to  area  1.5,  and  an  outlet  section  of 
constant  area. 

The  initial  conditions  for  the  tests  were  intended  to 
simulate  the  starting  conditions  of  a  supersonic  blow-down 
tank.  A  high  pressure  region  occupied  the  whole  nozzle 
except  part  of  the  outlet  section,  where  there  was  a  low 
pressure  region.  The  boundary  conditions  were  as  follows: 
at  the  inlet  the  total  temperature  and  entropy  were  held 
constant,  while  at  the  outlet  the  pressure  was  fixed.  The 
solution  of  this  initial-boundary-value  problem  consists  of 
transient  gas  flow  which  in  the  large  time  limit  tends  to  a 
steady  flow  with  subsonic  flow  in  the  inlet,  sonic  condi¬ 
tions  at  the  throat,  and  a  normal  shock  downstream  of  the 
throat.  We  describe  the  transients  of  the  solution  by  means 
of  contour  plots  of  the  pressure  in  the  space-time  plane. 
The  asymptotic  steady-state  solutions  are  presented  in  plots 
of  the  variation  of  the  Mach  number  and  pressure  in  space. 
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superimposed  on  the  exact  solution, 
of  the  presence  of  sonic  conditions 
problem  is  particularly  difficult 
steady-state  solutions. 


We  remark  that  because 
at  the  throat,  this 
for  methods  based  on 


Figs,  la,  1b,  and  1c  present  the  results  up  to  time 
200.0  obtained  using  the  generalized  random  choice  method 
with  60  grid  points.  The  corresponding  results  obtained 
using  Sod's  method  are  shown  in  Figs.  2a,  2b,  and  2c.  In 
both  methods  the  general  pattern  of  the  transient  flow  is 
correctly  described:  there  is  a  rarefaction  wave  which 
travels  upstream,  partially  reflects  from  the  inlet,  and 
finally  causes  the  formation  of  a  stationary  shock  (which  is 
represented  by  the  closely  spaced  contour  lines).  In  Sod's 
method,  however,  the  random  fluctuations  introduce  spurious 
transients  which  do  not  disappear  even  after  long  times. 
These  fluctuations  diminish  the  quality  of  the  asymptotic 
steady-state  solutions.  In  contrast,  the  generalized  random 
choice  method  converges  to  the  asymptotic  steady-state  solu¬ 
tion,  and  the  details  of  the  transients  appear  to  be 
correct.  The  fluctuations  caused  by  sampling  errors  are 
supressed  in  this  method  because  of  the  better  approximation 
of  the  solution  over  mesh  intervals. 


4 .  Conclusions 

Me  have  introduced  a  generalization  of  the  Hiemann 
problem  for  gas  dynamical  flows  in  a  variable-area  duet,  and 
have  used  it  as  a  basis  for  constructing  a  generalized  ran¬ 
dom  choice  method.  For  nearly  steady  flows  we  find  this 
method  to  be  substantially  better  than  other  forms  of  the 
random  choice  method  and  finite  difference  methods.  This  is 
because  it  reduces  fluctuations  caused  by  the  random  sam¬ 
pling,  while  maintaining  the  usual  advantages  of  random 
choice  methods. 
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Fig.  lb.  Variation  of  the  Mach  number  in 
randcr.  choice  method. 
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Fig.  Ic.  Variation  of  the  pressure  in  spa 
random  choice  method. 


Fig.  2c.  Variation  ox’  the  pressure  in  space  obtained  with  Sod's  splitting 
method . 
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1 .  INTRODDCTION 


The  flowing  medium  In  a  gun  tube  typically  la  a  mixture  of  a  compressible 
gas  with  burning  solid  propellant  grains.  Details  of  the  flow  are  Important 
for  weapons  development,  but  only  bulk  properties  can  be  routinely  measured, 
such  as  the  trajectory  of  the  projectile,  the  pressure  history  at  a  fixed 
station,  the  heating  of  the  gun  tube,  etc.  Therefore,  a  need  exists  for  a 
detailed  mathematical  oiodel  of  interior  ballistics  two-phase  flows. 

A  complete  mathematical  description  of  the  flow  could  provide  the  motion 
and  combustion  history  of  each  propellant  grain,  and  of  the  gas  flow  between 
the  grains.  The  corresponding  local  governing  equations  are  easily 
established,  but  they  cannot  be  solved  numerically  because  of  the  great  number 
of  grid  points  needed  to  describe  a  flow  with  many  moving  Interfaces.  The 
computational  work  can  be  reduced  only  by  sacrificing  the  detailed  description 
of  the  flow.  To  that  end  one  considers  mean  values  of  the  two-phase  flow  that 
are  derived  from  the  local  properties  of  the  gas  and  grains.  The  governing 
equations  for  these  average  properties  are  established  by  averaging  the  local 
governing  eqtiatlons. 

In  the  present  paper  we  derive  the  governing  equations  for  a  particular 
set  of  averages.  The  averaging  process  Is  chosen  with  the  special  needs  of 
Interior  ballistics  In  mind  and  with  attention  to  the  numerical  solution  of 
the  ensuing  equations. 

Previous  work  on  two-phase  equations  for  Interior  ballistics  has  been 
done  by  Gough  (1974),  Kuo  et  al.  (1976^,  Fisher  and  Trlppe  (1974),  and  Krler 
et  al.  (1974).  Gough's  equations  were  later  augmented  and  used  In  a  computer 
program  developed  by  Glbellng  et  al.  (1980).  Our  equations  are  different 
because  we  have  used  a  different  averaging  process,  chosen  a  different  set  of 
dependent  variables,  and  changed  some  correlation  models  that  provide 
experimental  Input  to  the  theory. 

The  averages  la  this  report  are  computed  by  weighted  averaging  over  a 
finite  volume.  Gough  (1974)  used  Instead  a  weighted  averaging  over  an 
Infinite  space-time  domain  with  an  unspecified  weight  function.  The  rationale 
of  our  choice  Is  based  on  the  observation  that  any  averaging  smooths  out  local 
details.  In  order  not  to  loose  too  many  details,  one  should,  therefore,  use 
the  smallest  averaging  domain  that  Is  compatible  with  the  requirements  of  the 
problem  at  hand.  One  requirement  of  the  averages  Is  that  they  should  be 
differentiable  as  many  times  as  the  ensuing  governing  equations  Indicate.  It 
has  been  shown  by  Delhaye  and  Achard  (1977)  that  line  or  surface  averages  of  a 
gas/partlcle  mixture  do  not  possess  the  required  differentiability 
properties.  Therefore,  the  smallest  domain  for  averaging  Is  a  three- 
dimensional  volume.  Tims  averaging  Is  not  needed  to  Insure  differentiability, 
If  the  weight  function  for  space  averaging  Is  chosen  properly  (see  Section 
2.2).  If  one,  nevertheless,  chooses  to  time  average,  then  the  time  average 
Interval  would  have  to  be  very  small  because  we  are  Interested  In  an  accurate 
characterisation  of  a  rapidly  changing  flow  field. 


The  size  of  the  averaging  voluae  la  Important.  The  use  of  an  Infinite 
volume  for  averaging  is  not  appropriate  In  confined  flows  because  the  sum  of 
the  voluae  fractions  of  the  two  phases  Is  not  equal  to  one.  This  creates 
problems  for  the  formulation  of  the  governing  equations  and  the  boundary 
conditions,  and  for  the  Interpretation  of  the  results.  The  problem  with  the 
formulation  of  the  equations  Is  eliminated  by  using  an  appropriate  finite 
volume  average,  while  the  others  become  more  easily  tractable.  We  discuss  the 
problems  In  Sections  4.4  and  4.6. 

The  average  equations  which  are  derived  In  Section  3  Include  the  effects 
of  viscosity  of  the  gas  and  of  turbulence.  Furthermore,  the  choice  of 
equations  for  averaging  and  the  choice  of  dependent  variables  has  a  bearing  on 
the  numerical  solution  of  the  equations.  We  have  chosen  a  set  of  variables 
that  eliminates  some  possible  numerical  singularities,  enhances  the  accuracy 
of  numerical  differentiation,  and  separates  Important  physical  processes  for 
easier  modeling.  The  cht.i.ce  of  variables  Is  discussed  In  Section  4.2.  We 
also  have  chosen  the  Internal  energy  equation  for  averaging  Instead  of  the 
commonly  used  total  energy  equation.  The  reasons  for  this  choice  are  that  It 
produces  a  clear  separation  of  physical  effects  and  a  more  lucid  modeling  of 
two-phase  phenomena.  They  are  discussed  In  Sections  3.2.3  and  4.7.3, 
respectively.  As  a  result  of  the  considerations  of  viscous  effects  and  the 
above  choices,  our  governing  equations  differ  from  those  derived  by  Gough. 

Each  set  of  equations  has  different  approximation  errors  and  requires  some 
different  models  of  experimental  correlations. 

The  experimental  correlations  In  Interior  ballistics  are  characterized  by 
a  scarcity  of  data.  This  Is  one  reason  why  corresponding  mathematical  models 
have  not  been  firmly  established.  In  Section  4.7  we  list  a  set  of 
correlations,  most  of  which  are  based  on  Gough's  work.  Some  Improvements  and 
changes  reflect  the  difference  of  our  approach. 

Even  with  the  reduction  of  the  problem  size  by  the  change  from  local  to 
average  functions,  one  Is  faced  with  a  formidable  numerical  problem. 

Typically,  In  a  two-phase  flow  one  has  a  set  of  eleven  non-llnear  partial 
differential  equations.  (Thirteen  equations  If  a  turbulence  model  Is 
Included.)  In  order  to  describe  the  three-dimensional  flow  In  reasonable 
detail  one  has  to  specify  the  eleven  variables  at  a  minimum  of  about  54,000 
grid  points.  Therefore,  whenever  possible,  one  would  exploit  the  cylindrical 
symmetry  of  the  gun.  If  also  the  flow  Is  cyllndrlcally  symmetric,  then  the 
number  of  grid  points  may  be  reduced  to  about  1,500.  The  proper  coordinates 
for  flows  with  cylinder  symmetry  are  cylinder  coordinates  and  we  have, 
therefore,  listed  In  Appendix  A  all  equations  In  cylinder  coordinates,  thereby 
also  assuming  that  the  flow  Is  Independent  of  the  circumferential  coordinate. 
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2.  ANALYTICAL  BASIS 


2.1  Assumptions 

In  Che  next  three  Sections  (2.2,  2.3,  and  2.4)  we  shall  discuss  some 
properties  of  averaged  functions  and  develop  general  formulas  that  are  needed 
for  the  derivations  In  Section  3.  The  averages  Co  be  discussed  are  weighted 
space  averages  over  a  finite  averaging  volume.  We  do  not  Cry  to  establish 
general  properties  of  such  averages  but  rather  concentrate  on  what  Is  needed 
for  a  specific  Interior  ballistics  modeling.  For  Chat  application,  Che 
quantities  to  be  averaged  are  the  local  properties  of  a  gas  and  of  propellant 
particles  within  Che  averaging  volume.  We  assume  that  no  other  material  Is 
present  In  Che  Cube. 

The  gas  Is  assumed  Co  be  non-reacting  and  obeying  algebraic  equations  of 
state,  that  permits  one  to  express  all  thermodynamic  variables  In  terms  of  two 
such  quantities.  The  particular  equations  of  state  considered  are  the  Noble- 
Abel  equation  trlth  a  constant  ratio  of  specific  heats.  However,  most  of  the 
results  are  Independent  of  Che  particular  equations  of  state. 

We  will  assume  chat  Che  gas  Is  In  a  state  without  shocks  within  the 
averaging  volume.  This  Is  necessary  to  have  average  equations  with  the  proper 
differentiability  conditions.  Particular  differentiability  conditions  of  the 
local  gas  properties  will  be  enumerated  In  Section  2.2. 

If  shocks  ace  present  In  the  gas  flow,  then  one  could  average  only  over 
Che  shock  free  regions  and  treat  the  shocks  as  explicit  boundaries.  However, 
this  approach  has  serious  drawbacks  because  of  the  uncertainty  of  Che 
corresponding  boundary  conditions  (see  Section  4.6).  Space  or  time  averaging 
Is  not  Che  appropriate  technique  for  the  treatment  of  Interior  ballistics 
flows  with  shocks  or  other  Internal  discontinuities. 

The  propellant  particles  are  assumed  to  be  Incompressible  and  elastic. 
However,  we  shall  neglect  all  effects  of  the  rotation  of  the  solid 
particles.  Like  In  the  gas,  Che  local  material  properties  within  and  on  Che 
surface  of  each  particle  are  assumed  Co  be  differentiable  functions  of  time 
and  space.  Particulars  of  Che  differentiability  conditions  will  be  enumerated 
In  Section  2.2. 

2.2  Averaging  Integrals  and  Their  Derivatives 

2.2.1  Averaging  Volume  Integrals.  We  define  Che  averaging  volume  V(x) 
as  the  Inside  of  a  closed  surface  S(x).  Both  are  Independent  of  time  and 
dependent  on  a  spacial  coordinate  vector  x  as  a  parameter.  For  Instance,  If 
V(x)  Is  a  sphere,  then  x  may  be  chosen  as  the  center  of  the  sphere.  About  Che 
surface  S(x),  we  assume  Chat  It  has  a  well  defined  normal  almost  everywhere. 
The  shape  and  the  size  of  Che  averaging  volume  are  assumed  Co  be  constant. 


153 


The  particles  are  defined  by  corresponding  surfaces,  s^^.  Because  the 
particles  are  moving  and  burning,  the  s^^  are  functions  of  time,  but  they  are 
Independent  of  the  parametric  coordinate  vector  x.  We  assume  that  the 
particle  surfaces,  too,  have  well  defined  normals  almost  everywhere.  We 
define  as  the  union  of  all  those  particle  surfaces  Sp^  that  are  within  the 
averaging  volume  V,  Including  Its  surface  S^.  Accordingly,  the 
Intersection  S  Hs  can  have  a  finite  area.  Most  often,  the  area  of  the 
Intersection  w?ll'  be  zero  (Figure  1). 


All  averages  will  be  defined  by  Integrals  over  the  space  occupied  either 
by  gas  or  by  particles.  In  order  to  have  a  convenient  notation  for  the 
corresponding  Integrals,  we  define  a  phasic  function  3  as  follows 


0  If  ^  Is  Inside  a  particle  at  time  t 

6(t,C)  -  (2.1) 

1  If  ^  Is  outside  particles  or  on  a  particle 
surface  at  time  t  . 
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K 


We  will  also  use  a  non-negative  weight  function  g  for  the  calculation  of 
averages .  Let 

VG  »  /  g(5-x)  dV(5)  •  constant  (2.2) 

V(x) 

be  the  Integral  of  the  weight  function  ("the  weighted  averaging  volume”). 
Then  the  weighted  volume  fraction  occupied  by  gas  Is 


a(t,x) 


_1 

VG 


/ 

V 

gas 


g(5-x)  dV(5) 

(t.x) 


•—  /  S(t,C)  gU-x)  dV(C) 
^  V(x) 


(2.3) 


The  Intrinsic  average  ^(t,x)  of  a  function  ^(t,x)  that  la  defined  In  the 
regions  occupied  by  gas  Is  defined  by 


a(t,x)  <^(c,x) 


_l_ 

VG 


/ 

V 

gas 


(t,x) 


g(5-x)  J(t,C)  dV(5) 


-4?  I  8(t.5)  g(5-*)  ♦(t,C)  dV(0 

V(x) 


(2.4) 


Notice  that,  whereas  ^(t,x)  Is  defined  only  within  regions  occupied  by  gas, 
the  average  <^(t,x)  Is  defined  for  all  values  of  x  (within  limits  outlined  In 
Section  2.3). 

A  corresponding  average  (^(t,x)  of  a  function  ^(t,x)  that  is  defined  only 
Inside  the  particles  Is  given  by 


(l-o(t,x)lt(t,x)  -  ~  /  [l-S(t,C)lg(£-x)4(t,5)dV(5)  .  (2.5) 

®  V(x) 

Sufficient  conditions  for  the  existence  of  the  average  function  are  the 

piecewise  conCloulty  with  respect  to  x  of  the  functions  ^(t,x)  and  $(t,x) 
within  their  regions  of  definition.  Obviously,  the  average  of  any  function  of 
time  only^  Is  the  function  Itself . 

2.2.2  Time  Derivative  of  Volume  Integrals.  The  averaging  Integrals 
(2.3),  (2.4),  and  (2.5)  define  functions  of  t  and  x.  In  this  section  we 
formulate  differentiability  conditions  of  the  average  functions  with  respect 
to  time  t. 
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Applying  Leibnitz  fomila  (Trueadell  and  Toupln,  1960)  to  an  averaging 
Integral  (2.4)  over  we  obtain 


at 


/  ♦(t.x.t)  dv(£)  -  /  .  It  [Mt.x.e)]  dv(5)  + 


V  (t,x) 
gas'  ’ 


V  (t.x) 

gas'  ’ 


+  /  [ij»(t,x,£(n))(u  ‘n  )]  dS(n)  , 

Sp(t.x) 


or 


(2.6) 


I7  /  8(t,e)  <Kt,x,C)  dV(5)  - 

V(x) 


■  /  8  TT  ♦  <IV(C)  +  /  '|>(t,x,e(n))  (u„„*n  )  dS(n)  , 

V(x)  S  (t.x) 

p 

where  u^p  Is  the  velocity  of  a  point  of  Sp  and  n^p  Is  the  outward  unit  normal 
of  Sp  at  the  same  point.  (The  "outward"  normal  points  by  definition  Into  the 
grains.  Figure  1.)  The  surface  Integral  Is  only  over  Sp  and  not  over  S^ 
because  the  latter  surface  Is  assumed  to  be  stationary. 

The  first  Integral  on  the  right-hand  side  of  Eq.  (2.6)  exists  and  Is  a 
continuous  function  of  x  and  t  If  dt|)/at  Is  a  continuous  function  of  x  and  t, 
and  a  piecewise  continuous  function  of  C  •  Ihe  surface  lnt.''.gral  over  Sp  In 
Eq.  (2.6)  exists  If  the  surface  velocity  Is  finite.  However,  the  area  of  the 
surface  Sp  has  discontinuities  with  respect  to  x  and,  possibly,  with  respect 
to  t,  whemver  the  Intersection  SOS  has  a  finite  area.  Therefore,  the 
surface  Integral  Is  a  continuous  function  of  x  and  t  only  If  *  0  on  S^. 

Because  In  our  case 


p(t,x,C)  -  g(5-*)  ♦(t,5) 


(2.7) 


we  may  formulate  the  following  sufficient  conditions  for  the  continuity  of  the 
time  derivative  of  the  averaging  Integral  In  terms  of  g  and  4  : 
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I 


K-: 


3»(t.g) 

at 


g(c-x)  -  0 

g(C-x) 


Is  continuous  with  respect  to  t  and  piecewise 
continuous  with  respect  to  C  > 


on  the  surface  S  , 
V  ' 


Is  continuous  In  V  . 


(2.8) 


We  notice  that  the  condition  on  of  course,  applies  only  to  the  regions 
where  ^  Is  defined. 

The  differentiation  formula  (2.6)  Is  In  terms  of  g  and  ^ 


/  6g  dV(e)  -  |r  /  8g?  dv  -  /  g*  dS  .  (2.9) 

y  at  V  S 

P 

* 

The  corresponding  formula  for  functions  ^  that  are  defined  within  the 
solid  grains  is 

/  8  H  •  It  /  (l-fl)  g{  dV  +  /  g|  (u.^.n.^)  dS  .  (2.10) 

y  y  g  vp  sp 

In  the  latter  formula,  the  surface  normal  n^  again  points  Into  the  grains. 
Because  now  we  are  Integrating  over  the  Inside  of  the  grains,  the  sign  of  the 
last  Integral  In  Eq.  (2.10)  Is  opposite  to  that  of  the  corresponding  Integral 
In  Eq.  (2.9). 


2.2.3  Spaclal  Derivatives  of  Voluiie  Integrals.  Applying  Lslhnltz  type 
formula  to  an  averaging  intergal  (2.4)  over  one  obtains* 


V,  !  8(t,^)  9(t,x,^)  dV(5) 

*  V(x) 


/  8  7  edV  /  to  dS 
V  *  S  -s  ■ 

V  p 


f  rfn  dS  . 

s  ns  “P 

V  p 

(2.11) 


s\ 


*Wd  note  that  4  could  be  a  scalar,  a  vector,  or  a  second  order  tensor.  For 
example.  If  4  Is  a  vector,  a  dot  signifying  the  divergence  of  4  and  the  dot 
product  of  4  with  the  normal  should  be  used  In  Eq.  (2.11).  For  simplicity, 
the  use  of  the  dot  Is  omitted  in  Section  2  wherever  4  Is  not  specified.  The 
understood  presence  or  absence  of  the  dot  should  be  clear  from  the  context. 
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Gauss  theorem  (Fulks,  1969,  p.  354)  applied  to  the  same  Integration  volume  Is 


Subtracting  Eq.  (2.12)  from  Eq.  (2.11)  one  obtains 


(2.12) 


V,  /  6  ♦  dV  -  /  6  (V^  +  7.)*  dV  -  /  tpn  dS  +  /  ilmdS  .  (2.13) 

*  V  V  *  ^  Sp  s 

Sufficient  conditions  for  the  continuity  of  the  right-hand  side  of  Eq.  (2.13) 
are 


(v^  +  v^)  iKt.x.e) 


♦  -  0 


Is  continuous  with  respect  to  x  and  t,  and 
piecewise  continuous  with  respect  to  \ 

K2.14) 

on  S  .  ) 

V  / 


^  our  application  we  want  some  of  the  average  functions  to  be 
differentiable  twice  with  respect  to  the  special  variables.  By  a  formal 
differentiation  of  Eq.  (2.13)  we  obtain,  assuming  that  i|)  ■  0  on  S^, 


P 


Next,  we  apply  the  formula  (2.13)  to  the  first  Integral  on  the  right-hand  side 
of  Eq.  (2.15)  obtaining 


The  surface  Integral  In  (2.15)  Is 


(2.17) 
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Sufficient  continuity  conditions  for  (2.16)  are 


+  7  )(7 

+  7^4 

Is  piecewise  continuous  with  respect  to 

%  ^ 

and  continuous  with  respect  to  t 

and  X, 

(2.18) 

<’x 

+  7^)4  - 

0 

on  . 

V 

Sufficient  for  the  continuity  of  (2.17)  la  that 


V  i|i  la  continuous  with  respect  to  t  and  x  and  (2.19) 

piecewise  continuous  with  respect  to  ^  . 

Because  p(t,x,$)  ■  g(C-«)6(C<C)»  v*  any  express  the  continuity  conditions  In 
tens  of  g(C-x)  and  ^(t,C)  as  follows. 

Sufficient  for  the  continuity  of  first  order  special  derivatives  of  the 
averaging  Integral  Is  that  (see  Bq.  (2.14)) 


!'■  piecewise  continuous  with  respect  to  K  and 
^  continuous  with  respect  to  t,  | 

g(^-x)  Is  continuous  ,  > (2.20) 

g(C-x)  -  0  on  S^  . 


The  Integration  fonula  (2.13)  In  teras  of  g  and  4,  If  the  conditions  (2.20) 
are  satisfied.  Is 


/  8gV.4(t,5)dV(5)  -  V J  BgJdV  +  /  gjn.  dS  .  (2.21) 

V(x)  ^  *7  8*** 

P 

y 

The  corresponding  formula  to  (2.21)  for  functions  4  defined  within  the  solid 
grains  Is 


/  [1-B]g  7,  4(t,5)  dV(C)  -  V,  /  ll-Blg  4  dV  -  /g  4  n,„  dS  . 

V(x)  ^  *  V(x)  S 

^  (2.22) 
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The  continuity  conditions  (2.18)  and  (2.19)  for  second  order  derivatives  are 
In  terns  of  g  and  ^  as  follows 


7^7^^(t,C) 


Is  piecewise  continuous  with  respect  to  C 
and  continuous  with  respect  to  t  , 


7^((-x)  Is  piecewise  continuous  (This  suffices  because 

^  Is  continuously  differentiable  due  to  the 
first  condition,  Eq.  (2.20))  , 


i(2.23) 


g(C-*)  -  0 


on  S 


The  Integration  fomula  (2.15)  Is,  If  these  conditions  are  satisfied. 


In  sunnary,  If  the  weight  function  g  Is  chosen  such  that  Its  first 
derivatives  are  piecewise  continuous,  g  >  0  In  V,  and  g  «  0  on  S^,  then  the 
averaging  Integrals  are  continuously  differentiable  at  least  once  If  ^  Is 
differentiable,  and  at  least  twice  If  ^  Is  twice  differentiable  within  Its 
region  of  definition. 

2.2.4  Averaging  Surface  Integrals.  Some  flow  properties  are  only 
defined  on  the  surface  of  the  propellant  grains,  e.g.,  the  burning  rate,  the 
regression  distance,  and  the  surface  tesperature.  The  corresponding  averages 
are  computed  by  surface  Integrals. 

The  weighted  area  of  the  grain  surface  that  Is  contained  In  the  averaging 
volune  Is 


SG  -  /  g(s(t,n)-*)  dS(n)  ,  (2.25) 

Sp(t,x) 

where  s(t,n)  defines  the  surface  and  n  represents  surface  coordinates. 

Contrary  to  the  weighted  averaging  volune  V6,  the  surface  SG  Is  not  a  constant 
but  a  function  of  t  and  x. 

Average  surface  functions  are  defined  by 


♦(t,x)-~  /  g(s(t,n)-*)4(t,n)  dS(n) 

8p(t,x) 


(2.26) 
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We  discuss  the  differentiability  of  the  surface  averages  by  considering  a 
single  grain*  Let  Its  surface  s(t,n)  be  defined  In  Cartesian  coordinates  by 

/  \ 

s(t,n)  -  f  y*(t.n)  1  *  (2.27) 

V*;(t.n)  / 

Then  the  surface  eleaent  dS(n}  Is  defined  by  (Courant  and  John,  1974) 


dS  -  Z(t,n)dTj  ,  (2.28) 


where  dn  Is  the  product  of  the  differentials  of  the  components  of  n. 

2(t,n)  •  ^det  3s/8n  is  the  Jacobian  matrix  of  the 

function  s(t,n)* 

The  contribution  of  the  grain  to  the  weighted  grain  surface  Is  according 
to  Eq.  (2.25) 

'’2 

*  //  8(*(ttn)-x)  Z(t,n)dn  .  (2.29) 

The  tine  derivative  of  S6^  Is 

I^SGj)  -  /  (-V^g)*|f  Z  dn  +  /  g  If  dn  +  [  /  gz  dC]  II  .  (2.30) 

*  *  V 

The  Integral  In  the  last  term  In  Eq.  (2.30)  la  to  be  taken  over  the 
Intersection  C  of  the  grain  surface  s  with  the  boundary  of  the  averaging 
volume.  If  we  assume  that  g  >  0  on  then  the  Integral  is  Identically  zero, 
and  we  do  not  have  to  specify  conditions  for  9C/3t. 

Sufficient  conditions  for  the  right-hand  side  of  Eq.  (2.30)  to  be  a 
continuous  function  of  z  and  t  are 
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3^8 

anat 


g  -  0 


7  g 

X* 


is  piecewise  conclnuous  with  respect  to  n 
and  continuous  with  respect  to  t  , 


on  , 


is  continuous,  with  possible  exception  of 
Isolated  singular  points  , 


(2.31) 


7^-0  on  Sy  . 


The  first  condition  in  Eq.  (2.31)  is  satisfied  if  the  grain  surface  has  alaost 
everywhere  a  noraal.  The  next  two  conditions  on  g(C~x)  sre  essentially  the 
saae  as  encountered  before  in  the  discussion  of  voluae  averages.  The  last 
condition  on  g  is  new,  and  it  needs  to  be  Introduced  if  3s/at  is  not  equal  to 
xero  and  the  intersection  sHS^  has  a  finite  area.  (See  the  conaent  to  Eq. 
(2.6).) 

Next,  we  consider  the  special  derivatives  of  SG^.  One  obtains  according 
to  Leibnitz  type  rule 

V  (SG.)  -  /  V  a  Z  dn  +  f  /  g  Z  dC]  !§•  .  (2.32) 

*  ^  a  arts  " 

V 

The  right-hand  side  of  Eq.  (2.32)  obviously  is  continuous  if  the  conditions 
(2.31)  are  satisfied. 

If  the  averaging  voluae  contains  several  grains  then  SG  is  the  sum  of  the 
individual  SGj^.  The  sua  is  continuously  differentiable  if  each  of  the  grains 
satisfies  the  first  condition  in  Eq.  (2.31),  and  g  satisfies  the  other  three 
conditions. 

We  now  turn  to  the  surface  average  function  ^(t,x),  defined  by 
Eq.  (2*26).  We  notice  that  ^  is  a  continuous  function  of  all  its  arguaents, 
if  the  conditions  (2.31)  are  satisfied  and  the  surface  function  ^(t,n)  is 
continuous  with  respect  to  time  and  piecewise  continuous  with  respect  to  n. 

We  assuae  that  ^  possess  these  properties  and  reforaulate  Eq.  (2.26)  as 
follows 


^  E(SG.)  -  e(  /  g  ;  dS).  (2.33) 

a  *  a  _ 
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The  Cine  derivative  of  the  left-hand  side  of  Eq*  (2.33)  Is 


(SG)  +  (SG)  II 


(2.34) 


The  first  term  In  this  expression  Is  continuous  under  our  assumptions. 
Therefore,  also  the  second  term  (and  3^/dt)  Is  continuous.  If  the  time 
derivative  of  the  right-hand  side  of  Eq.  (2.33)  Is  continuous.  The 
contribution  of  each  term  on  the  right-hand  side  of  Eq.  (2.33)  to  the  time 
derivative  Is,  via  Eq.  (2.30) 


-  J  |f4Zdh+/  g||zdr)  + 


(2.35) 


+  I  84  H  dn  +  [  /  g  ;  Z  dC]  II  . 
s  ,  s  ,ns 

pi  pi  V 

is  a  continuous  function  of  x  and  t  If  In  addition  to  the  condition 
(2.31)  4  also  satisfies  the  condition 


Is  a  continuous  function  of  t  and  a  piecewise 
continuous  function  of  n* 


(2.36) 


Because  4  and  (SG)^,  In  Eq.  (2.34),  are  continuous  functions  If  (2.31)  and 
(2.36)  are  satisfied,  these  conditions  are  sufficient  to  Insure  that  4(t,x)  Is 
continuously  differentiable  with  respect  to  time. 

In  order  to  Investigate  Che  spaclal  differentiability  of  4(c,x)  we 
differentiate  Eq.  (2.33)  with  respect  to  x.  Gh  the  left-hand  side  we  obtain 


Sc  "  (SG)V^4  . 


(2.37) 


On  the  right-hand  side  of  Eq.  (2.33),  each  sumand  produces  the  expression 


Ki  *  f  ♦  Z  dn  +  [  /  g4  Z  dC]V  C  . 

"  8  .  *  a  .ns  * 

pi  pi  V 


(2.38) 


«xi  continuous  If  the  conditions  (2.31)  are  satisfied.  Because  ^7  (SG)  la 
continuous,  the  conditions  are  sufficient  for  continuous  differentiability 


of  4  with  respect  to  the  spaclal  coordinate. 
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Second  order  special  derivatives  of  surface  averaged  quantities  do  not 
enter  the  governing  equations.  Therefore,  we  do  not  fonulate  existence 
conditions  for  these  derivatives. 

2.2.S  Differential  Equation  for  Surface  Averages.  All  surface  averages 
satisfy  a  differential  equation  for  saterlal  properties.  He  shall  derive  the 
equation  In  this  section. 

let  ll(t,x)  be  an  arbitrary  velocity  vector  and  let  g  satisfy  the 
conditions  (2.31).  Then  one  can  eonbine  Eqs.  (2.30)  and  (2.32)  obtaining  for 
the  sua  S6  of  all  Individual  S6^. 

1^  (SG)  +0  7^  (SG)  -  /  7^«(U  -  ||)  Z  dn  +  /  g  II  dn  .  (2.39) 

s  s 

p  p 

The  Integrals  on  the  rlght>hand  side  are  taken  over  S^,  l.e.,  over  all  grain 
surfaces  contained  In  the  averaging  voluae* 

A  corresponding  fomula  can  be  derived  for  the  product  (SG)  ^  from 
Eqs.  (2.34),  (2.35),  (2.37),  and  (2.38)  with  the  result 


Ij-  ((SG)  4)  +  07^  ((SG)  4)  -  /  (7^).(D  -  ||)  4  2  dn  + 

s 

p 


(2.40) 


+  /  84  H  dn  +  /  g 


S_ 


S 


3t 


Z  dn 


Next,  we  ellalnate  the  derivatives  of  SG  between  Eqs.  (2.39)  and  (2.40), 
obtaining  the  differential  equation 


il 

at 


+  07^4 


1_ 

SG 


/  g  II  Z  dn  +  Ig  /(4  -  4)  (D  -  2  dn 

s  s 

p  p 


(2.41) 


♦fe /<♦-♦>•  II • 

The  first  integral  on  the  right-hand  side  of  Eq.  (2.41)  Is  by  definition  the 
surface  average  of  34/at.  The  other  two  Integrals  are  assuaed  to  be  saall  and 
neglected  for  Interior  ballistics  probleas.  He  notice  that  both  integrals 
vanish  If  4  >  4  on  the  propellant  surface,  l.e.,  if  the  property  4  Is 
Identical  for  all  grains.  Also,  the  tera  U-3s/3t  can  be  assuaed  saall,  e.g.. 
If  all  grains  have  the  seas  velocity  0  and  do  not  bum,  because  3s/3t  Is  equal 
to  the  sua  of  the  grain  velocity  and  surface  regression  velocity.  The 
tera  3Z/3t  is  sero  If  the  grains  are  not  burning. 
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If  %!•  neglect  the  last  two  Integrals  In  Eq.  (2.41)  and  use  Eq.  (2.26)  to 
define 

♦  ■  ic  { » If 

then  the  differential  equation,  Eq.  (2.41)  simplifies  to 

U-+D7^^-4>  .  (2.43) 

where  <^>  Is  a  model  for 

For  the  velocity  U  one  choses  an  average  grain  velocity,  assuming  that  by 
this  choice  one  of  the  neglected  terms  can  be  kept  small. 

2.3  Regions  of  Definition  of  Averages 

this  section  tie  describe  regions  of  definition  of  the  average 
functions.  In  principle,  the  averaging  volume  V  can  be  of  any  shape  and 
size.  However,  In  order  to  preserve  a  cylindrical  symmetry  of  the  avsraged 
quantities,  the  volume  V,  the  weight  function  g,  and  the  reference  point  x 
associated  with  the  location  of  the  volume,  all  must  be  chosen  with  certain 
synaetry  properties.  Instead  of  trying  to  formulate  a  general  averaging 
volume  with  the  desired  properties,  we  give  two  examples  of  admissible 
averaging  volumes. 

The  simplest  example  of  an  averaging  volume  Is  a  sphere  with  the 
reference  point  x  In  its  center  and  a  weight  function  that  depends  only  on  the 
distance  from  Its  center.  Let  the  diameter  of  the  sphere  be  i. 

Another  example  Is  an  orthogonal  circular  cylinder  with  the  reference 
point  at  Its  center  and  with  an  axis  parallel  to  the  axis  of  the  gun  tube.  To 
be  specific,  we  assume  that  the  height  of  the  cylinder  Is  2t/3  If  I  is  the 
diameter  of  the  cylinder,  bn  this  example,  the  weight  function  depends  on  the 
radial  as  well  as  on  the  axial  coordinates  within  the  cylinder. 

In  both  exaiaples,  the  quantity  i  Is  eqxial  to  the  largest  diameter  of  the 
averaging  volume.  In  general,  we  way  assume  a  characteristic 
length  t  associated  with  any  particular  averaging  volume.  The  size  of  the 
volume  and,  therefore,  the  size  of  i.  Is  restricted  by  two  requirements. 

First,  the  averaging  volume  must  fit  Inside  the  gun  barrel  and,  second,  we 
want  It  to  be  larger  than  the  largest  grain  In  order  to  Insure  that  gas  Is 
present  within  every  averaging  volume.  Let  IL  be  the  largest  diameter  of  a 
grain  and  let  be  the  Inner  diameter  of  tne  gun  tube.  Then  In  the  two 
examples  t  must  satisfy  the  conditions 
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(2.4A) 


* 

(D  ) 


D  max 


<  4  <  (D_  )  ._ 


Similar  restrictions  one  would  obtain  for  the  characteristic  length  of  any 
averaging  volume.  He  assume  that  ftp  and  are  such  that  the  Inequalities 
In  Eq.  (2.44)  can  be  satisfied  by  a  margin  If  I  Is  properly  chosen. 

The  position  of  the  averaging  voluam  Inside  the  gun  gube  Is  restricted. 

If  a  constant  averaging  volume  Intersects  a  boundary,  then  the  sum  of  the  gas 
volume  fraction  a,  as  defined  by  Eq.  (2.3),  and  of  the  corresponding  particle 
volume  fraction  Is  not  equal  to  one.  Consequently,  the  definition  of  averages 
by  Eqs.  (2.2)  through  (2.5)  cannot  be  used  If  a  non-zero  Intersection  occurs, 
and  the  location  of  the  averaging  volume  is  restricted  to  positions  without 
intersections  between  the  averaging  volume  and  boundaries.  (See  also  Section 
4.6.)  Itils  means  that  the  reference  point  x  cannot  be  moved  arbitrarily  close 
to  all  boundaries.  If  the  averaging  volume  Is  a  sphere  with  the 
diameter  1,  then  x  la  restricted  to  locations  that  are  at  least  1/2  away  from 
the  breech,  the  walls,  and  projectile  base.  Li  the  second  example  (cylinder), 
X  may  be  located  at  points  that  are  at  least  1/2  away  from  the  tube  walls 
and  1/3  away  from  the  breech  and  from  the  projectile  base.  Consequently, 
because  of  the  finite  size  of  the  averaging  volume,  none  of  the  averaged 
quantities  are  defined  In  the  boundary  regions.  If  the  grain  diameter  ftp  is 
large,  then  the  regions  where  the  averaged  quantities  are  not  defined  can  be  a 
significant  part  of  the  Interior  of  the  gun  tube. 

In  the  remaining  regions,  the  porosity  a  and  all  averages  pertaining  to 
gas  properties  are  everywhere  defined  by  Eqs.  (2.3)  and  (2.4),  respectively. 

Average  properties  of  propellant  grains  are  defined  by  Eq.  (2.5).  The 
definition  provides  a  value  for  the  average  function  only  If  a  <  1,  l.e..  If 
there  are  grains  within  the  averaging  volume.  The  limitation  also  holds  for 
surface  averaged  quantities,  defined  by  Eq.  (2.25).  The  surface  averaged 
quantities  are  grain  properties  and  they  are  defined  only  If 
within  the  averaging  voluaw. 

The  weighted  number  m  of  grains  In  the  averaging  volume 

a(t,x)  -  VG  (l-a)/Vp(d)  , 

where  d  is  the  average  regression  distance  of  the  grains  and 
corresponding  grain  volume,  given  by  a  correlation  function, 
this  definition  are  discussed  In  Section  4.2).  According  to 
Is  Indeterminate  In  regions  wlthou||  grains,  because  3  Is  not 
regions.  He  notice,  however  that  m  ■»’  0  and  7^m  >  0  as  x  moves  to  a  position 
where  the  ava|aglng  volume  contains  no  grains.  Ilierefore,  we  may  define  a 
continuation  a  i  0  In  regions  without  grains.  Hlth  this  extension,  m  Is 
defined  In  all  those  regions  where  gas  properties  are  defined,  l.e., 
everywhere,  except  In  boundary  regions. 


there  are  grains 
Is  defined  by 

(2.45) 

* 

V  (d)  Is  the 
(Particulars  of 
the  definition,  m 
defined  In  those 
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2.4  Averaging  Weight  Function 

The  averaging  weight  function  g(y)  Is  defined  Inside  the  averaging  voluae 
V  and  on  Its  bouodary  S^.  It  has  the  following  properties  (see  Sections 
2.2.2,  2.2.3,  and  2.2.4) 


g  >  0  In  V  , 

\ 


g  -  0  on  Sy 


(2.46) 


Vg  continuous  In  V  with  possible  exemption  of  Isolated 

singular  points  , 

7g  ■  0  on  . 


Next,  we  give  examples  of  functions  g(7)  that  satisfy  these  conditions 
for  the  two  examples  of  averaging  volumes  mentioned  In  the  previous  section. 
Let  y  ■  5-x,  l.e.,  let  the  point  of  origin  of  the  coordinate  vector  y  be  at 
the  center  of  the  averaging  volume.  (In  both  our  examples  the  center  coincides 
with  the  reference  point  x.) 

If  V  Is  a  sphere  with  the  diameter  1,  then  we  define 


with  an  n  >  0.  The  weighted  averaging  volume  VG  is  for  this  g(y) 

1/2 

VC  -  /  g  dV  -  4v  /  g(y)y^dy  ■  4  if  (4)^  • 

V  o 


(2.47) 


(2.48) 


As  a  second  example  we  chose  a  cylinder  with  the  diameter  I  and 
height  21/3  •  Let  r  and  z  be  the  radial  and  axial  coordinates  within  the 
cylinder,  with  the  point  of  origin  at  the  center  of  the  cylinder.  Then  we 
define 


g(r,z)  -|(2-hi)  (2+n)  (3+n)  (l  •  (2.49) 
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The  weighted  averaging  volume  VG  Is  for  this  choice  of  g 


1/3  1/2 

/  g  dV  -  4ir  /  /  g(r,z)r  drdz  - 

V  o  o  ■’ 


(2.50) 


l.e.,  equal  to  the  volume  |V|  of  the  cylinder  Itself. 

la  both  examples,  we  have  weight  functions  with  a  maximum  at  the  center 
of  the  averaging  volume.  The  functions  are  continuous  but  have  gradient 
singularities.  The  weight  function  for  the  spherical  averaging  volume  has  a 
singular  point  at  the  center  of  the  sphere.  The  second  weight  function  has  a 
singular  gradient  along  the  line  r  «  0  and  on  the  plane  z  -  0.  Therefore,  If 
the  flow  Includes  phenomena  that  require  surface  averaging  one  should  use  a 
different  weight  function  for  the  cylindrical  averaging  volume.  (For  volume 
averaging,  piecewise  continuity  of  7g  Is  sufficient.) 

The  following  two  weight  functions  have  no  singularities.  They  are 
chosen  such  that  the  weighted  averaging  volume  Is  the  same  as  before,  l.e., 
equal  to  the  volume  of  a  sphere  with  diameter  1. 

A  weight  function  example  for  a  sphere  Is 


g(r)  ■  —  [cos  +  1] 

IT  “6 


(2.51) 


A  weight  function  for  the  cylindrical  averaging  volume  Is 


g(r,z)  -  —  (cos  (’fj^)  +  11  [cos  +  1] 


(2.52) 


Ihimerous  other  examples  can  be  constructed,  e.g.,  based  on  the  functions 


8(r)  .  (1  -  (^)^) 


(2.53) 


g(r)  -  [cos  (f  7^)1^^ 


(2.54) 


and  corresponding  for  the  dependence  on  z.  Particularly,  functions  of  the 
type  (2.53)  with  large  m  and  small  positive  n  have  properties  that  are 
desirable  according  to  Section  4.2.1. 
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3.  CONSERVATION  EQUATIONS 


The  mathematical  description  of  a  two-phase  flow  field  Is  composed  of  two 
sets  of  local  conservation  equations  (one  for  each  phase),  a  set  of  local 
constitutive  relations  for  each  phase,  and  Interfaclal  or  Jump  conditions 
which  relate  locally  the  two  phases.  As  la  other  two-phase  models  of  Interior 
ballistics,  all  chemical  rectlons  are  excluded.  Burning  of  the  grains  is 
represented  by  a  transfer  of  mass,  momentum,  and  energy  from  the  solid  phase 
to  the  gas  phase.  Furthermore,  the  effects  of  body  forces  on  both  phases  are 
assumed  to  be  negligible.  By  averaging  the  local  conservation  equations 
according  to  the  definitions  and  formulas  determined  In  Section  2,  and  by 
using  the  local  Interfaclal  conditions,  we  derive  the  coupled  set  of  average 
two-phase  equations.  The  details  of  this  procedure  are  given  In  this 
section.  The  average  equations  In  vector  form  are  derived  In  three  space 
dimensions  and  time.  The  governing  equations  for  cyllndrlcally  symmetric  flow 
In  cylindrical  coordinates  are  listed  componentwise  In  Appendix  A. 

3.1  local  Equations 

3.1.1  Local  Conservation  Equations.  The  flow  field  Is  assumed  to  be 
composed  of  two  disjoint  phases:  gas  and  solid  grains.  The  gas  Is  assumed  to 
be  compressible,  viscous  and  heat  conducting.  The  local  conservation 
equations  for  the  gas  are  the  Navler-Stokes  equations  (Tsien,  1958,  pp.  3-16) 


||-  +  7»  (pu)  -  0  , 

(3.1) 

i|^+7.(»  -  -7p  +7.il  , 

0  C 

(3.2) 

+  7»(poe)  *  -  p  7»u  +  •j  -  7*Q  , 

(3.3) 

where  p,  e,  and  u  are  the  density,  specific  Internal  energy,  and  the  velocity 
vector,  respectively.  The  constitutive  laws  for  the  viscous  stress  tensor  n, 
the  heat  dissipation  function  4^,  and  the  heat  conduction  vector  Q  are 

n  -  2pE  +  (X  -  u)  V»u  I  , 

jj .  2:  E.-B  +  <?  - 1  ;>  (v.i:)^  , 


(3.4) 

(3.5) 


where 


E  -  0.5  [Vu  +  (Vu)^] 


(3.7) 


and  u>  K  the  shear  viscosity  coefficient,  the  bulk  viscosity 
coefficient  and  the  heat  conduction  coefficient,  respectively,  that  may  depend 
on  the  local  temperature  T.  The  local  pressure  and  temperature  are  given  by 
equations  of  state  of  the  form  p  *  p(p,e)  and  f  -  T(p,e). 

Each  solid  grain  Is  assumed  to  be  Incompressible  (the  density  of  a  grain 

* 

p  <■  constant)  but  deformable.  The  local  conservation  equations  for  the  solid 
phase  can  be  expressed  In  a  form  similar  to  those  of  Eqs.  (3.1)  and  (3.2) 
(Prager,  1961): 


1^  (p)  +  7.(p  5)  -  0  ,  (3.8) 

^  ^  ^  ^  ^  ^ 

a,*****.  * 

■r—  (p  u)  +  7»(p  u  u)  -  7*n  ,  (3.9) 


where  u  Is  the  local  velocity  vector  of  the  grain.  For  our  purposes,  the 

e 

solid  phase  stress  tensor  n  represents  the  total  stress  within  the  solid 

grain.  A  constitutive  law  for  II  could  be  based  on  Hooke's  law.  Although  the 
local  angular  momentum  of  the  grains  could  be  significant,  it  Is  assumed  that 
the  average  effect  of  the  angular  momentum  Is  small  and  can  be  neglected. 
Consequently,  the  local  conservation  equation  for  the  angular  momentum  of  a 
grain  Is  omitted. 


3.1.2  Local  literfaclal  Conditions.  The  Interfacl-il  conditions  relate 
the  two  disjoint  phases.  The  Interface  between  the  gas  and  solid  Is 
considered  a  singular  surface  across  which  mass,  momentum  and  energy  Is 
transferred.  The  conditions  that  are  valid  on  the  Interface  can  be  expressed 
as  (Truesdell  and  Toupln,  1960) : 


n.p(u  -  u  )  -  n«p(u  -  u  )  , 

sp  sp 


n.p(u  -  u  )u  +  np  -  n«n  *  n«p(u  -  u  )u-nll  , 
sp  sp 


(3.10) 

(3.11) 


n*p(u  -  u  )  [e  +  -y  u»u]  +  p  n»u  +•  n»Q  -  n»n»u 


^  1  *  *,  *  *  * 

m  a*p(u  -  Ugp)l«  "2  “‘“J  “’Q  “  n*n*u  , 


(3.12) 
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where  u  Is  the  local  Interface  velocity,  n  Is  a  unit  nonaal,  and  Q  Is  the 
local  hISt  conduction  vector  within  the  grain. 


The  local  Interface  velocity  u  is  defined  In  terms  of  the  local 
7  sp 

regression  rate  d  of  the  grain  surface 


«gp(t,an)) 


u(t,C(n)]  +  n^p  d(t,5(n)) 


(3.13) 


where  i  >  0  and  n^^  Is  the  outward  unit  normal  to  the  grain  with  respect  to 
the  gas. 

3.2  Averaging  of  the  Local  Conservation  Equations 

3.2.1  Derivation  of  the  Average  Gas  Continuity  Equation  and  Porosity 
Equation.  To  derive  the  average  gas  phase  continuity  equation,  we  multiply 
Eq.  (3.1)  by  8(t,C)g(^-x),  integrate  over  the  averaging  volume  V(z)  and  obtain 


/  6(t,€)g(C-*)  «iV(5) 

(3.14) 

+  /  e(t,C)g(C-x)  V,.(p(t,5)u(t,5)]  dV(?)  -  0  . 

V(x)  ’ 

Using  formulas  (2.9)  and  (2.21)  with  respect  to  the  first  and  second  Integrals 
of  (3.14),  respectively,  we  have 


/  8gP  dV  +  •  /  Sgpu  dV  +  /  gp  (u  -  dS  -  0  .  (3.15) 


sp  sp 


By  the  definition  of  a  volume  averaged  quantity  (2.4)  and  the  Interfaclal  auvss 
flux  condition  (3.10),  Eq.  (3.15)  can  be  written  as 


(a(t,x)p(t,x)}  +  V»(o(t,x)  I  pu]  (t,x)) 


dS  -  0 


(3.16) 
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because  p  ■  p  >  constant  and  VG  «  constant.  In  Eq. 
gas  density  and  the  quantity  |  pu|  la  the  average  of 
pu.  Ve  define  the  average  gas  velocity  vector  u  as 


(3.16)  p  Is  the  average 
the  gas  momentum  density 
the  ratio 


u(t,x) 


=  (t,x) 

"  p(t,x) 


(3.17) 


Using  this  definition  of  u,  the  local  regression  rate,  defined  by  Eq.  (3.13), 
and  the  definition  of  the  average  surface  function  (2.25),  we  can  rewrite  the 
average  gas  continuity  equation  (3.16)  as 


1^  [a(t,x)p(t,x)l  +  7*  (a(t,x)p(t,x)u(t,x)]  -  p  d(t,x)  .  (3.18) 

The  derivation  of  the  average  solid  phase  continuity  equation  proceeds  In 
a  similar  fashion  to  that  of  the  average  gas  continuity  equation.  Multiplying 
Eq.  (3.8)  by  (l-8)g.  Integrating  over  V(x),  Invoking  formulas  (2.10)  and 
(2.22),  and  using  the  definitions  (2.5)  of  an  average  solid  grain  property, 
and  (3.13)  of  the  local  regression  rate,  we  have 

(VG(l-o)p)  +  7.(VG(l-a)  [Slj-p/gidS-O  .  (3.19) 

S 

P 

* 

Using  the  surface  average  definition  (2.25)  and  the  fact  that  p  Is  a  constant, 
Eq.  (3.19)  can  be  written  as 


1^  (1-a)  +  7*  ((l-a)u]  -  -  d 


(3.20) 


Hence,  for  Incompressible  solid  grains,  the  average  continuity  equation  for 
the  solid  phase,  Eq.  (3.20),  is  the  governing  equation  for  the  porosity  a. 

* 

We  notice  that.  If  p  Is  constant  or  depends  only  on  time,  then  the 
average  grain  velocity  u  Is  given  directly  by  Eq.  (2.5).  The  different 
deflntlon  of  the  average  u  by  Eq.  (3.17)  via  the  average  momentum  density 
I  pul  is  advantageous  when  p  Is  not  constant. 

The  average  gas  continuity  equation,  Eq.  (3.18),  Is  coupled  to  the  solid 
phase  by  the  source  term  p(SG/7G)^.  As  expected,  the  amount  of  mass  added  to 
the  gas  phase  Is  exactly  the  amount  liberated  from  the  solid  phase.  If  the 
grains  are  not  regressing  (burning),  the  average  regression  rate  h  and  the 
source  term  are  zero.  The  surface  average  SG  and  the  surface  average 
regression  rate  d  are  two  new  unknowns.  To  restrict  the  number  of  unknowns,  d 


I 
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Is  replaced  by  a  correlation  (denoted  by  <d>)  which  Is  obtained  from 
experiments  (see  Section  4.7.7).  To  understand  the  error  Involved  In  such  a 
substitution,  we  rewrite  Eq.  (3.18)  as 

■|^[ap]  +  7»tapul  ■  P  <d(t,x)> 


+  P  [|q  /  g(C(n)-x)  d(t,C(n))  ds(n) 

The  bracketed  term  on  the  right-hand  side  of  Eq.  (3.21)  Is  the 
Is  equal  to 

[  d  (t,C(nj^))  /  g(?(n)-x)  dS(n)  -  <d(t,x)>  (3.22a) 

1  spj^ 

A 

by  the  mean  value  theorem  for  multiple  Integrals  (Apostol,  1957)  and  where 
Is  some  point  on  sp^.  From  expression  (3.22a),  the  following  Inequality  can 
be  derived: 

I—  /  g  d  dS(n)  -  <h\  <  maxl5(t,C(n.))  -  <S(t,x)>|  .  (3.22b) 

S  1  ^ 

P 

Thus,  a  sufficient  condition  for  the  error  to  be  small  Is  that  the 

fluctuations  of  the  values  of  the  local  regression  rate  d  over  each  surface 
from  the  value  of  the  correlation  <d>  at  point  x  are  small.  A  common 
expression  for  <d>  Is  given  by  Eq.  (4.100).  If  the  error  given  by  Eq.  (3.22a) 
Is  not  small,  another  correlation  for  <d>  must  be  used.  &i  practice,  the 
error  Is  assumed  small  and  Eqs.  (3.18)  and  (3.20)  are  written  with  d  replaced 
by  <d>.  Furthermore,  an  additional  formal  error  could  be  Introduced  by  the 
modeling  of  SG.  However,  this  Is  avoided  by  the  definition  of  m  In  terms  of 
SG  (see  Section  4.7.8). 

3.2.2  Derivation  of  the  Average  Gas  and  Solid  Momentum  Equations.  The 
average  gas  momentum  equation  Is  derived  by  multiplying  the  local  momentum 
equation,  Eq.  (3.2),  by  the  function  8g,  by  Integrating  over  the  averaging 
volume  V(x)  and  by  applying  formulas  (2.9)  and  (2.21).  The  results  of  these 
operations  can  be  written  as 


(3.21) 

-  <d(t,x)>]  . 
error  term  and 
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j I Jir >y- 


(3.23) 


•|^  /  eg  PU  dV  -  /  g  P^“gp*Ugp  ^ 

V  Sp  V 

+  /  g  n  'puu  dS  ■  -  7  /  eg  p  dV  +  7  •  J  8g  n  dV 

S  sp  *  y  *  V 

p 

-  /  g  (OgpP  -  Qgp*ff)  dS  . 

P 

Ue  use  the  definition  of  an  average  gas  property  (2.4)  and  the  definition  of  u 
(3.17)  In  Eq.  (3.23)  to  obtain 

1^  [a(t,x)p(t,x)u(t,x)l  +7»[a(t,x)  j  puu|(t.x)] 

-  -  7  (^  /  egp 

-  -fe  /  g  (ngpP  -  n^p-ff  +  n^p-?  u}  dS  . 

P 

The  term  | puu| (t.x)  represents  the  average  of  the  product  ^u.  Because 
the  average  quantities  p  and  u  are  already  defined,  we  can  denote  the 
fluctuations  of  the  values  of  the  local  variables  from  the  value  of  the 
average  variables  as 

p'(t,C)  •  p(t,x)  -  p(t,C)  , 

and  (3.25) 

u'(t,C)  -  u(t,x)  -  u(t,5)  . 


If  we  substitute  formulas  (3.25)  Into  the  Integral  representation  of  a| puul , 
we  obtain 

■^  /  eg  puu  dV  »  apuu  +  •“  /  eg  pu'u'  dV  .  (3.26) 

The  difference  between  the  first  term  on  the  right-hand  side  of  Eq.  (3.26)  and 
the  left-hand  side,  Involves  a  volume  average  of  the  product  of  velocity 
fluctuations.  We  define  this  difference  as  the  turbulent  stress  tensor  of  the 
flow.  Thus,  turbulence  In  this  report  Is  defined  as  volume  averaged 
fluctuations.  The  turbulent  stress  tensor  models  the  quantity 
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(3.27) 


■  n  vr  Sg  pu'u'  dV  -  puu  -  [  puul  . 

®  vv»  y 

We  shall  not  discuss  particular  turbulence  models  In  this  report.  A  model  Is 
proposed  In  Glbellng  et  al.  (1980).  If  we  write  the  Integral  representation 
of  I puu]  and  apply  the  mean  value  theorem  for  multiple-integrals  (Apostol, 
1957),  we  can  rewrite  Eq.  (3.27)  when  Is  a  connected  set  as 


A  A 

[u(t,x)u(t,x)  -  u(t,5)u(t,5)l  p(t,x) 


(3.28) 


where  C  lies  In  and  la  different  for  each  component  of  the  tensor  uu. 

From  Eq.  (3.28),  a  good  model  of  the  turbulent  stress  tensor  for  compressible 
flows  Is  one  which  models  the  significant  differences  In  the  dyad  of  the 
average  velocities  and  the  dyad  of  the  local  velocities  componentwise.  With 
respect  to  the  errors  generated  by  the  model  In  Eq.  (3.24),  we  want  the 
errors  In  the  vector 


7»{odI^  -  [apuu  -  alpuuHl 


(3.29) 


to  be  minimized  by  the  model. 

Substituting  Eq.  (3.27)  Into  Eq.  (3.24)  and  algebraically  manipulating 
the  result,  we  have 


(apu]  +  7*  lopuu] 


-  a7p  +  7»(olI)  +  7»(an^) 


+  p  u<d>  -  [^  /  gCngpP  -  “8p*ff)dS  +  p  7a] 


-  ih  f  [“sp*?<-sp>“  - 


r  1  <■  *.*-.*.  "  SG  1 

t"  W  ^  “sp*P<"“"sp^"  ■  P  VG 

s 

p 

+  (7»[^  /6g(puu-puu)  dV  -  Oll^]} 


c 


-  {’  [|g  /  "  “pH 


khMUliW'.^  '•  ■*(«>•  r 


.30) 
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where  p  and  n  are  the  constitutive  models  for  the  average  pressure  defined  by 
I/ySgpdV]/[a*  VG]  and  the  average  viscous  stress  tensor  defined  by 
[/^gndV]/[o*  VG] ,  respectively.  In  general.  It  Is  simpler  to  model  the 
average  pressure  and  viscous  stress  tensor  than  to  actually  Integrate  the 
local  constitutive  laws.  Each  tern  In  Eq.  (3.30)  which  Is  enclosed  by  braces 
Is  an  error  term.  We  now  shall  discuss  each  error. 

*  . 

The  errors  in  the  models  p,  II,  n,^,  and  those  Introduced  by  u<d>  are 
represented  by  the  last  four  terras  on  the  right-hand  side  of  Eq.  (3.30).  If 
connected,  the  errors  In  the  last  two  terras  can  be  written  as 

/  egp  dV  -  ap]  -  7{a(t,x)  [p(t,C(x))  -  p(t,x)]}  (3.31) 


and 


/  egn  dV  -  an]  -  V.{a(t,x)[n(t,i(x))  -  n(t,x)]}  ,  (3.32) 

where  5(x)  are  the  mean  value  points  In  V  (t,x)  which.  In  general,  differ 

gas 

for  p  and  for  each  component  of  the  tensor  n.  The  models  p  and  n  as  well  as 
the  errors  (3.31)  and  (3.32)  are  discussed  In  Sections  4.7.1  and  4.7.2, 
respectively.  For  the  gas  raoraentum  equation,  the  best  approximations  for  p 
and  n  are  the  ones  which  mlnlislze  both,  the  differences  In  their  values  and 
their  derivatives. 

The  error  In  the  turbulence  model  Is  discussed  previously  In  this 
section. 

Using  the  definition  of  ^  (3.13)  the  second  braced  term  In  Eq.  (3.30)  can 
be  written  as 

P  ^  11  /  2(t,5(Tl))  a(t,5(n))  ds(n)  -  U(t,x)  <d(t,x)>}  .  (3.33) 

1  SPj^ 


If  both,  u  and  4,  are  functions  of  t  only,  then  expression  (3.33)  Is  zero  and 
no  error  exists.  When  this  Is  not  the  case,  one  can  bound  (3.33)  using  the 
mean  value  theorem  for  multiple  Integrals  by 


Ip  -^1  max  |u(t,5(nj^)]  d(t,x)  -  u(t,x)  <3(t,x)>| 


(3.34) 
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where  Is  different  on  each  surface  spj^.  Expression  (3.34)  can  be  bounded 
by 


^  SG  ^ 

IP  ^  I  {d(t,x)max|u(t,5(n^))  -  J(t,x)|  +  |u(t,x) | |<l(t,x)>  -  d(t,x)|} 

(3.35) 

Thus,  the  error  In  replacing  ^  /g^gS  J  dS  with  S<4>  consists  of  two  parts. 

One  error  Involves  the  approximation  of  d  with  <d>  and  Is  discussed  In  Section 
3.2.1.  The  other  tern  Is  snail  If  the  values  of  the  local  particle  velocity 
at  the  grain  surfaces  are  near  that  of  the  average  particle  velocity  at  x; 
that  Is  if  the  fluctuations  are  srall.  If  both  terns  are  not  snail,  then  a 

correlation  of  the  fluctuations  ( u  3  )  must  be  modeled  and  Included  in  Eq . 
(3.30). 

The  tern 


VG  -f 


P 


(3.36) 


can  be  rewritten  using  the  nass  flux  jump  Bq.  (3.10)  and  regression  rate 
definition  (3.13)  as 


S 


/  (u  -  u)  3  dS 
P 


(3.37) 


or  using  the  momentum  flux  jump  Eq.  (3.11)  as 


X  ^ 

VG  /  -  ",pP)  -  n]  dS  .  (3.38) 

P 

Ott  the  Interface  between  the  gas  and  the  particles,  we  assume  either  that  the 
normal  stresses  are  equal  (the  Intergrand  In  Eq.  (3.38)  is  zero),  or 
equivalently,  that  the  gas  and  particle  velocities  are  equal  (the  difference 
In  the  Integrand  In  Eq.  (3.37)  Is  zero).  In  the  special  case  of  no 

burning  3*0,  the  erro».  Is  zero.  When  the  above  assumption  Is  not  true,  the 
expression  (3.36)  must  be  modeled  by  a  correlation. 

From  Eq.  (2.21)  with  6  "  1.  have  the  relationship 


7o 


sp 


dS 


(3.39) 
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Using  the  forouls  (3.39),  we  have  the  equality 


^  /  g[%pP  -  n^p.n]  dS  +  pVo 
p 


W  I  8t%p(p  -  p)  '  Sp-2]  ds 
p 


(3.40) 


We  define  the  surface  Integral  on  the  right-hand  side  of  Eq.  (3.40)  as  the 
drag  force.  Hie  drag  force  Is  modeled  by  the  correlation  D  which  Is  discussed 
In  Section  4.7.5.  Hie  error  Incurred  by  this  approximation  Is 


{  /  8[“gp(P  -  P)  -  °ap*^^  “  D(t,x)}  .  (3.41) 

S 

P 

Hils  definition  Is  consistent  with  Ishll's  (1975)  development  but  Is 

different  from  Glbellng  et  al.  (1980)  and  Gough's  (1974)  which  Is  defined  In 

terms  of  the  surface  Integral  of  the  weighted  fluctuation  of  the  normal  total 

gas  stress  tensor;  n  *(11-2)  -  n  (p-p).  For  the  special  case  when  the  average 

sp  sp 

viscous  stress  tensor  Is  zero  (the  Invlseld  two-phase  model),  our  deflnl;:lon 
and  those  of  Glbellng  et  al.  and  Gough  agree.  We  recognize  the  fact  that  Eq. 
(3.40)  is  a  formal  deflaltloa  vhlch  asiy  not  be  realized  in  an  experimentally 
determined  correlation.  la  such  a  case,  the  other  effects  would  have  to  be 
Included  In  Eq.  (3.40). 

Hie  derivation  of  the  average  solid  phase  momentum  equation  parallels 
that  for  the  average  gas  momentum  equation.  We  multiply  Eq.  (3.9)  by  (l-8)g. 
Integrate  over  the  averaging  volume  V,  use  formulas  (2.10)  and  (2.22)  and  the 
definition  of  Che  average  of  a  solid  grain  property  (2.5)  to  obtain 


It  [(l-a<t,x)] 


77 

£U 


(t,x)]  +  7»[(l-o(t,x)) 


puu 


(t,x)] 


•  1?G  ^  (i-e)gn(t,o  dv} 


(3.42) 


■*■  /  «  “8P*^^"”"8P^“  dS  -  /  8  n^p*n  dS 
®P  ^P 


** 

*  * 

*** 

* 

** 

pu 

(t,x)  -  p  u(t,x)  and 

puu 

(t,x)  -  p 

uu 

Because  p  Is  a  constant,  [ pu |(t,x)  >  p  u(t,x)  and  |pwj(t,x)  >  p  luul (t.x). 

By  adding  and  subtracting  V[(l-a)p],  by  using  Eq.  (3.39),  and  replacing  n  *n 
on  Che  surface  with  Its  equivalent  via  the  momentum  flux  InCerfaclal  Jump 
condition  (3.11),  we  can  rewrite  Eq.  (3.42)  as 
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■|^(l-a)pu]  +  7*[(l-a)p[^]  •  -  (l-a)7p 


+  /  (l-6)gjl  dV  +  (1-a)  pi} 


A  A  S 

9 

p 

w  /  «t%pP  “  VP  -  "sp*®l  <*5 

p 

1  ir  5t  y 

+  VG  i  ^["sp-P^^-^ap^"  -  VP^“““8p^"l  • 


(3.43) 


where  I  is  the  Identity  tenaor.  Eq.  (3.43)  can  be  rewritten  as 


[(l-a)pu]  +  7»[(l-a)puu]  ■  -  <l-a)7p  +  7.[(l-a)n] 
-»•  7.[(l-a)ilj]  -  J  Hi  <d>  +1-  D 
+  {^  /  8[  VP(“-«8p)«  -  VP<““«8p^"] 


,1  ,  *  *  ■»  *  *  SC  *  .  , 

'  IvG  i  8“8p*P^“““sp^"  **5  P  H  “<**>! 

9 

p 


(3.44) 


iVG  ®  sp  sp' - -  ^  VG 

P 

+  {7*[p(l-o)  (uu- )  -  (l-o)  n^]} 

*  n  dV  +  <l-a)pr  -  (l-a)Il]} 

V 

J  «[”ep^P"P^  *  “ap*"^  “  Ig  ' 

9 

p 

* 

where  H  Is  the  constitutive  model  for  the  average  stress  tensor  for  the  solid 
phase  and  represents 


/  (1-8)8  il  dV  +  pi  , 


(3.45) 
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* 

and  Is  the  constitutive  fodel  for  the  average  solid  phase  turbulent  stress 
tensor.  In  analogy  to  n^,  aodels  the  dyad  (see  Eq.  (3.27)) 


*  * 

u(t,x)u(t,x)  - 


** 

uu 


(t.x) 


dV 


(3.46) 


He  recall  that  by  definition  n  denotes  the  total  stress  tensor  for  the  solid 
grain.  The  quantity  defined  by  Eq.  (3. 45)  Is  the  difference  between  the 

average  total  stress  In  the  solid  phase  (the  Integral  of  (l-6)gn/V6  over  the 
averaging  volume)  and  the  stress  caused  by  the  average  gas  pressure  (-pi). 

The  resulting  stress  Is  the  stress  caused  by  the  grains  themselves,  for 
example,  by  the  compactlfleation  of  the  propellant  bed.  Consequently,  we  call 
the  expression  (3.45),  the  average  Intergranular  stress,  and  H  the  average 
Intergranular  stress  model.  As  with  the  average  pressure,  viscous  stress 
tensor,  and  turbulent  gas  stress  tensor,  it  Is  simpler  to  separately  model  the 
Intergranular  stress,  the  solid  phase  turbulent  stress,  and  the  drag.  The 
errors  Incurred  by  these  aodels  are  represented  by  the  last  three  terms  In  Eq. 
(3.44). 


The  remaining  error  terms  In  Eq.  (3.44)  (those  enclosed  by  braces)  are 
the  surface  Integral  Involving  the  velocity  or  stress  Jump,  and  the  surface 
Integral  representing  the  source  term.  These  terms  are  discussed  In  the 
derivation  of  the  average  gas  momentum  equation  (see  the  analyses  beginning 
near  Eqs.  (3.36)  and  (3.33)-  respectively). 


3.2.3  Derivation  ot  ;;he  Average  Gas  Internal  Energy  Equation.  The 
average  Internal  energy  Is  needed  to  compute  certain  quantities,  e.g.,  the 
pressure  and  temperature  via  the  equations  of  state  for  the  average 
quantities.  The  average  Internal  energy  can  be  obtained  In  either  of  two 
ways.  First,  by  adding  the  local  Internal  energy  equation  to  the  equation  for 
the  local  kinetic  energy,  an  eqtutlon  for  the  local  total  energy  can  be 
written.  Following  a  similar  procedure  to  those  given  In  Sections  (3.2.1)  and 
(3.2.2),  we  then  can  derive  an  average  total  energy  equation.  Finally,  the 
average  Internal  energy  value  Is  obtained  as  the  difference  between  the 
average  total  energy,  and  the  average  kinetic  energy  determined  from  the 
average  velocities.  The  second  way  Is  to  average  the  local  Internal  energy 
equation,  Eq.  (3.3),  directly.  The  former  procedure  Is  the  most  coimnon. 
However,  we  use  the  latter  approach  because  several  terms  which  must  be 
assumed  small  or  modeled  by  additional  correlations  can  be  avoided,  and  the 
terms,  which  must  be  modeled,  have  simpler  physical  Interpretations,  and, 
therefore,  are  easier  to  model.  An  example  of  a  term  that  can  be  eliminated 
by  the  second  method  but  Is  present  In  the  first  Is 
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(3.47) 


/  S(t,C)  g(5-x)  [p(t,5)u(t,5)»tt(t,5)  -  p(t,x)u(t,x)*u(t,x)]  dV 
V 


-  /  8g  p  u"*!!'  dV  . 

V 

The  oon-aegatlve  expression  (3.47)  represents  the  average  difference  between 
the  local  kinetic  energy  froa  the  dot  product  of  the  average  velocity.  An 
example  of  a  tern  that  can  be  nodeled  more  easily  In  the  average  Internal 
energy  equation  Is  the  dissipation  tern.  la  the  average  Internal  energy 
equation,  the  term  4  represents  the  average  conversion  of  viscous  work  by  the 
fluid  Into  heat  only.  Whereas  In  the  average  total  energy  equation,  the 
term  V. (ll.u)  iMdels  the  average  conversion  of  viscous  work  of  the  fluid  Into 
two  quantities,  heat  and  kinetic  energy. 

The  average  Internal  energy  equation  Is  derived  In  a  similar  fashion  as 
the  average  gas  continuity  equation  and  gas  momentum  equations.  We  multiply 
Sq.  (3.3)  by  Sg,  Integrate  over  the  averaging  volume  V(x)  and  use  formulas 
(2.9)  and  (2.21)  to  obtain 


♦j  dV  -  7./8g  Q  dV  (3.48) 


P 

We  define  the  average  specific  Internal  energy  e  similar  to  the  average  gas 
velocity,  that  is,  as  the  quotient  of  the  average  Internal  energy 
density  | pel  and  the  average  mass  density  p: 


Ir  /  8g  pe  dV  +  7*/  0g  pua  d7  •  -  / 

^  V  Sp 

-  /  8g  p7.u  dV  +  /  eg 
V  7 


-  /  g  48  . 


e 


P^(t.x) 

pdt.x) 


(3.49) 


Using  Eqs.  (3.13)  and  (3.49),  Eq.  (3.48)  can  be  written,  after  some 
manipulation,  as 
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1 

•D-Alt8  910  ARMY  RCSCMCH  ORTICC  MtCAKCH  TRIANtLC  RAM  NC 
MIKCeOlNM  OR  THt  19M  ARMY  NUHCRicif  m!£y»I 

UNCLASSIFIED  AR0-0(-S 

F/O  lO/t '  1 

AND  CONRuTCRS  C— ETC<U)  - 

NL 

1 

1 

1 

[ 

■^1 

■  "  - - 

(ope)  +  V*(apeu)  ■  -  ap7*u  +  a*j^  +  o*^  -  7»(aQ) 

+  *i'  <5>  --fe/'K,” 

P 

+  7»[apeu  -  o(pett|l  +  [~  /  8^j  47  -  a*j^  -  o*^]  (3.50) 

+  7»[oQ  -  ^  /  6gQ  dV]  +  [op7«u  -  /  3»P^*«  dV] 

7  7 

s 

p 

where  d^t  end  Q  are  the  constitutive  aK>dels  for  the  average  dissipation 
function,  turbulent  dissipation  function,  and  the  average  heat  conduction, 
respectively.  The  average  energy  release  by  the  propellant  during  burning  Is 
denoted  by  t(t,x).  The  term  apeu-a| peu |  •  -  ( l/7G)/ggpe‘'u''  dV,  In  analogy  to 
Eq.  (3.26).  This  tern  Is  sero  If  either  e'  =0,  or  u'  s  0,  l.e..  If  e  or  u  Is 
a  function  of  time  only.  However,  In  turbulent  flows  this  term  can  be 
significant.  A  model  of  the  tern  as  the  gradient  of  the  energy  variable  Is 
given  by  Cebecl  and  Smith  (1974).  la  Interior  ballllstlcs,  the  tern  Is 
probably  large,  because  for  moving  and  burning  grains  the  extrema  of 
a"  and  u"  are  likely  to  correlate.  He  denote  the  model  of  this  tern  by  Qi^. 
The  term  (BgQ*n^^/SG)dS  represents  the  average  heat  flux  Into  the  particle 

from  the  gaS  and  Is  modelgd  by  the  correlation  <e>.  The  models  for 

d,  and  d^,  Q  and  Q^,  and  e  and  <e>  are  discussed  in  Sections  4.7.3,  4.7.4,  and 

477.8,  respectively. 


We  now  can  rewrite  Eq.  (3.50)  as 


(ope)  +  7<(apeu)  ■  -op  7«u  +  -  7«(oQ)  -  7»(aQ^) 

.  *  SG  *  .3,  SG 
+  p  ^  e  <d>  -  —  <e> 

+  /  Bg  [♦iCt.S)  -  ♦i^(t.x)  -  ♦jCt,*)]  dV 

"  1^*^/  0glQ(t.5)  -  Q(t,x)]  dV}  -  |7»f(arpeu1  -  open)  -  aQj} 


(3.51) 


-l^/  g(^t.O-a.„  -  <i>]  dS  } 


«P 


+  Bg(p<t..)»-o<t,l)  -  p<t.E)7.0<c,£)]  dV) 


-l5f • 


VG 


where  the  teraw  enclosed  by  braces  are  error^type  terns. 

The  first  four  error  terns  depend  on  a  nodel  and  are  discussed  In  the 
appropriate  nodel  section  (see  Section  4).  The  renalnlng  two  terns  can  be 
written  by  following  slnllar  analyses  to  those  In  the  average  gas  nonentun 
equation  derivation  as 

4s  /  8g  "  pV*u]  dV  -  a(tpX)  p(t,x)  [7-u(t,x)  -  7»u(t,5(x))] 

V 

(3.52) 

+  a(t,x)  7»u(t,C(x))  [p(t,x)  -  p(t,C(x))] 


and 
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'4/‘ 


(3.53) 


*  SG  r 
IP  TO  [« 


<d>  - 


SG 


/  ge 

S 

P 


S  dS]| 


* 

Ip 


SG  ,  r* 
VG  ' 


1  <d>  -  d|  +  S  max  |e(t,x)  ~  e(t,£(n. ))!} 
i  ^ 


where  C(x)  la  a  point  in  (V...  la  aaaumed  connected)  and  n.  la  a  point  on 

gas  gas  1 

the  aurface  Sp^* 

The  error  repreaented  by  Eq.  (3.52)  conalata  of  two  parts:  the  error 
Bade  by  ualng  the  divergence  of  the  average  velocity  for  the  divergence  of  the 
local  velocity,  and  the  error  nade  by  ualng  the  average  preaaure  correlation 
for  the  local  preaaure.  If  both  p  and  7*u  were  functlona  of  time  only,  the 
error  would  be  zero.  If  the  term  la  not  negligible,  then  a  correlation  that 
■odela  the  average  fluctuatlona  of  p7*u  from  p7*u  muat  be  Included.  Moat 
often  the  term  la  neglected,  but  a  model  may  be  necessary  in  some  turbulent 

flows.  The  error  generated  by  replacing  the  surface  Integral  of  gei/SG  with 
the  product  of  correlations  e<i>,  Eq.  (3.5.3),  also  consists  of  two  parts. 

The  first  Involves  the  approximation  of  d  by  <d>  which  Is  discussed  In  Section 
3.2.1.  nie  second  la  small  if  the  fluctuations  are  small  of  the  local 
Internal  energy  from  the  specific  Internal  energy  of  the  gas  at  flame 
temperature,  C.  la  practice,  both  errors  are^assumed  small.  If  not,  a 

correlation  which  models  the  fluctuation  of  ei  from  e<d>  over  the  surface  of 
the  grains  must  be  Included. 


3.2.4  Derivation  of  the  Surface  Average  Equations.  Oh  the  surface  of 

the  particles,  the  average  normal  regression  distance  3  and  the  average 

surface  temperature  f  can  be  defined  according  to  the  definition  (2.25), 

*  * 

where  d  and  T  denote  the  local  values,  respectively.  According  to  Section 
2.2.5,  the  variables  3  and  ^  satisfy  the  differential  equation  (2.41)  so  that 
the  average  regression  distance  equation  Is 

11+  US .  <4>  +  (^/  g(^-  <a>)  ds } 

S 

P 

+  tfe  /  -  d)  (3  -  U3p)-V^g  dS}  (3.54) 

®P 

^  tlG  /  41 » 

S_ 


184 


and  the  average  surface  tenperature  equation  Is 


If  +  S.VT  -<%>  +  {!-/  g(il  -  <b)  ds} 

s 

p 

®p 

% 

where  u^  -  -1^  ,  <d>  Is  the  correlation  for  the  regression  rate,  and  <i>  Is 
the  correlation  for  the  rate  of  change  of  grain  surface  tenperature. 

The  last  three  terns  In  each  of  the  Eqs.  (3.54)  and  (3.55)  are  error 
type  terns.  The  first  error  terns  In  Eqs.  (3.54)  and  (3.55)  are  the  surface 
averages  of  the  fluctuations  between  the  local  values  and  Its  corresponding 
correlation  values  of  the  regression  rate  and  surface  tenperature, 
respectively.  The  regression  rate  tern  Is  discussed  In  Setlon  3.2.1  and 
slnllar  error  estlnates  and  connents  can  be  nade  concerning  the  surface 
tenperature  tern.  The  renalnlng  error  terns  Involve  fluctuations  fron 

fomally  def Ined^averages .  The  last  terns  In  Eqs.  (3.54)  and  (3.55)  Involve 
*  * 

fluctuations  of  d  and  T  fron  their  average  values,  respectively.  Because  the 
Integrands  of  these  surface  Integrals  Include  other  terns,  these  Integrals  are 
not  surface  averages  of  fluctuations,  and,  thus,  are  not  necessarily  sero. 

The  other  set  of  error  terns  Include  the  product  of  the  fluctuations  of  the 

local  Interface  velocity  fron  the  voluae  average  particle  velocity  u  with  the 

*  * 

fluctuations  of  T  and  d  fron  their  average  values.  As  before,  the  Integrals 
Involving  these  products  are  not  surface  average  Integrals.  If  the 
fluctuations  are  snail  over  the  surface  of  all  the  particles,  then  the  terns 
can  be  neglected.  Such  cases  occur  when  the  regression  distance  and/or  the 
surface  tenperature  of  all  the  grains  are  equal.  If  these  surface  Integrals 
represent  significant  contributions  to  the  rate  of  change  of  the  variables, 
correlations  for  then  nust  be  fomulated  and  Included  In  the  governing 
equations  (3.54)  and  (3.55). 

3.3  Sunnary  and  Discussion  of  the  Conservation  Equations  Without  Error  Terns 

Bn  this  section,  we  will  list  and  discuss  the  equations  derived  In 
Section  3.2  without  error  terns.  He  are  aware  that  sons  of  the  neglected 
terns  nay  be  significant  In  sons  flows.  Ba  such  cases.  It  (they)  can  be 
appended  to  the  governing  equatlon(s)  and  nodeled.  A  good  way  to  decide 
whether  a  tern  should  be  neglected  or  Included  In  a  set  of  equations  Is  to 
conpare  the  accurate  solution  of  the  equations  with  data  fron  well-defined, 
carefully  done  experlncnts.  Furthemore,  we  realise  that  sone  of  the 
constitutive  laws  and  correlations  quite  possibly  can  be  coupled  to  each  other 


185 


and  terns  in  the  governing  equations  could  be  grouped  differently.  Thus,  the 
fomal  and  physical  meaning  of  some  of  the  constitutive  laws  and  correlations 
can  change.  Therefore,  the  form  of  the  equations,  correlations,  and 
constitutive  laws  for  Interior  ballistic  applications  listed  In  this  report 
should  not  be  considered  as  final. 

The  porosity  equation  (3.20)  (the  average  solid  phase  continuity 
equation)  can  be  written  as 


1^  (1-a)  +  7»[(l-o)u]  -  -Fj  , 


where  the  source  term  Is  given  by 


S6  • 

-?§«*> 


(3.56) 


(3.57) 


The  average  solid  phase  momentum  equation  (3.44)  expresses  the  conservation  of 
the  solid  phase  momentum  density,  and  Is 

Ij-  [(l-a)pu]  +  V»[(l-o)puu]  -  -  (l-o)7p  +  (l-o)p 


^rag  -  * 


(3.58) 


where 


(l-a)SA^^^^^^  -  V.[(l-a)n  +  (l-o)ny] 


(3.59^) 


and 


^drag  "  -fe  ° 


(3.60) 


The  average  gas  phase  continuity  equation  (3.21)  Is 


3  ^ 

(op)  7*((ipu)  -  pFj 


(3.61) 
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The  average  gas  phase  nonentum  equation  (3.30)  expresses  the  conservation  of 
the  momentum  density  and,  with  the  definition  of  drag  (3.40),  can  be  written 


^  (apu)  +  7.(oouu)  -  -  aVp  +  up  +  ap 


+  puFj  -  (l-a)p  A^^^g  . 


where 


(3.62) 


^  ^vlsc  "  • 


(3.63) 


^  \urb  ”  * 


(3.64) 


The  average  ,<i'ts  phase  energy  equation  (3.51)  expresses  the  conservation  of  the 
gas  phase  InKvmal  energy  density,  and  Is 


3 

(ope)  +  V*(apeu)  •  -  apV*u  +  +  oTj  +  peFj  , 


(3.65) 


where 


♦l-*L**T  * 


(3.66) 


ofj  -  -  V*(oQ)  -  ^  <e>  -  7»(oQy) 


(3.67) 


The  term  contains  all  the  models  for  the  heat  dissipation  functions  and  the 
term  T.  contains  those  for  the  heat  conduction  within  the  gas  and  to  the 
particles,  and  the  turbulent  heat  flux. 


;  ?•  ' 


The  governing  equations  for  the  surface  average  regression  rate  (3.54) 
and  for  the  surface  average  surface  temperature  (3.5S)  are 


* 

^+u.V 


<d> 


(3.68) 


and 


* 


u»V 


<T>  . 


(3.69) 


Because  the  left-hand  sides  of  these  equations  represent  material  derivatives, 
one  can  Interpret  the  equations  as  state  equations  for  the  surface  material. 

The  source  term  Is  modeled  by  <d>  which  appears  In  every  volume 

VG 

averaged  equation.  Recalling  the  definition  of  the  source  term 

^a(t,x)  a  dS,  d  >  0  ,  (3.70) 

s 

p 

we  see  that  the  model  must  be  zero  when  no  particle  within  the  averaging 

volume  at  point  (t,s)  la  burning  (regression  rate  ^  Is  zero).  When  no 
particles  exist  within  the  averaging  volume  we  want  the  value  of  the  source 
term  to  be  zero.  This  Is  reasonable  because  for  the  case  of  uniformly 
regressing  particles,  the  Integral  In  Eq.  (3.70)  approaches  zero  as  the 
porosity  approaches  one.  Furthermore,  t^e  value  of  the  model  must  be  always 
non-negative.  Comparing  Eq.  (3.61)  and  p  times  Eq.  (3.56),  we  see  that  value 
of  the  average  mass  flux  per  volume  to  the  gas  phase  Is  exactly  that  being 
taken  away  from  the  solid  phase  within  the  averaging  volume.  The  average 
balance  can^lso  be  seen  In  the  momentum  equations  and  Involves  the  momentum 
flux  model  puT^.  The  drag  force  per  volume,  O/VG,  Is  also  balanced  on  the 
average  In  the  momentum  equations  (3.58)  and  (3.62).  We  note  that  the  model 
for  the  drag  force  1)  should  be  zero  when  no  particles  exist  (a~l)  In  the  flow 
because  then  the  drag  force  Eq.  (3.40)  is  zero  (S  has  zero  surface  area). 
Appropriate  types  of  average  stress  tensors  are  also  Included  In  the  average 
momentum  equations.  For  the  gas  phase,  Eq.  (3.62),  the  average  viscous  stress 
tensor  S  and  average  turbulent  stress  tensor  11-  are  weighted  with  respect  to 
the  average  voluam  of  gas  present.  |or  the  solid  phase,  Eq.  (3*58),  the 
average^ Intergranular  stress  tensor  H  and  average  solid  phase  turbulent  stress 
fnaor  are  wmlghted  with  respect  to  the  average  volume  of  solid  phase 
present  and  are  grouped  together.  The  Ijjfiemal  energy  of  the  gas  phase,  Eq. 
(3.65),  Is  augmented  by  the  source  term  per..  The  appropriately  weighted  beet 
dissipation  functions  4^  and  4^  (the  contribution  from  turbulence)  are  grouped 
togeth«>r.  The  average  work  done  by  the  gas  pressure  Is  denoted  by  -pVu  and  Is 
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weighted  by  the  porosity.  The  average  heat  flux  between  the  gas  and  the  solid 

Is  represented  by  <e>.  The  correlation  <e>  should  be  positive  when  the 
teaperature  of  the  gas  Is  higher  than  that  of  the  solid,  negative  In  the 
opposite  case  and  zero  when  the  teiBperatures  are  the  saae  or  when  no  particles 
exist  In  the  averaging  volune.  The  average  heat  conduction  In  the  gas  Is 
■odeled  by  ?>(aQ).  The  turbulent  heat  flux  vector  Is  aodeled  similarly 
by  7*(aQ^.  The  last  three  terns  are  grouped  in  one  term  T..  The  surface 
averaged  equations  for  the  average  regression  distance  (3.68)  and  surface 
teaperature  (3.69)  have  non-negative  valued  right-^and  sides  represented  by 
the  correlations  <S>  and  <T>  ,  respectively. 

The  Halting  case  of  no  particles  within  a  region  Is  of  particular 
interest  In  Interior  ballistic  applications  because  such  regions  do  exist 
inside  a  gun  tube.  The  other  Halting  case  of  no  gas  does  not  exist  in  our 
applications  and,  thua.  Is  of  no  practical  Interest.  Ih  the  case  of  no 
particles  (a*l),  the  set  of  conservation  equations  greatly  slnpllfy.  The 
source  terms  are  zero  and  the  drag  and  Interface  heat  transfer  terms  are  also 
zero.  However,  It  Is  Important  to  notice  that,  first,  the  gas  phase  equations 
do  not  reduce  to  the  local  equations  (3*1)  through  (3.3).  The  simplified 
set  (a*l)  differs  In  form  from  the  local  equations  because  It  includes  the 
turbulence  terns,  that  la,  V*(n_),  and  V*(Q;^).  Ihls  fact  reminds  us  that 

the  resulting  set  of  equations  is  still  a  set  of  average  equations  for  a 
finite  averaging  volume  V.  Secondly,  even  If  the  averages  of  all  the  products 
of  fluctuations  were  zero  (no  turbulence),  then  the  set  of  equations  for  the 
gas  flow  would  have  the  saae  fora  as  the  local  equations,  but  the  solutions 
would  not  be  the  same  In  general.  This  Is  so,  because  the  quantities  p,  u, 
and  e  are  averaged,  and  their  Initial  and  boundary  conditions  are  not  the  same 
as  the  initial  and  boundary  conditions  for  p,  u,  and  e  In  general.  Thirdly, 

If  we  let  the  averaging  volume  go  to  zero  In  the  simplified  set 

(with  c(>l),  the  turbulence  terms  would  be  zero  because  the  fluctuations  are 

averaged  over  the  averaging  volume  which  has  zero  volume.  In  this 

case  (a-*-!  and  V(x}*0)  the  averaged  equations  reduce  In  form  to  the  local 

equations  and  the  Initial  and  boundary  conditions  should  reduce  to  the  local 

conditions.  Thus,  the  solutions  of  the  two  sets  would  be  Identical. 

Fourthly,  In  the  case  of  a>l,  the  equations  for  3  and  Eqs.  (3.68)  and 
(3.69),  are  homogenous  (<d>  <■  <T>  «  0)  but  a  value  of  3  and  f  can  be  computed 
from  these  equations  If  u  la  defined.  Although  these  values  would  be 
physically  awanlngless ,  they  allow  the  solution  to  be  computed  numerically 
everywhere  without  tracing  the  Internal  boundaries  of  gas  and  mixture. 

Because  these  internal  boundaries  cannot  be  predicted  ahead  of  time  In  a  two- 
dimensional  flow  field,  this  provides  a  distinct  numerical  advantage. 

Fifthly,  the  average  solid  phase  momentum  equation  Is  Identically  satisfied 
when  0*1.  Thus,  the  components  of  the  vector  u  cannot  be  determined  from  Eq. 
(3.58),  and  the  numerical  advantages  discussed  with  respect  to  3  and  ^  are 
lost.  fact,  when  an  Implicit  numerical  algorithm  Is  used  to  solve  Eq^s. 
(3.56)  through  (3.69)  directly  for  the  variables  p,  a,  u,  u,  e,  3,  and  T,  It 
can  be  shown  that  the  matrix  equation  which  must  be  solved  for  a  new  time 
level  of  values  Is  singular  (the  rank  of  the  matrix  Is  deficient)  when  a*l. 

Td  avoid  this  situation,  we  can  algebraically  manipulate  the  porosity  and 
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solid  phase  aoasntum  equaclons  Into  a  non-consarvatlva  form  where  3u/3t  has  a 
coefficient  one.  Then  the  coaponenCs  of  u  can  be  defined  everywhere.  Another 
advantage  of  solving  for  the  values  of  u*  3,  and  f  directly  froa  their 
governing  partial  differential  aquations  when  a-1  is  that  their  values  should 
be  continuous  at  a«l  If  the  equations  approach  a  non-singular  fora  at  a>>l. 

In  Section  4.1.  4.2,  and  4.3,  we  discuss  better  foms  of  the  partial 
differential  equations  and  another  choice  of  dependent  variables  for  nuaerlcal 
treataent. 


4.  GOTEBNIMG  EQUATIONS 


4.1  Basic  Systea  of  Governing  Equations 

A  systea  of  conservation  equations  for  average  flow  properties  was 
derived  In  Section  3.  One  obtains  an  equivalent  systea  of  differential 
equations  by  solving  the  conservation  equations  (3.56)  through  (3.69)  for  the 
tlae  derivatives  of  the  dependent  variables,  let  the  ensuing  systea  be  called 
governing  equations  of  the  flow.  It  consists  of  the  following  set  of 
equations 


* 

||.  •  -  7<(pu)  “  a  “  o)7«u  -  (u  -  u)»7(l  -  o)]  +  (P  ■^)  , 

If  f ''2*  7  ' 


■  -  (u»7)tt  -  -^p  -  -^u  -  u)  ^  r»  -  A.  +  A  .  A  K  » 
3t  '  p*^o  p2  a  drag  vise  turb 


It  "  '  -  •i-’P  +  A  +  , 

P  P 

-  7-((l-a)u)  +  Fj  , 


a*  1 

f _ ^  * 


* 

Sd  *  *  . 

■  -  u»7d  +  <d>  , 


3^  *  ^  .iu 

—  ■  -  u»7T  +  <T>  . 


(4.1) 


The  systea  Is  closed  by  a  nuaber  of  correlation  aodels  that  will  be  discussed 
In  detail  In  Section  4.7.  Presently,  we  aerely  give  a  short  exposition  of  the 
corresponding  teras  In  Eq.  (4.1).  The  listed  arguasnts  of  the  correlation 
functions  are  only  representative.  Indicating  the  aost  obvious  dependences. 
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the  actual  aodels  may  depend  on  fewer  or  on  more  arguments.  Also,  all  models 
depend  Implicitly  or  explicitly  on  the  averaging  volume  and  on  the  averaging 
weight  function. 

The  equations  of  state  eater  the  system  In  form  of  a  relation  for  the 
pressure,  vis., 

p  -  p(p,e)  ,  (Pa)  .  (4.2) 


The  mass  source  due  to  the  phase  change  by  combustion  is  represented  by 

r,  -  (1  -  a)  -2-5-  <a>  ,  (1/s)  ,  (4.3) 

*  ’pW) 

where  we  define  ~  «  (l-«t)s^(d)/v^(d),  and  Vp(S)  and  Sp<3>  are  the  volume  and 

surface  correlations,  respectively,  for  propellant  grains  with  the  regression 
distance  3.  The  quantity  <3>  represents  the  regression  rate  correlation. 
Generally  It  Is  a  function  of  the  type 


<3>  ■  <3>  (p,|u  -  u|,ap/at)  ,  (m/s)  .  (4.4) 

The  heat  dissipation  Is  modeled  by  the  function 

-  *^(u,T,a,u,3)  ,  (W/m^)  ,  (4.5) 


where  T(p,e)  Is  provided  by  the  equation  of  state  correlation.  The  heat 
conduction  Is  represented  by  the  function 

Tj  -  Tj(T,  7T,  7*VT,  <b)  ,  (W/m^)  .  (4.6) 

The  last  argument  of  7.  In  Eq.  (4.6)  Is  the  rate  of  change  of  the  grain 
surface  tesqMrature ,  mlch  nay  be  modeled,  e.g.,  by 

<b  -  <b  (T,T,|u-u|),  (K/s)  .  (4.7) 
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•>,. .. 


The  term  A. 


and  particles 


drag 


represents  the  acceleration  due  to  the  drag  between  gas 


^drag  “  Vag  3, T),  {ml ah 


(4.8) 


The  velocity  governing  equations  contain  three  more  acceleration  terms. 
They  are,  the  acceleration  by  the  laminar  viscosity 

^vlsc  "  \lsc  (T,7u,7*7u,a)  ,  (m/s^)  ,  (4.9) 

the  acceleration  due  to  turbulence 

\orb  "  \urb 


and  the  acceleration  due  to  Intergranular  stress  and  solid  phase  turbulence 


stress 


-  A 


stress 


.  *  * 
(a,d,7u, . . .) 


(m/s^) 


(4.11) 


The  system  of  governing  equations,  Eqs.  (4.1),  Is  for  numerical  solution 
more  advantageous  than  the  system  of  conservation  equations  (3.56)  through 
(3.69)  because  none  of  the  Eqs.  (4.1)  become  Identically  satisfied  as  a-»-l. 
This  permits  one  to  carry  out  the  calculations  throughout  the  Interior  of  the 
gun  tube  without  tracking  the  boundaries  of  regions  with  a  *  1. 


We  can  further  Improve  the  equation  system  by  selecting  a  new  set  of 
dependent  variables.  The  choice  of  the  new  variables  and  the  corresponding 
new  system  of  governing  equations  are  described  In  Sections  4.2  and  4.3, 
respectively. 


4.2  Choice  of  Dependent  Variables 

4.2.1  Particle  Number  Function.  If  the  source  term  V2  computed  using 

Eq.  (4.3),  then  one  can  expect  numerical  difficulties  as  v  (3)  approaches 
sero.  bterpretlng  the  equation  physically.  It  Is  plausible  that  1  -  a  v^  , 
so  that  r2  vanishes  at  the  limit.  However,  because  a  and  3  (and, 
consequently,  v^cS))  are  separate  variables,  their  numerical  values  will.  In 
general,  approach  the  corresponding  limits  at  different  times  and  locations. 

In  a  computer  program,  the  situation  requires  special  safeguards  to  prevent 
overflow. 


192 


The  special  progrannlag  can  be  avoided  if  the  number  of  particles  Is 
Introduced  as  a  dependent  variable.  Ttiis  can  be  done  by  different 
approaches.  In  one  approach,  one  assumes  that  the  governing  equations, 

Eqs.  (4.1)  for  a  and  d,  and  the  source  term  correlation  (4.3)  hold  exactly. 
Then  the  number  of  particles,  m(t,x),  can  be  Introduced  by  a  formal  definition 
In  terms  of  already  defined  functions.  In  a  second  approach,  one  avoids  the 
use  of  the  correlation  (4.3)  and  defines  m(t,x)  concurrently  with  the  particle 
volume  function  v  (3)  such  that  the  equation  for  a  in  the  equation  system 
(4.1)  Is  satisfied  approximately.  Finally,  one  can  define  m(x,t)  by  a 
specific  "reasonable”  formula  and  then  seek  to  determine  a  corresponding 
function  Vp(3)  such  that  the  equation  for  a  Is  approximately  satisfied.  Each 
of  the  approaches  requires  some  approximations.  The  last  approach  has  the 
advantage  that  it  provides  guidelines  how  to  chose  the  particle  volume 
function  Vp(3). 

We  start  with  the  first  approach  and  define  m  In  terms  of  a  and  v  (3)  as 
In  Eq.  (2.45)  by  ^ 

i(t,x)  -  VG  (l-a)/Vp(d)  .  (4.12) 


The  two  governing  equations  for  a  and  3  In  Eqs.  (4.1)  are.  If  the  definition 
of  by  Eq.  (4.3)  Is  used. 


3(l-a) 

3t 


-  V»((l-a)u)  -  (1-a)  <d> 

Vp(d) 


and 


* 

3d  *  * 

If  -  -  u.7d  + 


<d> 


(4.13) 


Next,  we  express  a  In  terms  of  m  and  v^  using  Eq.  (4.12),  and  obtain 


®  ^  ’  VG  • 


(4.14) 


The  expression  (4.14)  Is  substituted  into  the  first  Eq.  (4.13).  After  simple 
manipulations,  whereby  the  relation 


Is  assuaed 


* 


* 


li 

3t 


one  obtains  from  the 

*  * 

7»(n  u)  , 

*  *  . 

u*7d  +  <d>  . 


system  (4.13)  the  new  system 


(4.16) 


Thus,  one  can  replace  the  two  governing  equations  (4.13)  by  the  two 
equations  (4.16)  and  the  relation  (4.14).  If  m  Is  used  Instead  of  a  as 
dependent  variable,  then  the  source  term  F.  In  the  equation  system  (4.1)  Is 
calculated  by  ^ 


-  fe  -p^^)  <^> 


(4.17) 


Instead  of  using  Eq.  (4.3).  The  expression  (4.17)  has  no  numerical 
singularities,  hi  addition,  the  new  Eqs.  (4.16)  are  simpler  than  the 
previously  used  set  (4.13).  Physically  Interpreted,  the  first  Eq.  (4.16) 
means  conservation  of  the  number  of  particles.  Independently  of  their  size, 
whereas  the  second  equation  governs  the  average  size  of  the  particles, 
Independently  of  their  number  In  the  averaging  volume. 

The  weak  point  of  the  described  formal  Introduction  of  m(t,x)  (the  first 
approach)  Is  that  m  and  the  governing  equation  for  m  contain  Inaccuracies  that 
depend  on  the  quality  of  the  formula  (4.3)  for  the  source  term  r2*  ^  order  to 
make  the  definition  of  m  Independent  of  these  Inaccuracies,  one  can  define  m 
concurrently  with  v  (d)  and  s  (3)  by  the  relation  (4.12),  which  we  rewrite  In 
the  form 


«(t,x)  V  (d)  -  /  (1-6)  g  dV  ,  (4.18) 

^  V 


the  Eq.  (4.15),  and 


m(t,x)s  (d)  -  /  g  dS  •  SG  .  (4.19) 

^  S 

P 

The  Eqs.  (4.15),  (4.18),  and  (4.19)  are  consistent  In  the  sense  that  Eq. 
(4.19)  Is  a  consequence  of  Eqs.  (4.15)  and  (4.18). 
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(4.20) 


The  exact  expression  for  the  source  tern  r2  Is 


/  g  a  ds .  ^  a  • 


VG 


Therefore,  If  Eq.  (4.19)  holds 


* 

m  An 

^2  -  ?G  • 


(4.21) 


If  we  also  use  the  exact  average  value  d  instead  of  the  correlation  <4>  In  the 
governing  equation  for  3,  then  one  obtains  fron  these  relations  and  from  the 
last  two  Eqs.  (4.1)  by  formal  manipulation  as  above 


* 

3m 

at 


7* (mu)  , 


(4.22) 


Eqs.  (4.21)  and  (4.22)  are  derived  without  any  simplifying  approximations  for 
the  source  term.  When  the  equations  are  Incorporated  Into  the  equation  system 
(4.1)  for  numerical  solution,  then  the  average  i  will,  of  course,  be  replaced 
by  the  corresponding  correlation  <d>. 

The  weak  point  of  the  second  approach  Is  that  the  two  functions  m  and  Vp 
with  the  desired  properties  do  not  exist  In  general,  and,  therefore,  one  has 
to  use  functions  that  satisfy  the  Eqs.  (4.15),  (4.18),  and  (4.19)  only 
approximately.  The  non-existence  can  be  seen,  e.g.,  by  considering  the  ratio 
Sp/Vp,  which  according  to  Eqs.  (4.18)  and  (4.19)  Is  equal  to 

8  (d)/v  (d)  -  /  g  dS//  (1-6)  g  dV  .  (4.23) 

P  P  S  V 

P 

The  right-hand  side  of  Eq.  (4.23)  obviously  depends  not  only  on  the  average  3, 

but  also  explicit^  on  t  and  x.  Even  in  the  special  case  where  all  particles 
e  * 

are  equal,  l.e.,  d  =  d  >  constant,  the  ratio  depends  on  the  position  of  the 
grains,  l.e.,  explicitly  on  t  and  x.  On  the  other  hand.  If  g  Is  a  constant, 
then  Eq.  (4.23)  can  be.  Indeed,  a  function  of  3  only,  and  a  proper  function 
Vp(d)  might  be  found.  (Act\ially,  g  can  be  only  approximately  a  constant,  see 
Section  2.4.) 
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Because  the  Eqa.  (A. IS),  (4.18),  and  (4.19^  cannot  be  satisfied  exactly, 
one  night  as  veil  define,  as  a  third  approach,  a(x,t)  by  a  reasonable  fomula 
and  then  seek  such  a  function  Vp(3)  that  satisfies  the  above  mentioned 
equations  approximately.  (The  other  possibility,  to  choose  Vp(3)  and  then 
define  n  by  Eq.  (4.18)  aaounta  to  the  definition  by  Eq.  (4.12).  The 
corresponding  n  has  undesirable  limit  properties  when  some  grains  In  the 
averaging  volume  are  reduced  by  combustion  to  zero.) 

Either  of  the  following  two  formulas  define  functions  m(t,x)  with 
reasonable  limit  properties: 


(4.24) 


(4.25) 


In  these  equations,  m  Is  the  number  of  grains  or  grain  parts  In  V,  s  ^  are  the 
surface  areas  of  the  grains,  are  their  surfaces,  v  ^  are  the  magnitudes  of 
their  volumes,  and  are  their  volums.  The  contriwtion  of  a  grain  that  Is 
reduced  to  zero  volume  Is  g(Cj^(b)  ~  x],  where  Cj^(t)  la  the  location  of  the 
grain.  When  all  grains  are  reduced  to  zero,  then  either  of  the  formulas 
produces 

m(t,x)  -  £  g(C. (t)  -  x)  .  (4.26) 

1-1  ^ 

If  all  grains  have  the  same  finite  size,  then  the  formulas  reduce  to 
Bqs.  (4.18)  and  j^4.19),  respectively.  Finally,  If  g  Is  constant  then  the 
contribution  to  n  of  each  grain  that  Is  completely  Inside  V  Is  one,  and  the 
contribution  of  a  grain  partially  In  V  Is  less  than  one,  in  accordance  with 
Its  location.  Only  for  constant  g,  and  all  grains  located  Inside  V,  the 
function  m  Is  Independent  of  3.  Therefore,  the  factorization  as  postulated  by 
Eqs.  (4.18)  and  (4.19)  can  be  best  approximated  If  the  weight  function  is 
constant  over  most  of  the  averaging  volume. 

If  m  Is  defined  by  either  of  the  Eqs.  (4.24)  or  (4.25),  then  one  nay 
select  the  volume  correlation  Vp(3)  to  fit  the  choice  of  n.  The  surface  area 
correlation  s  (3)  la  then  obtained  by  the  fomula  (4.15).  The  selection  of 
Vp(3)  Is  discussed  In  Section  4.7.9. 

4.2.2  Pressure  Logarithm  and  Entropy.  The  equation  system  (4.1) 
contains  two  thermodynamic  quantities  as  dependent  variables,  namely,  the 
density  p  and  Che  specific  Internal  energy  e.  One  can  replace  this  pair  of 
variables  by  a  different  pair  of  themodynandc  quantities  and  replace  the 
first  two  equations  In  Eq.  (4.1)  by  corresponding  governing  equations  for  the 
new  pelr.  The  variables  can  be  chosen  such  that  the  new  system  of  equations 
Is  better  suited  for  numerical  treatment. 


2  /  8<»S} 

1-1  "pi  SjOV 

"  {—  /  «<ivl 

1-1  pi  v^nv 
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First,  we  notice  that  up  to  six  equations  contain  the  gradient  of  the 
pressure.  The  handling  of  the  gradient  terns  can  be  simplified  considerably 
If  the  pressure  p  Itself  la  chosen  as  a  dependent  variable  Instead  of  p.  The 
replacement  reduces  the  total  number  of  terms  In  the  equation  system. 

Second,  one  may  replace  e  by  another  variable,  e.g.,  by  the  specific 
entropy  s,  the  specific  enthalpy  h,  or  the  temperature  T.  These  choices  do 
not  simplify  the  equations.  The  number  of  terms  does  not  change  If  s  is  used 
Instead  of  e,  but  It  does  Increase  If  h  Is  used  Instead  of  e.  Choslng  T  as  a 
dependent  variable,  one  obtains  the  most  complicated  equations. 

Based  on  these  considerations,  we  have  chosen  s  as  a  second  thermodynamic 
variable.  First,  It  does  not  complicate  the  equation  system.  Second,  s  Is 
proportional  to  the  logarlths  of  the  temperature,  irtiereas  e  la  proportional  to 
the  temperature  Itself.  Therefore,  If  the  flow  contains  large  temperature 
variations.  Its  representation  In  terms  of  s  Is  much  smoother  and  more 
amenable  to  numerical  differentiation.  (One  can  expect  large  temperature 
variations  In  certain  Interior  ballistics  problems.) 

The  relation  between  s,  p,  and  T  Is  for  Noble-Abel  gases 


s  •  Aj  ln(T)  -  Aj  ln(p) 


(4.27) 


with  constant  A^  and  A2.  The  Eq.  (4.27)  suggests  that  q>Jln(p)  would  be  an 
even  better  choice  than  p  as  the  other  thermodynamic  variable.  If  q  Is  a 
function  of  p  only,  then  this  replacement  does  not  Introduce  any  new 
complications  In  the  governing  equations.  Our  final  choice  of  thermodynamic 
variables  Is,  therefore,  the  specific  entropy  s  (J/(kg>R)]  and  a  pressure 
logarithm  function  q,  which  we  define  as 


q(p)  -  qj[ln(p/pj)  +  1]  ,  (Pa) 


(4.28) 


with  constant  q^^  and  P|^. 

The  first  two  equations  In  the  system  of  governing  equations  (4.1),  If 
expressed  In  terms  of  s  and  q,  are 


3s 

3t 


3t 


-  u«78  +  -2=B  +  Hr-»-(*+T) 
pT 


(4.29) 


ft  I  »  P— 

-  u*Vq  -  ^  [V.u  +  -^B]+^[e-e  -  e  H]  r  -  -^  (•  +  F)  , 

q  q  q 
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where 


B  ■  ^  [(l"a)  -  (u-«)«7(l-o)]  , 

H  -  Y  [(«  +  p/p)  -  (•  +  p/p)l  > 


and 


(4.30) 


,  ap(p.e)  dp 

ap  dq 


M2jlS1 

u 


e 


<1 


iL 

ap  dq  * 


•a  ae 


(4.31) 


2 

In  the  derivation  of  the  equation  for  q,  we  uaed  the  relatlonahlp  P  ~  PP- 
which  can  be  obtained  froa  the  second  law  of  theraodpnaalca  (Bund,  1950).  a 
Eq.  (4.31),  dp/dq  ■  p/q^  by  Bq.  (4.28),  end  the  derivatives  of  the 
theraodynaalc  functions  are  aodeled  by  the  equation  of  state  correlations, 
described  In  Section  4.7.1. 


4.3  Pinal  Systea  of  govemlna  Bquatlons 

The  governing  equations  (4.1)  can  be  expressed  as  follows  In  terns  of  the 
new  set  of  variables  that  were  Introduced  la  Section  4.2. 
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l£ 

at 


u*78  +  ^B  +  Hr  +  (4+f)  , 


at 


A  I  ^  P  — 

-  -  u»7q  -  ^  (7*u  +  ~  B)  +  H)r  -  -^*+7)  , 


au 

at 


-  -  (5.7)  5  -  ^  7q  +  ^  A  +  A 


(u.7)  u  -  ^  7q  -  (u-5)r  -  ^  A^^^g  +  A^^^^  +  A^^^^  . 


drag  stress  * 


* 

da 

at 


*  * 

^•(*  u)  , 


(4.32) 


* 

at 


*  *  • 

u.7d  +  <d>  , 


* 

12 

at 


*  *  »_ 

U.7T  +  <b 


with 


B  ■  ^  [(l-a)  7*5  -  (u-5).7(l-a)]  , 


«  •  I  -  v^(d)  a/VG  , 
P 


H  -  4  [(•  +  p/p)  -  (e  ■»•  p/p)]  , 


(4.33) 


The  partial  derivatives  p^.  p  ,  e^,  and  e^  are  defined  by  Eq.  (4.31).  The 
derivative  p  ■>  dp/dq  is  equaf  to  p/q^  if  q  is  the  pressure  logarltha  defined 
by  Eq.  (4.28). 

Models  of  the  various  correlation  teras  in  Eq.  (4.32)  are  discussed  in 
Section  4.7.  Their  physical  aeaning  is  as  follows:  r  represents  the  aass 
source  due  to  coabustlon,  •  represents  the  heat  dissipation,  V  contains  the 
heat  conduction  teras,  e(s,p),  T(s,p),  and  p(8,p)  are  theraodynaalc  state 
functions,  is  the  acceleration  due  to  drag,  Ay^,^  is  the  acceleration 

due  to  viscosity,  A^^p],  !■  the  acceleration  due  to  turbulence,  A^t^ess 
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acceleration  due  to  Intergranular  stress  and  solid  phase  turbulence,  <^>  Is 
Che  regression  rate  correlation,  <i>  Is  a  correlation  for  the  heat  conduction 
between  gas  and  particles,  ft  Is  e  at  flame  temperature,  Sp(3)  Is  the  average 
surface  area  of  a  single  grain,  and  v  (3)  Is  Che  average  volume  of  a  single 
grain.  The  variable  enters  also  the  first  two  equations  (4.32)  as  an 
arguswnt  of  the  term  Y. 

The  correlations  are  defined  In  terms  of  volume  or  surface  averages. 
Therefore,  the  models  of  the  correlations  should  be  different  for  different 
averaging  volumes  and/or  different  weight  functions.  However,  because 
experimentally  determined  correlation  models  are  usually  reported  without 
reference  to  any  averaging,  their  relation  to  specific  averaging  procedures 
are  difficult  to  determine.  Therefore,  Che  Influence  of  their  relationship  on 
Che  overall  accuracy  of  Che  Interior  ballistics  model  has  not  been 
established. 

4.4  Regions  of  Definition 

According  Co  Section  2.3,  the  average  quantities  describing  gas 
properties  are  defined  at  all  Interior  points  of  the  gun  tube,  except  for 
boundary  regions  the  shape  of  which  depends  on  the  averaging  volume.  The 
average  quantities  are  Che  density  ap,  the  energy  density  ape,  and  the 
momentum  density  vector  apu.  Consequently,  all  other  quantities  Chat  are 
defined  In  terms  of  these  quantities  are  defined  In  Che  same  regions.  Such 
quantities  are,  e.g.,  e,  u,  s,  q,  T,  etc.  The  porosity  a  has  Che  same  region 
of  definition.  The  grain  number  function  m  also  can  be  defined  In  the  same 
region.  If  one  uses  the  extension  m  >  0  If  the  averaging  volume  contains  no 
grains. 

Average  quantities  describing  grain  properties  are  defined  only  at 
reference  points  for  which  the  averaging  volume  conjulns  graj^nSj^  Ther|fore, 
the  set  of  average  conservation  equations  for  (l-a)pu,  (l-a)p,  d,  and  T  Is  not 
defined  In  regions  without  grains  (see  Section  3.3).  By  a  reformulation  of 
the  conservation  equations,  we  obtained  In  Section  4.3  an  equivalent  set  of 
governing  equations  (4.32).  This  set  has  no  singularities  at  a  *  1  and  It 
enables  one  to  calculate  nominal  grain  properties  at  all  Interior  points  where 
Che  gas  properties  are  defined.  Therefore,  one  can  extend  the  definition  of 
average  grain  properties  as  follows.  The  grain  properties  arc  defined  by  the 
averaging  Integrals  (see  Section  2.2),  If  Che  averaging  volume  contains 
grains,  hi  other  regions,  the  grain  properties  are  defined  as  the  solution  of 
Bqs.  (4.32).  hi  Interior  ballistics  problems  this  definition  amounts  Co  an 
Interpolation  of  u,  3,  and  )  across  regions  without  grains.  When  the  grains 
have  been  reduced  to  sero  volume,  one  can  still  calculate  their  motion,  which 
now  corresponds  to  a  so-called  "dusty  gas"  mod^.  hi  such  a  gas,  the  dust 
follows  Che  gas  flow  according  to  a  drag  law,  but  It  does  not  Influence  the 
gas  flow  Itself.  Using  the  sec  (4.32)  as  governing  equations  one  obtains 
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regions  of  "dusty  gas"  where  a  >  0  and  *0.  In  regions  with  a  ■  G  and 

V  (d)  >  0  the  equations  provide  an  Interpolation  of  u,  and  3  In  space  and 
tiae  between  regions  with  grains. 

In  the  boundary  regions  discussed  in  Section  2.3,  none  of  the  average 
quantities  are  defined  and,  consequently,  the  differential  eqs.  (4.32)  have  no 
aeanlng  In  these  regions.  Strictly  speaking,  one  should  provide  boundary 
conditions  for  Eqs.  (4.32)  at  the  boundaries  t/2  away  froa  the  tube  walls 
and  i/2  or  i/3  away  froa  the  breech  and  projectile.  If  the  average  volume  Is 
defined  as  a  sphere  (2.47)  or  cylinder  (2.49).  the  aeanlng  of  the  solution  of 
the  equations  In  the  boundary  regions  Is  not  obvious  If  one  prescribes 
boundary  conditions  on  the  solid  boundaries  Instead.  Section  4.6  contains  a 
discussion  of  the  boundary  condition  probleaa. 

4.5  Initial  Conditions 

typical  local  Initial  conditions  for  Interior  ballistics  probleas  are 
constant  state  conditions  over  the  entire  region.  Because  averaging  of  a 
constant  produces  the  saae  constant,  the  Initial  averages  in  aost  cases  are 
alaply  equal  to  the  local  values. 

Deviation  froa  a  constant  Initial  state  typically  Involves  either  a 
porosity  a  that  Is  not  uniform,  or  a  non-uniform  grain  site,  l.e.,  a  non- 
unlfora  3.  In  these  cases,  one  cannot  use  the  local  values  of  a  and  3  as 
Initial  values.  Instead,  the  Initial  profiles  aust  be  computed  by  averaging 
the  local  values,  whereby  the  same  averaging  volume  V  and  weight  function  g 
are  used  as  for  the  correlation  models  and  boundary  conditions. 

In  regions  where  Initially  the  grain^number  a  Is  zero  one  has  to 
extropolate  or  Interpolate  the  values  of  u,  3,  and  f.  The  Initial  grain 
velocity  Is  noraally  identically  zero  and  one  can  use  u  ■  0  for  the 
extrapolation.  Likewise,  the  Initial  grain  surface  temperature  Is  usually 
constant,  and  the  saae  constant  can  be  used  for  extrapolation.  The  regression 
distance  aay  not  be  constant  if  different  sizes  of  grains  are  loaded  In 
different  regions.  In  such  cases,  one  has  to  use  a  comawn  sense  extrapolation 
that  produces  a  smooth  Initial  surface  3(0,x). 

In  the  boundary  regions,  "correct"  Initial  values  cannot  be  specified  for 
reasons  explained  In  Section  4.4.  The  proper  choice  of  these  Initial  values 
depends  on  the  method  of  treatment  of  the  boundary  regions.  However,  one  can 
assume  that  any  reasonable  treatment  will  produce  uniform  values.  If  the  local 
function  values  are  uniform.  Therefore,  one  nay  specify  In  the  boundary 
regions  the  same  uniform  initial  values  as  In  the  Interior  region.  If  the 
Initial  conditions  are  not  uniform,  then  one  has  to  design  such  an 
extrapolation  of  the  averages  to  the  boundary  that  Is  consistent  with  the 
treatment  of  boundary  conditions. 
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4.6  Boundary  Conditions 

A  theory  that  could  provide  guidelines  for  the  fomulatlon  of  boundary 
conditions  for  averaged  equations  has  not  been  developed.  Therefore,  Interior 
ballistics  calculations  usually  are  done  with  plausible  ad  hoc  assumptions 
about  boundary  values,  la  this  section  we  shall  outline  the  requirements  for 
a  boundary  condition  theory  and  suggest  a  possible  approach  to  the  formulation 
of  such  a  theory.  Because  the  theory  has  not  been  developed,  we  shall  also 
discuss  ad  hoc  boundary  conditions. 

Discussing  boundary  conditions  for  averaged  differential  equations  In 
confined  volumes,  we  have  to  distinguish  between  two  boundaries.  For  the 
purpose  of  the  present  discussions,  we  call  them  the  outer  boundary  and  the 
Inner  boundary,  respectively.  The  outer  boundary  consists  of  the  solid  walls 
of  the  volume.  In  Interior  ballistics  the  solid  walls  are  the  tube  walls,  the 
breech,  and  the  base  of  the  projectile.  The  Inner  boundary  is  the  limit  of 
validity  of  the  averaged  differential  equations.  As  discussed  in  Sections  2.2 
and  4.4,  the  Inner  boundary  Is  located  a  finite  distance  Inward  from  the  outer 
boundary.  The  magnitude  of  the  distance  depends  on  the  size  of  the  averaging 
volume.  If  the  averaging  voltuse  Is  a  sphere  with  the  diameter  1,  then  the 
Inner  boundary  Is  located  4/2  away  from  the  tube  walls,  breech,  and 
projectile.  If  the  averaging  volume  Is  the  cylinder  described  In  Section  2.2, 
then  the  Inner  boundary  Is  4/2  away  from  the  tube  walls  and  4/3  away  from  the 
breech  and  projectile  base.  Imt  the  region  between  the  outer  and  Inner 
boundaries  be  called  the  boundary  region,  and  the  region  inside  the  inner 
boundary  be  called  the  Interior  region. 

Classical  theory  for  the  discussion  of  necessary  boundary  conditions, 
well-posedness ,  and  existence  can  be  only  applied  to  the  inner  boundary. 

Gough  (1974)  presents  some  of  the  discussion.  Implicitly  assuming  that  the 
conditions  on  both  boundaries  are  Identical.  The  assumption  is  permissible  If 
the  size  of  the  boundary  region  Is  small  compared  to  the  size  of  salient 
structures  of  the  flow  field.  Because  the  size  of  the  boundary  region  must  be 
large  compared  to  the  size  of  propellant  grains  (see  Section  2.2),  it  la 
generally  not  small  compared  to,  e.g.,  the  gas  boundary  layer.  For  Interior 
ballistics  flows,  therefore,  one  cannot  assume  that  bound'. V  conditions  on  the 
Inner  and  outer  boundaries  are  Identical. 

Physical  boundary  conditions,  such  as  u  •  “wall*  given  for  the 

local  gas  phase  functions  on  the  outer  boundary.  The  only  physical  boundary 
condition  for  the  particles  Is  that  no  single  particle  can  penetrate  the 
wall.  Da  addition,  one  may  also  formulate  collision  conditions  for  single 
particles  impacting  on  the  wall,  l.e.,  on  the  outer  boundary. 

A  boundary  condition  theory  for  averaged  equations  has  to  bridge  the  gap 
between  the  outer  and  Inner  boundaries.  It  should  provide  a  complete  set  of 
boundary  conditions  for  the  average  quantities  on  the  Inner  boundary  In  terms 
of  the  local  physical  boundary  conditions  on  the  outer  boundary. 
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tee  possible  approach  Co  Che  problem  is  by  conscruccion  of  a  conclnuaclon 
of  Che  soluCion  Inco  Che  boundary  region.  If  such  a  conClnuaClon  is 
escablished,  Chen  one  has  reduced  Che  problem  Co  Che  formulaclon  of  boundary 
condiCions  on  Che  ouCer  boundary  only.  The  simplesC  meChod  Co  obCain  a 
conclnuaclon  Is  Co  define  ic  as  Che  soluclon  of  Che  same  differencial 
equaclons  chac  are  valid  In  che  inferior  region.  Then  one  needs  only 
condlclons  on  Che  oucer  boundary  and  disregards  che  exlscence  of  Che  inner 
boundary.  This  Is  Che  usual  approach  In  Cwo-phase  flow  calculaclons.  ic  has 
Che  deficiency  ChaC  one  has  no  guidelines  how  Co  formulace  Che  boundary 
condlclons  for  che  conclnued  funcCions.  because  Chey  are  nelcher  Che  local 
funcClons  nor  che  average  funcclons. 

A  more  promising  conclnuaclon  may  be  obCalned  by  changing  Che  deflnlclon 
of  Che  averages  such  chac  IC  Includes  Che  boundary  region.  This  requires  ChaC 
Che  averaging  volume  V  has  a  shape  Chac  depends  on  Che  posiclon  x  of  Che 
reference  poinc.  The  conservaclon  equaclons  of  SecClon  3  are  derived  under 
Che  assumpclon  of  a  fixed  size  and  shape  of  V.  The  averages  defined  for  a 
variable  V  saClsfy  a  dlfferenC  seC  of  differencial  equaclons.  The 
conclnuaclon  InCo  Che  boundary  region  could  be  compuCed  by  solving  Eqs.  (4.32) 
In  Che  inferior  region  and  Che  new  sec  In  Che  boundary  region,  and  by  maCchlng 
boch  soluClons  aC  Che  Inner  boundary.  The  boundary  condlclons  on  Che  ouCer 
boundary  Chen  represenc  condlclons  for  averaged  funcclons  and  can  be  modeled 
accordingly . 

Because  a  cheory  of  Che  described  cype  Is  noc  available,  we  now  formulace 
ad  hoc  condlclons  ChaC  may  be  used  for  Che  differencial  equaclon  syscem 
(4.32). 

The  local  boundary  condlclons  for  Che  gas  are:  u  >  *  condlClon 

for  che  CemperaCure  prescribing  elcher  T  ■  3T/3n  ■  (3T/3n)  where 

n  Is  Che  normal  Co  che  wall,  and  Che  mass  conservaclon  equaclon.  In  Che 
splric  of  InCerpreClng  che  soluclons  of  Che  differencial  equaclons  as 
averages,  one  would  not  directly  use  these  conditions  as  boundary 
condlclons.  Instead,  some  Interpolation  Is  needed  chat  reflects  che 
averaging.  We  propose  Che  following  approach. 

Let  t/2  be  Che  distance  between  che  Inner  and  outer  boundary  and  let  e  be 
che  thickness  of  che  gas  boundary  layer.  Let  4  be  a  function  with  prescribed 
local  boundary  value  4^21  ^  normal  to  the  inner  boundary, 

pointing  outward  with  respect  to  the  Interior.  We  then  use  the  following 
boundary  condition  on  the  outer  boundary  for  gas  properties 

"^outerb  "  ^^innerb  ^^*lnnerb’“i^  2^  *  ®^wall^'^^I 

Because  I  Is  larger  chan  a  particle  diameter  (see  SecClon  2.3),  che  boundary 
value  on  Che  outer  boundary,  when  computed  by  Eq.  (4.34),  will  approach  che 
local  boundary  value  only  If  the  particles  are  small  conq>ared  to  che  thickness 
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of  the  boundary  layer  (e»t/2).  This  may  be  the  case,  e.g.,  when  the  flow  of 
wear  reducing  additives  Is  Investigated.  If  the  particles  are  large  cosipared 
to  the  thickness  of  the  boundary  layer  (l/2»e),  then  the  outer  boundary  value 
given  by  Eq.  (4.34)  approaches  an  extrapolated  value  from  the  inner 
boundary . 

Eq.  (4.34)  may  be  used  to  determine  the  boundary  values  of  u,  and  T 
or  dT/3n.  Ihe  average  gas  continuity  equation  may  be  used  to  close  the  set  of 
boundary  conditions  for  gas  properties. 

The  formulation  of  a  boundary  condition  for  the  average  particle  velocity 
presents  a  dilemma.  Ob  one  hand,  the  condition  should  prevent  the  particles 
from  penetrating  the  wall.  On  the  other  hand,  the  average  particle  velocity 
at  the  outer  boundary  may  very  well  point  Into  the  wall,  merely  Indicating  an 
accumulation  of  particles  within  the  averaging  volume.  As  an  ad  hoc  measure, 
we  disregard  the  second  possibility  and  suggest  for  the  average  particle 
velocity  at  the  outer  boundary  the  folloirlng  formula.  Let  Uq^  ^  solution 
obtained  from  the  differential  equation  system  (4.32)  at  the  outer 
boundary,  ^  velocity  of  the  wall,  and  'Je  the^unlt  normal  to 

the  wall  pointing  outward.  Then  the  outer  boundary  value  of  u  Is 


“outerb  *  ^E  '  “wall  “*<0*<«dE  ‘  “wall^*“wall>  * 
The  resulting  Uguc^rb  fl*^^**^^**  condition 

^“outerb  ”  “wall^*“wall  ^  ®  ’ 


(4.35) 


(4.36) 


which  prevents  the  particles  from  flowing  through  the  wall. 

The  quantities  m,  3,  and  f  are  computed  by  solving  the  corresponding 
governing  equations  at  the  outer  boundary. 

4.7  Models  of  Correlations 


4.7.1  Equations  of  State.  For  the  derivation  of  the  average  equations 
In  Section  3,  we  used  the  averages  of  two  thermodynamic  quantities,  namely, 
the  density  p  and  the  specific  Internal  energy  e.  The  conservation  equations 
contain  two  other  thermodynamic  quantities,  the  pressure  p,  and  the 
temperature  T.  (The  latter  enters  the  heat  conduction  term  and  may  be  also 
used  In  other  correlations.)  They  were  assumed  to  be  related  to  e  and  p  by 
equations  of  state,  i.e.,  by 
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P  “  p(p.e)  I 

and  j (4.37) 

T  -  T(p,e)  .  I 

Generally,  one  uses,  in  Eq.  (4.37),  the  same  functions  that  hold  locally. 

This  Introduces  errors  In  several  terms  of  the  average  conservation  equations. 

As  an  example,  let  us  consider  the  error  term  In  the  average  momentum 
equation.  The  error  made  by  approximating  the  volume  average  of  the  local 
pressure  by  the  first  equation  In  (4*37)  Is  from  Eq.  (3.31) 

Sa  *  op  ^  [<»(t,x)(p(t,5)  -  p(t,x))]  .  (4.38) 


As  discussed  In  Section  3.2.2,  to  minimize  the  error  by  a  proper  choice  of  the 
function  p,  ue  need  to  minimize  the  errors  In  the  functional  values  as  well  as 
In  the  gradient  values.  However,  the  pressure  function  enters  the  equation 
system  In  various  places  and  different  combinations.  Therefore,  the  use  of 
the  local  equations  of  state  Is  probably  as  good  as  approximation  as  any. 
Correspondingly,  one  also  uses  the  local  equations  of  state  when  the  entropy  s 
Is  Introduced  as  a  dependent  variable. 

All  thermodynamic  variables  (temperature,  pressure,  density,  energy, 
entropy,  and  enthalpy)  are  completely  determined  In  terms  of  two  variables  if 
two  "equations  of  state"  are  provided  by  postulate  or  measurement.  Using  the 
two  given  equations,  all  other  relations  can  be  derived  from  the  laws  of 
thermodynamics,  which  provide  the  followli^  three  systems  of  differential 
equations  (Bund,  1950): 


(Cp  and  c^  are  the  specific  heats  (J/(kg«K))  for  constant  pressure  and  volume, 
respectively) , 
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We  assume  that  yi’t)  is  constant,  and  obtain  with  this  assumption  the 
functions  e(p,T)  and  s(p,T)  by  integration  of  Eqs«  (4.40)  and  (4.41).  After 
some  manipulations,  one  can  express  the  quantities  of  interest  in  terms  of  p 
and  s,  as  required  by  the  system  of  governing  equations  (4.32).  Ihe  results 
are  listed  below.  and  p^  are  reference  values  which  determine  the 
integration  constant  for  the  entropy. 


Hi 


T(p,8)  -  ^  ^  * 


*  Mt 

«  ~M  ^ 


('ll  T  ^  1 


J/kg 


-1 


kg/m" 


(4.45) 


.  IZII 

3p  Y  P  ' 


aT(p.8)  ,  idLSL  T 

3s  Y  R  * 


>(4.46) 


.  iii « 

3p  Y  P  * 


3s  Y  ^  ’ 


(4.47) 


and 


*P  Y  P 


ifiiEllI.  -Milip  (i-^p) 

3s  R  Y 


(4.48) 


The  square  of  the  sound  speed  is 


2  p  _ 1  2,  2 

‘  p-ps?  •  •  '• 


(4.49) 
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The  specific  entropy,  expressed  In  terms  of  pressure  and  temperature,  is 

in 

®  "  I  ^p"^  ^  ^  »  J/(ltg*K)  .  (4*50) 

R  R 

4.7.2  Acceleration  by  Gaseous  Stresses.  The  governing  equation  for  the 

average  gas  velocity  In  the  equation  system  (4.32)  contains  the  terms 

and  ‘^le  former  term  represents  the  acceleration  due  to  laminar 

viscosity.  The  latter  term  represents  the  acceleration  due  to  turbulence.  A 

simple  turbulence  model  is  a  Reynolds  stress  model  with  viscosity  coefficients 
depending,  e.g.,  on  temperature.  Then  the  forms  of  A^^g,.  and  are 

Identical.  We  restrict  our  discussion  to  Che  term  A^j^g^*  More  complicated 
turbulence  models  are  pv^slble  (see  Glbellng  ec  al.,  1980),  but  will  not  be 
discussed  In  this  report. 

According  to  Section  3.3,  Che  viscous  acceleration  term  Is 


vise  op 


7*(aJI) 


(4.51) 


where  H  models  Che  gas  volume  average  of  Che  local  viscous  stress  Censor  jf. 
The  local  tensor  Is  given  In  terms  of  the  strain  rate  Censor  E  by  (Tslen, 
1958,  p.  13) 


n  •  2w  E  +  (X  -  u)  trace  (E)  I 


(4.52) 


where  p  and  X  are  Che  shear  viscosity  coefficient  and  the  bulk  viscosity 
coefficient,  respectively.  Both  are  assumed  to  be  functions  of  temperature. 
The  strain  rate  Censor  Is  defined  by 


E  -  -i  (VJI  +  (VS)'^] 


(4.53) 


The  modeling  of  Che  average  viscous  acceleration  term  Involves  models  of 
Che  average  viscosity  coefficients  and  a  model  of  Che  average  strain  rate 
censor  E. 

The  models  of  Che  average  viscosity  coefficients  are  purely  empirical.  A 
convenient  set  of  formulas  Is  Che  following  generalization  of  the  so-called 
Sutherland  formula: 
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Pa*  8 


f 


and 


t1*5 

X(T)  -  X  +  X,  ~r= 
o  1  Xj+T 


Pa*  a 


(4.54) 


The  generalization  consists  of  the  addition  of  the  paraoeters  u  nnd  X  , 

o  o 

thereby  Including  In  the  model  the  constant  functions. 

The  average  strain  rate  tensor  E  is  usually  modeled  by  applying  the  local 
formula  (4.53)  to  the  average  velocities.  Then  n  Is  obtained  by  using  Eqs. 
(4.52)  without  the  tildes  and  (4.54)  with  temperature  T(p,e)  calculated  from 
the  average  values  of  p  and  e.  The  approximation  error  Is  Eq.  (3.32)  divided 
by  ap ,  1  .e . , 


up 


7*  /  ag  [n(u,p,e)  -  II(u.p,e)]  dV 


(4.55) 


The  error  part  that  comes  from  the  replacement  of  p  and  e  by  p  and  e  Is 
probably  smaller  than  the  uncertainties  of  the  empirical  formula  (4.54). 
However,  the  error  part  Chat  comes  from  the  use  of  the  average  velocity  In 
Eq.  (4.53),  can  be  large  because  the  formula  Involves  derivatives  of  the 
velocity  and  In  a  viscous  two-phase  flow  the  local  derivatives  can  be  quite 
large.  It  Is  not  necessary  that  the  Integration  (4.55)  cancels  out  locally 
large  undulations  of  the  Integrand.  An  empirical  correction  based  on  careful 
experiments  certainly  could  enhance  the  usefulness  of  the  described  model  of 
the  viscous  acceleration  term. 


4.7.3  Heat  Dissipation.  All  the  heat  dissipation  terms  are  denoted 
by  4  and  they  enter  the  governing  Eqs.  (4.32)  for  the  specific  entropy  s  and 
for  the  pressure  logarithm  function  q.  According  to  Sections  3.2.3,  3.3,  4.1, 
4.2,  and  4.3  the  term  4  models 


_1 _ 1 

opT  V6 


/  6g  4  dV 
V 


(4.56) 


where  the  local  heat  dissipation  function  4  Is  given  by  (Tslen,  1958,  p.  15) 


4  -  2  M  trace  (E^)  +  (X  -  y  Ji)  (trace  E)^  ,  W/m^ 


(4.57) 


E  Is  the  local  strain  rate  tensor,  snd  y  and  X  are  the  shear  and  bulk 
viscosity  coefficients,  respectively. 
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Usually  9  Is  defined  in  Che  same  fashion  as  Che  equaclons  of  sCaCe 
(SecClon  4.7.1),  l.e.,  by  calculaClng  a  i  with  Che  same  formula  as  buc 
using  Che  average  veloclcles  InsCead  of  Che  local  veloclCles.  Ihe  modeling  of 
Che  vlscoslcy  coefflclenCs  is  discussed  In  SecClon  4.7.2.  In  Cartesian 
coordlnaces,  Che  formula  la  (‘blen,  1958,  p.  15) 


1  -  1  1  ,  3u  2 

^  *(E)  -  ^  [2  +  (X  -  4  u)  [—)  ] 


■  3x^-'  '  3  **'  ^3x^ 


(4.58) 


whereby  summation  over  1  and  J  Is  assumed. 

Even  without  considering  turbulence,  Eq.  (4.58)  likely  underestimates  the 
value  of  Che  expression  (4.56)  because  local  undulaclons  will  generally 
Increase  the  value  of  the  Integrand.  If  a  difference  exists  between  the 
average  velocities  of  Che  phases,  then  the  local  velocity  gradients  are 
particularly  large. 

In  order  to  estimate  their  effect,  we  compute  Che  heat  dissipation  term 
In  a  linear  flow  field  superposed  by  an  undulation.  Particularly,  we  assume 
the  following  velocity  components  In  Cartesian  coordlnaces: 


Au  ^ 

Uj  •  U  +  ~  +  u(x,y,z)  , 


Uj  -  u(x,y,*)  , 


U3  -  u(x,y,z)  , 


(4.59) 


where 

u(x,y,z)  -  U  sin  (■—  x)  sin  (-^  y)  sin  (-^  z)  . 

The  local  heat  dissipation  for  this  flow  field  Is 

♦"■Tr[TW(9^+4^  +  4^  +  24^  +  29^  +  24^) 
pX  12  **  '■'^xx  ^yy  ^zz  ^xy  ^xz  ^yz 

+  (X  -  I  u)  {  (♦^  +  ♦yy  +  *zz)^J  ' 


(4.60) 


(4.61) 
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where 


*xx  •  ”  ^  y)  +  2  ~ , 

<.yy  -  U  2  aln  x)  coa  {^■  y)  sin  (-^  z]  , 

♦zx  "  ^  ^  ("T  ('T  *^  *  j 

K4.62) 

♦xy  "  “  "T  ^'T  •  I 

-  0  sin  (-^  (x+z))  sin  (■—  y)  , 

♦yjj  -  0  ~  sin  (-^  x)  sin  (~  (y+z))  . 

Ifext  we  aaauoe  that  the  averaging  volume  la  a  cube  with  aide  lengtha  nL 
and  that  the  weight  function  g  la  constant.  For  that  case,  the  Integral 
(4. 56)  ylelda 


The  flrat  term  In  the  brackets  In  Eq.  (4.63)  la  the  contribution  of  the  linear 
field  to  6.  The  second  term  la  the  contribution  of  the  superposed 
undulations.  One  sees  that  for  du/(nL)  *  U/L  the  contribution  of  the 
undulations  Is  abcit  40  times  larger  than  that  of  the  linear  flow  field. 
Interestingly,  the  contribution  of  the  undulations  does  not  depend  on  the 
number  of  periods  In  the  averaging  volume,  but  only  on  the  amplitude  and  wave 
length.  The  example  shows  that  the  usual  approximation  of  4  by  the  formula 
(4.58)  can  be  grossly  In  error. 

A  model  of  the  contributions  of  undulations  In  two-^hase  flow  due  to  he 
difference  between  u  and  u  can  be  derived  In  the  same  manner  as  Eq.  (4.63). 

To  simplify  the  formulas  let  us  chose  the  coordinate  system  such  that  the  x- 
direction  coincides  with  the  direction  of  u-u.  Then  the  velocity  undulations 
may  be  approximated  by 
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(u-J)  sin  x]  sin  y)  sin  (|l-  z) 


U2  ■  0  .  1(4.64) 

U3  -  0  , 

where  D  Is  the  distance  between  the  centers  of  the  particles. 

Let  m  be  the  nuaber  of  particles  In  the  averaging  voluaa.  Ue  associate 
each  maxlmua  of  the  function  with  a  particle.  Then  there  are  four 
particles  In  an  eleaental  voluae  and  a  4V/D^.  Therefore, 


D  -  (4V/a)^/^ 


(4.65) 


The  contribution  of  the  undulations  (4.64)  to  the  dissipation  function  Is  one 
third  of  the  contribution  of  the  undulations  (4.59)  In  all  velocity 
coordinates,  as  can  be  verified.  Therefore,  a  reasonable  aodel  for  the 
contribution  due  to  velocity  differences  Is 

(u-5)^  ,  W/(kg.IO  .  (4.66) 

In  a  coaputer  prograa,  where  a  and  V  are  not  available,  one  can  use  In  Eq. 
(4.66)  the  quotient  a/(VG)  Instead  of  a/V  without  changing  the  aagnltude  of 
<•>.  The  correlation  (4.66)  probably  gives  only  the  order  of  aagnltude  of 
the  contribution  due  to  velocity  differences  In  the  flow.  However,  It 
certainly  Is  better  than  the  usual  assuaptlon  <9>  >0.  In  relation  to  the 
error  tern  Involving  the  dissipation  function  In  Eq.  (3.51),  the  function  <•> 
approxlaates  the  error  between  the  voluae  average  of  the  local  dissipation 
function  and  the  average  dissipation  function  i(E). 

The  aodels  for  the  turbulent  dissipation  function  varies  widely.  A 
slaple  aodel  for  9^  Is  one  which  has  an  Identical  fora  to  9  (Eq.  (4.58))  but 
with  different  viscosity  coefficients.  Glbellng  et  al.  (1980),  suggest  a 
aodel  based  on  an  algebraic  relationship  aaong  a  turbulent  length  scale, 
turbulent  viscosity,  and  turbulent  kinetic  energy. 

The  coaplete  dissipation  tera  that  enters  the  governing  equations  Is  the 
sua  of  Eqs.  (4.58),  (4.66),  and  the  aodel  for  9^: 

♦  -  ^  *(8)  +  <9>  9t  ,  W/(kg«K)  .  (4.67) 
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The  approximation  error  Is  the  difference  between  the  expressions  (4.56)  and 
(4.67). 


4.7.4  Heat  Conduction.  The  heat  conduction  term  f  eaters  the  governing 
equation,  Eq.  (4.32),  In  two  places.  The  term  Itself  models  st  least  two 
phenomena:  the  heat  conduction  within  the  gas  defined  In  terms  of  the  average 
quantities,  and  the  heat  conduction  from  the  gas  to  the  solid.  Depending  on 
the  model  for  the  fluctuations  of  peu  from  peu,  we  also  can  have  a  turbulent 
heat  flux  vector  defined  In  a  similar  manner  as  the  average  heat  conduction. 

He  shall  discuss  each  of  these  models  In  turn. 

Locally,  the  heat  conduction  within  the  gas  Is  assumed  to  be  governed  by 
Fourier's  law 


Q  -  -  k(T)7T  ,  W/m^ 


(4.68) 


where  ic(T)  Is  the  thermal  conductivity  coefficient  which  depends  on  the  local 
temperature.  The  corresponding  average  heat  conduction  term  In  Eq.  (4.32)  Is 
a  model  of 


The  voluaw  average  In  expression  (4.69)  Is  usually  modeled  as  Eq.  (4.68) 
without  the  tildes,  that  Is,  the  average  value  of  temperature  T  (obtained  from 
the  average  values  of  s  and  q  by  the  equation  of  state  correlations.  Section 
4.7.1),  replacing  the  local  temperature  T  and  an  average  thermal  conductivity 
coefficient  k  replacing  the  local  coefficient  Ic.  The  average  thermal 
conductivity  coefficient  can  be  modeled  by  a  generalised  Sutherland-type 
correlation. 


^1.5 

ie(T)  •'i  t  W/(m*K)  . 


(4.70) 


An  estimate  of  the  error  Incurred  by  using  the  model  Instead  of  expression 

(4.69)  can  be  obtained  as  follows  when  V...  Is  connected: 

gas 


(4.71) 


7»[okVT  -  ukVT]  , 
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.  - ^Visist  I 


A  ^  *  A  ^  * 

where  T  >  T(s,q)  and  k  >  k(T)  are  nean  value  points  of  the  Integrand. 
Expanding  Eq.  (4.71)  further  one  obtains 

Cq  -  ~  V.[ci(k-k)  VT  +  aK7(T-T)]  (4.72) 

and 

IC^l  <  Bax  1^  7.[o(k-ic)7T  +  oicV(T-T)]|  .  (4.73) 

The  term  Involving  the  difference  k-ic  can  be  reduced  If  the  coefficients 
*^0*  *^1*  *^2  correlation  (4.70)  are  chosen  such  that 

k(T)  -  ~  /  0gK  d7  .  (4.74) 

The  term  Involving  7(T-T)  reflects  the  aodellng  error  due  to  local  undulations 
of  the  gas  teaperature. 

The  heat  conduction  between  the  gas  and  the  particles  Is  represented  In 
Eq.  (4.32)  by  a  model  of 


1  I 
<xpT  VG 


S 


opT  VG 


;  gq*n^p  ^  /  g  ^  7T.n.„  dS  . 


S 


■P 


(4.75) 


The  Integrand  In  Eq.  (4.75)  Is  the  heat  flux  into  the  particles.  We  define 
the  surface  averaged  heat  flux  by 


e  -  -  ^  /  g  K  7T«n^^  dS  ,  W/b^  , 


•P 


(4.76) 


and  rewrite  expression  (4.75)  as 


1  SG  • 
opT  VG  • 


(4.77) 


The  quantity  e  Is  Bodeled  by  experlaental  correlations  which  can  have  various 
different  forms .  A  relatively  slaple  foroula  Is  (Glbellng  et  al.,  1980) 


<•>  •  Sp  [h^(T-T)  +  h^(T-f)l  ,  W/a'’  , 


(4.78a) 
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where  ^  is  the  average  grain  surface  teoperature*  The  coefficients  and  h^ 
in  Eq.  (4.78)  model  the  heat  transfer  hy  conduction  and  radiation, 
respectively.  Glbellng  et  al.  (1980),  suggest  the  following  expression  for 
the  coefficients  In  case  of  spherical  particles  and  Noble-Abel  gas: 


2.  *.2 


-T^+0.2  .  »/(.2,)  . 


(4.78b) 


uDp/2 


where  t  Is  the  diameter  of  the  particles,  and  p  Is  the  shear  viscosity 
coefficient  (Section  4.7.2),  and 


hr  -  *  Ogj  (TfT)  (T^+T^)  .  W/(ii^K)  ,  (4.78c) 

^  ^2  “A 

where  e  Is  the  particle  eaisslvlty  and  >  5.67032*10  Uk  K  la  the 

Stephan'-Boltzmann  constant. 

the  model  <e>  should  be  consistent  with  the  model  <T>  of  the  grain 
surface  temperature  rate  of  change.  The  relation  between  both  sMdels  Is 
discussed  In  Section  4.7.10. 

The  model  of  the  significant  flucttiations  of  pM  from  peu  (denoted  by  Q,j^, 
see  Section  3.3)  can  have  different  forms.  One  model  of  the  turbulent  heat 
fl»w  vector,  given  by  ^hll  (1975)  and  Glbellng  et  al.  (1980),  is 


Op  -  -  [CT  -  (T^  -  T)]  ,  W/m^  ,  (4.79) 

where  T^^  Is  an  average  temperature  on  the  Interface  (a  function  of  T  and  ^ 
and  Is  given  by  an  algebraic  formula  Involving  an  effective  viscosity  and 
Prandtl  number. 

The  heat  conduction  term  T  Is  the  sum  of  the  three  described  models, 

1  *e  * , 


T  -  T 


X  y  X  y 

particle  turb 


(4.80) 


W/(ltg.K) 


4.7.S  Acceleration  by  Drag*  Ihe  acceleration  by  drag  between  gas  and 
particles  enters  the  governing  equations  (4.32)  for  the  velocities  u  and  u. 
The  term  Is  defined  by  (Section  3.3.) 


A. 

drag 


(l-a)p  VG 


(4.81) 


where  0  models 


W  I  8t“sp(p  ‘  -  “ap*“]  ‘ 

p  and  n  are  the  local  pressure  and  viscous  stress  tensor,  and  p  is  the  average 
pressure.  In  Interior  ballistics  applications,  the  term  Is  modeled  by 
experimental  correlations  that  are  available  for  single  particles  (e.g., 
spheres)  and  for  packed  beds  of  particles.  For  situations  between  these 
extremes  one  has  to  Interpolate. 

In  order  to  see  how  the  drag  coefficient  c^  for  a  single  sphere  relates 
to  we  consider  a  situation  «^ere  the  m  Identical  particles  do  not 

Interfere  with  each  other.  Then  the  absolute  value  of  the  drag  force  acting 
on  a  single  particle  Is 


|P| 


7  •/  8[ngp(p-p)  -  <iS! 


m  S 


VG 


sp 


(4.83) 


*  (l-«)  P 


Li  terms  of  the  drag  coefficient  Cq,  the  force  Is  (Schllchting,  1960,  p.  15) 


I  PI  Cp  lu-Sl^  ap 


(4.84) 


where  a^  Is  the  frontal  area  of  the  particle.  Eliminating  |F|  between 
Eqs.  (4.83)  and  (4.84)  one  obtains 


'^drag'  ■  2 


*  2 

|u-u|  a 


* 

m 

VG 


1 

l-a 


(4.85) 


or,  using  Eq.  (4.12), 
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(4.86) 


|A 


drag 


1  *  2 
I  -  Y  Cq  lu-ul 

Vp(d) 


The  drag  coefficient  for  a  single  sphere  can  be  epproxlaeted  by 


Cjj  -  24/R^  0.4  ,  (4.87) 

Where 

R  -  lu-o|  p  D  (d)/u  (4.88) 

e  p 


Is  the  particle  Reynolds  number  and  0.(3)  is  the  average  particle  diameter. 
(About  the  approximation  (4.87),  see  ngura  l.S  In  Schllchtlng,  1960,  p.  16.) 


Substituting  the  expression  (A. 87^  Into  (4.86)  and  observing  that  the 
acceleration  Is  In  the  direction  of  u*-u  one  obtains  for  not  Interfering 
spheres  the  Reynolds  formula 


*ii.T~id.'  (o.aiu-Ii  +  12  -^)  . 


(4.89) 


Vp(d) 


Pl>p(d) 


For  a  packed  bed  one  finds,  e.g.,  the  Ergun  correlation  (Glbellng  et  al., 
1980,  pp.  15  and  30) 


-T  ( I  *751041  +  150(1-0)  — li-jp  )  . 

ergun  _  3  _z  ^ 


(4.90) 


Vp(d)  a 


pDp(d) 


la  order  to  Interpolate  between  both  formulas  one  may  assign  limits  for 
their  validity.  For  instance,  one  could  assume  that  the  dispersed  sphere 
formula  holds  for  a  >  0.9,  and  kfie  compacted  sphere  formula  holds 
for  o  <  0.65.  Then  the  acceleration  term  Is 


'drag 


Nteynolds 
^rgun 


for  o  >  0.9  , 
for  0.65<a<0.9  , 
for  o  <  0.65  . 


(4.91) 


The  quoted  limits  are  arbitrary  and  may  be  changed.  If  experiments  are 
available.  Also,  other  than  Ergun  Sormulaa  nay  be  uaed.  If  experimental  data 
Indicate  a  better  approach. 
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4.7.6  Acceleration  by  Granular  Stresses.  Acceleration  by  granular 
stresses  enters  the  governing  equations  (4.32)  for  the  particle  velocity  u. 
The  term  Is  formally  defined  by  (see  Section  3.3) 


stress 


(l-o)p 


7.[(l-a)n]  +— y  7*[(l-o)lI_]  . 


(4.92) 


(l-a)p 


The  second  term  of  Eq.  (4.92)  represents  the  acceleration  of  the 
particulate  phase  by  solid  phase  turbulence  which  may  be  modeled  by  a  solid 

phase  turbulent  stress  tensor  H,^.  Because  the  density  of  the  solid  phase  Is 
much  larger  than  that  of  the  gas  phase,  and  the  sizes  of  the  propellant  grains 

are  large,  the  turbulence  of  the  solid  phase  Is  assumed  negligible  and  Is 
set  equal  to  zero. 

Li  the  first  term  of  Eq.  (4.92),  the  variable  n  models 


(1-6)  g  (n  +  pi)  dV 


(4.93) 


(see  Eq.  (3.44)).  It  Is  Interpiated  physically  as  the  effect  of  grain 

Interaction  with  grains.  Without  such  an  Interaction,  the  stresses  n  Inside 
the  grains  would  be  equal  to  the  negative  of  the  surrounding  gas  pressure  or 
nearly  so,  and  the  acceleration  term  Actress  neglected,  except  for 

turbulence  considerations. 

Generally  In  Interior  ballistics,  one  makes  two  assumptions  about  the 
* 

model  n  of  the  average  Integranular  stresses.  First,  one  assumes  that  It  Is  a 
function  of  a  only  and,  second,  one  assumes  that  It  Is  a  diagonal  matrix, 

1  .e . , 


n  -  I  Rp(o) 


(4.94) 


The  second  assumption  means  that  the  stresses  have  the  effect  of  a  pressure 
that  acts  on  the  particles  In  addition  to  the  gas  pressure.  With  these 
assumptions,  one  obtains  from  Eq.  (4.92)  for  the  acceleration 


stress 


-  lir  '>>1 


(4.95) 


The  derivative  term  In  Eq.  (4.95)  Is  interpreted  as  the  square  of  the  sound 
speed  a  In  the  dispersed  phase,  and  Is  expressed  as 
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A  ^ 

stress 


-  Pia)  ^  V(l-o) 


(4.96) 


The  modeling  of  A^^ress  reduced  by  these  asstimptlons  to  the  modeling 

of  a  sound  speed  function  a(a).  The  sound  speed  can  be  measured  In  packed  beds 
and  In  suspended  particle  flows,  so  that  within  a  limited  range  the  model  can 
be  tested. 

*  * 

The  function  a(a)  should  Increase  with  higher  particle  density  , 

l.e.,  with  decreasing  a.  Also,  as  a  approaches  one,  the  function  should 
approach  zero,  let  a^^  be  the  sound  speed  within  a  particle  and  let  us  assume 
that  for  a  «  all  particles  touch  each  other,  so  that^aCa^  *•  a^  .  let  a(a) 
become  zero  at  a  >  02  <  1«  Then  a  reasonable  model  for  a(a)  Is 


2(a) 


sp  '■a  -Uq''  '■a2“aj'' 


for  <  a  <  02* 


0. 


for  02  <  a 


(4.97) 


In  Eq.  (4.97),  the  value  a  *  corresponds  to  a  highest  density  (l-a^)p  that 
can  be  achieved  by  compacting  the  particles.  If  a  ■  0  then  one  assumes  that 
the  particles  can  be  crushed  and  compacted  to  a  sofld^mass  with  the 
density  p.  The  last  factor  In  Eq.  (4.97)  merely  lets  a  approach  zero  as  a 
approaches  a,.  Thus,  one  assumes  that  for  a  >  ^2  particle  Interaction  can  be 

0  and 

0 


neglected.  G1  baling  et  al.  (1980),  uses  a  similar  formula  in  which  a 


the  second  factor  Is  set  equal  to  one*  Using  that  formula,  one  sets  a(a)  = 
for  a  >  a..  It  seems  that  a  smooth  transition  to  zero,  as  provided  by  our 
formula  (4.97),  Is  more  realistic. 


4.7.7  Burning  Hate.  The  burning  or  regression  rate  directly  enters  the 
governing  equation  for  the  regression  distance  3  In  Eqs.  (4.32).  The 

corresponding  term  Is  defined  as  the  surface  average  of  the  local  regression 
*  ..  * 

rate  3d/dc  «  (u  -  u)«n  (see  Section  3.2.1)  and  Is  approximated  by 

Sp  8p 


<d> 


SG  *  a*' 


at 


ds 


(4.98) 


The  linear  regression  rate  can  be  measured,  e.g..  In  closed  bomb  or 
strand  burner  experiments.  The  experiments  show  a  dependence  of  the  burning 
rate  on  the  gas  pressure,  on  gas  velocity  (erosive  burning)  and  on  the  time 
derivative  of  the  pressure  (dynamic  burning).  Best  established  Is  the 
dependence  of  the  burning  rate  on  pressure,  which  Is  modeled  by  the  equation 


(4.99) 


a 


B 

o 


B 

+  Bjp 
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with  constant  B^,  B^,,  and  B2.  The  dependences  on  the  relative  velocity  |u'-u| 
and  on  the  pressure  change  3p/dt  can  be  Incorporated  Into  the  model  equation 
either  as  additive  terns  or  as  a  factor.  The  simplest  model  <d>  Is  obtained 
by  neglecting  these  dependences  and  setting  <d>  equal  to  d^,  l.e., 

<5>  -  B^  +  Bjp  ^  .  (4.100) 


The  largest  uncertainty  of  this  model  comes  from  the  experimentally 
determined  model  parameters,  and  from  the  a  priori  assumptions  that  erosive 
and/or  dynamic  burning  Is,  or  Is  not  Important*  An  averaging  error  is  also 
Introduced  by  the  use  of  the  equation  of  state  function  p(s,q)  in  Eq.  (4.100). 
However,  that  error  la  likely  to  be  negligible  compared  to  the  general 
Inaccuracy  of  the  model  function.  These  errors  are  Included  In  the  error 
estimate  (3.22). 

4.7.8  Source  Terms.  la  this  section,  we  discuss  terms  In  Eq.  (4.32) 
that  are  associated  with  the  burning  of  the  propellant.  They  are 
characterised  by  the  factor  <d>,  which  represents  the  regression  rate 
correlation  and  Is  discussed  In  Section  4.7.7.  Because  of  this  factor,  the 
source  terms  are  equal  to  sero  If  no  burning  takes  place,  and  they  represent 
sources  of  mass,  energy,  and  momentum  If  the  grains  are  burning.  In  the 
governing  Eqs.  (4.32),  the  terms  have  the  common  factor  T  and  they  enter  the 
equations  for  s,  q,  and  u.  The  factor  T  models  (Section  3.3) 


o  P  VG  4 


g(u.p-“)*n.p  dS 


l/s 


and  Is  defined  by 


(4.101) 


(4.102) 


ha  Eq.  (4.102),  S6  can  be  eliminated  using  the  relation  (4.19).  The  result  Is 


r 


*  * 


1  p  m 
a  p  V6 


ap(l)  <a> 


(4.103) 


as  stated  by  Eq.  (4.33). 
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The  approximation  error  In  Eq.  (4.102)  Is  that  of  the  correlation  <^> 
(see  Section  3.2.1).  In  the  expression  (4.103)  one  has.  In  addition,  errors 
associated  with  the  representation  of  the  weighted  surface  SG  by  the  product 
ms  .  Because  the  representation  is  part  of  the  definition  of  m  (see  Section 
4.2.1),  It  does  not  formally  Introduce  new  errors. 

T|je  governing  equation  (4.32)  for  the  gas  velocity  contains  the  source 
term  (u-u)r.  The  term  models 


ipWi  (S-u)  g  [(agp-i).n^p]  dS  ,  m/s^  . 
& 

P 


(4.104) 


The  error  In  the  governing  equation  caused  by  the  model  (4.103)  Is 


1  O  1  /  *  *  ^  * 

8  [(u^p-u)*n^pl  dS 


(4.105) 


The  error  Is  zero  If  the  grains  do  not  rotate  and  all  grains  have  the  same 
velocity. 


The  entropy  governing  equation  (4.32)  contains  the  source  term  HT.  The 
term  Is  derived  under  the  assumption  that  the  approximation 


^  A  ^  “it 

J  g  e  (u„„-u)*n  dS  -  e  /  g  (u„^-u)»n  dS  (4.106) 

g  Sp  Sp  g''  sp  sp 

p  p 

holds.  Eq.  (4.106)  Is  Indeed  an  Identity  If  the  local  specific  energy  e  of 
the  gas  released  from  the  burning  propellant  surface  Is  equal  to  a  constant 
e.  This  Is  a  common  assumption  In  Interior  ballistics.  The  constant  e  Is  the 
specific  energy  of  the  gas  at  "flame  temperature”,  l.e.. 


®  "  Y-1  M  ’’Aflame  "  y-l  *a^p  ’  ’ 


(4.107) 


where  g^  Is  the  standard  acceleration  9.80665  m/s^  and 


\  ■  ■'flu. 

Is  the  "force"  or  "Impetus"  of  the  propellant.  (Sometimes  also  the  product 
g^I  (m^/s^)  Is  called  the  "Impetus"  of  the  propellant.) 
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some  cases,  a  modeling  of  e  may  be  better  than  the  assumption  of  a 
constant  e.  For  Instance,  If  the  propellant  contains  a  retardant  then  one 
could  assume  that  the  flame  temegrature  is  a  function  of  the  regression 
distance  and,  consequently,  e  ■  e(9).  ^Qf  course,  the  modeling  then  involves 

averaging  errors,  because  the  local  e(d)  would  be  replaced  by  a  function  e(l) 
of  the  average  3. 

The  factor  H  Is  defined  by 


H  -  Y  I(e+p/p)  -  (e4p/p)]  ,  J/(kg.K) 


(4.109) 


l.e.,  H  Is  the  difference  between  the  enthalpy  of  the  gas  emerging  from  the 
flame  and  of  the  surrounding  gas,  divided  by  the  gas  temperature.  The 
approximations  that  affect  this  term  are  those  of  the  equations  of  state  (see 
Section  4.7.1). 

The  source  term  in  the  governing  equation,  Eq.  (4.32)^  for  the  pressure 
logarithm  function  q  has  as  a  factor  of  V  the  expression  (fi-e*^gH)/eq,  where, 
e3(s,q)  and  eq(s,q)  are  the  partial  derivatives  of  the  specific  Internal 
energy  e  with  respect  to  s  and  q,  respectively.  The  factor  Is  derived  by 
formal  manipulation  and  approximations  Involved  In  the  derivation  are  the  same 
as  discussed  above. 

4.7.9.  Grain  Volume  and  Surface.  We  recall  the  discussions  in  Section 
4.2.1  about  the  definition  of  the  grain  number  function  m.  The  formal 
definition  of  the  average  grain  volume  function  Vp(3)  and  of  the  average  grain 
surface  function  *-(3)  should  be  consistent  «rith  the  definition  of  m.  In  this 
section,  we  shall  dlscmss  definitions  that  are  consistent  with  Eqs.  (4.18)  and 
(4.19),  respectively. 

For  convenience,  we  repeat  the  pertinent  equations  and  definitions  In 
this  section.  Our  goal  Is  to  find  such  functions  m,  v^,  and  s^  that  satisfy 
the  following  set  of  relations 


d(t,x) 

-hi  • 

(4.110) 
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m(t,x) 

s  (d)  -  /  g  dS  , 

^  S 
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m(t,x) 

V  (d)  -  /  (1-6)  g  dV  . 

^  V 

(4.113) 
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We  found  In  Section  4.2.1,  that  such  functions  In  general  do  not  exist  and, 
therefore,  suggested  to  define  m  by  either  of  the  following  two  equations: 


I  {7^  /  8  dS} 

1-1  "pi  SjHV 


(4.114) 


(7^  /  8  dV] 

pi  v^nv 


(4.115) 


Once  ti  Is  defined,  then  one  can  define  either  s  or  by  Eqs.  (4.112)  or 
(4.113),  respectively,  and  find  the  other  function  from  Eq.  (4.111). 

The  approximations  Involved  are,  first,  due  to  the  assumption  that  m,  as 
defined.  Is  Independent  of  3.  The  accuracy  of  the  approximation  Is  Improved 
If  the  weight  function  g  Is  constant  over  most  of  the  averaging  volume.  A 
second  approximation  Is  due  to  the  assumption  that  s^  or  v  ,  defined  by 
Eqs.  (4.112)  or  (4.113),  respectively  do  not  depend  explicitly  on  t  and  x. 
Again,  an  almost  constant  g  may  Improve  the  accuracy  of  this  approximation. 

The  modeling  of  the  functions  v  and  s  practically  Is  done  at  a  limit. 


assuming  constant  g,  and  Identical  particles, 
simply  represent  a  single  particle. 


In  this  case,  the  functions 


If  there  Is  a  variation  of  particle  sizes  within  the  averaging  volume, 
then  by  either  of  the  described  formalisms  one  obtains  an  average  that  Is 
slanted  towards  the  larger  particles.  Investigations  of  the  significance  of 
this  bias  have  not  been  done  for  Interior  ballistics  problems. 

4.7.10.  Grain  Surface  Heating  Rate.  The  grain  surface  heating  rate 
enters  the  governing  equation,  Eq.  (4.32),  for  the  grain  surface  temperature 


3T  *  * 

-  -  u.VT  <b 


(4.116) 


The  term  <b  is  the  correlation  model  for 


(4.117) 


l.e.,  for  the  average  rate  of  change  of  the  surface  temperature.  The  change 
Is  related  to  the  heat  flux  to  the  particles,  e,  discussed  In  Section  4.7.4. 
Therefore,  the  model  <b  should  be  consistent  with  the  model  <e>  . 


Like  the  grain  surface  and  grain  voluoa  functions,  the  surface 
temperature  model  function  is  usually  established  by  considering  the  limiting 
case  of  identical  grains,  l.e«,  by  treating  a  single  grain.  Typically,  if  the 
grain  has  a  simple  geometry,  one  calculates  the  temperature  field  within  the 
grain  corresponding  to  the  energy  transfer  <e>.  This  involves  the  solution  of 
a  differential  equation  and  finding  the  corresponding  surface  temperature, 
which,  in  turn,  determines  the  energy  transfer  at  the  next  time  step.  This 
type  of  calculation  is  recommended  if  one  is  particularly  Interested  in  the 
ignition  process.  After  ignition,  all  heat  transfer  is  assumed  to  be  zero, 
because  then  the  energy  flow  phenomena  are  dominated  by  the  combustion  and  the 
associated  heat  release.  The  continued  heating  of  Che  grains  is  assumed  to  be 
of  no  consequence  for  the  combustion. 

In  order  to  illustrate  the  relation  between  the  heat  transfer  for  the  gas 

to  the  particles,  (4.77),  and  <T>,  we  consider  a  very  simple  isodel  in  which 

the  temperature  in  each  grain  is  assumed  to  be  uniform.  (The  model  is  not 

recomnended  for  simulation  of  interior  ballistics,  but  it  shows  the  salient 

e 

features  of  the  relation.)  Let  Cp  be  the  specific  heat  o|  the  particle 
material.  Then  the  heat  capacity  of  one  particle  is  CpVpP,  (J/K).  Therefore, 
the  relation  between  the  energy  transfer  models  <e>  and  should  be 


AAA  •  9 

m  c  pv_<T>  •  <e>SG 
P  P 


(4.118) 


From  Eq.  (4.118)  and  expression  (4.77),  the  model  for  Che  heat  conduction 
between  Che  gas  and  particles  can  be  written  in  terms  of  <t>  as 


’’particle*  "  opT  VG 


(4.119) 


The  important  result  is  the  existence  of  a  relation  like  Eq.  (4.118) 
between  <7>  and  <e>.  It  would  be  replaced  by  a  different  relation  if  the  heat 
flow  within  the  particle  were  taken  into  account,  as  described  above.  In  that 
case,  the  expression  in  the  brackets  in  Eq.  (4.119)  would  be  changed 
correspondingly . 
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5.  SUMMARY  AND  CONCLUSKWS 


Interior  ballistics  models  are  mostly  based  on  engineering  approximations 
and  Insight,  like  Lagrange's  model*  Alternatively,  one  can  assume  that  the 
gas  and  particles  locally  satisfy  all  conservation  equations  and  obtain  the 
model  by  an  averaging  process.  In  this  report,  we  present  a  complete 
mathematical  derivation  of  weighted  volume  averaged  equations  Including  all 
error  terms,  sufficient  conditions  for  the  necessary  differentiability  of  the 
average  variables,  and  regions  of  definition  of  the  average  variables. 

Initial  and  boundary  conditions  that  are  consistent  with  the  volume  averaged 
equations  are  discussed.  Correlations  that  are  used  to  close  the  system  of 
partial  differential  equations  are  examined.  Some  of  these  correlations  are 
different  than  those  commonly  used  in  Interior  ballistic  applications. 

The  average  governing  equations  that  are  derived  In  this  report  model  the 
transient  effects  of  viscosity,  heat  conduction,  and  turbulence  In  the 
compressible  gas  phase;  the  ignition.  Intergranular  stress,  and  burning  In  the 
incompressible  solid  phase;  and  the  corresponding  interactions  between  the 
phases,  e.g.,  drag,  heat  transfer,  and  source  terms.  Turbulence  Is  defined  In 
terms  of  volume  averages  and  only  elementary  models  are  presented  for 
completeness  of  the  report.  In  the  average  model,  quantities  appear  that  are 
defined  only  on  the  surfaces  of  the  grains.  We  show  that  these  quantities 
satisfy  a  general  partial  differential  equation.  The  relationships  between 
the  volusM  average  equations  and  the  local  equations  for  individual  phases  are 
discussed  as  the  volume  of  the  solid  phase  approaches  zero  and  as  the  size  of 
the  averaging  volume  approaches  zero*  Because  these  equations  must  be  solved 
via  the  computer,  an  appropriate  form  and  choice  of  dependent  variables  for 
numerical  solution  are  discussed.  Thus,  this  report  presents  a  complete  and 
consistent  mathematical  model  of  interior  ballistics  for  non-reacting,  gas- 
solid  flows. 

The  exposition  of  the  theoretical  basis  of  averaged  equations  permits  us 
to  draw  the  following  conclusions: 

First,  the  proper  domain  for  averaging  Is  a  volume  that  Is  larger  than 
the  propellant  grains  and  that  Is  smaller  than  the  gun  tube  .  Time  averaging 
Is  undesirable  because  of  the  rapid  changes  of  the  flow  field  and  the  moving 
boundary  (projectile).  Infinite  volume  averaging  Is  not  admissible  for 
theoretical  reasons,  and  so  are  surface  and  line  averages. 

Second,  the  average  equations  are  valid  only  for  cases  where  the 
averaging  volume  consists  of  gas  and  particles  or  Just  gss  and  where  the  local 
functions  have  no  discontinuities  within  their  respective  domains.  Therefore, 
average  governing  equations  are  not  suitable  for  describing  flowd  with  shocks, 
contact  discontinuities,  etc.  Gu  the  other  hand,  by  a  proper  formulation  of 
the  governing  equations,  we  obtain  a  system  that  can  be  solved  numerically 
without  explicitly  following  the  boundaries  of  regions  without  particles. 

Third,  the  average  equations  are  not  valid  In  boundary  regions. 
Consequently,  the  formulation  of  proper  boundary  conditions  Is  problematic, 
and  has  not  been  solved  satisfactorily.  Also,  resolution  of  Interior 
ballistics  boundary  layers  based  on  volume  average  two-phase  equations  Is  only 
possible  in  exceptional  cases,  when  the  grains  are  smaller  than  the  typical 
boundary  layer. 


Fourth,  one-dlBenslonal  interior  ballistics  isodels  based  on  volume 
averaging  are  less  problematic  than  two-dimensional  models,  because  the 
averaging  volume  occupies  a  finite  thickness  cross-section  of  the  tube  and  is 
large  compared  to  the  particles.  The  only  problems  with  such  models  are  the 
formulation  of  boundary  conditions  at  the  breech  and  projectile. 

Fifth,  a  mathematical  basis  for  two-dimensional  interior  ballistic  models 
could  possibly  be  obtained  by  an  extension  of  the  theory  of  average 
equations.  Such  an  extension  can  be  done  by  generalizing  to  a  variable  volume 
averaging  or  by  using  statistical  averages  instead  of  volume  averages.  The 
first  approach  will  alleviate  some  problems,  but  it  cannot  remove  the  basic 
cause  of  problems  in  two-dimensional  modeling:  the  particle  sizes  that  are 
large  compared  to  the  gas  boundary  layer.  The  second  approach  (statistical 
averaging)  has  not  been  tried  successfully  for  two-phase  flows.  There  the 
encountered  problems  are  mathematical,  requiring  a  major  Investment  in  the 
development  of  the  theory. 
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LIST  OF  SYMBOLS 


The  list  contains  symbols  that  are  frequently  used  In  the  report. 

Symbols  that  are  defined  and  used  only  locally  are  not  Included  In  this  list. 

Function  symbols  In  general  Indicate  average  quantltltes.  A  tilde  over  a 
function  symbol  Is  used  to  Indicate  the  local  value  of  a  function.  An 
asterisk  over  a  symbol  Indicates  that  It  represents  a  property  of  the 
propellant  grains. 


sp 


drag 

^rgun 

^Reynolds 

^stress 


a 

d 

s 

<d> 

«P 

e 

e 

*s»  *q 
<e> 

E 

g 

H 
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-  sound  speed  In  gas,  m/s 

-  sound  speed  of  particle  material,  m/s 

-  sound  speed  of  particulate  phase,  m/s 

2 

-  average  frontal  area  of  a  particle,  m 

2 

-  acceleration  term  due  to  drag,  m/s 

2 

-  Ergun  correlation  for  m/s'‘ 

2 

-  Reynolds  correlation  for  m/s 

2 

-  acceleration  term  due  to  Intergranular  stress,  m/s 

-  specific  heat  capacity  at  constant  volume,  J/(kg*R) 

-  specific  heat  capacity  at  constant  pressure,  J/(kg*K) 

-  regression  distance,  m 

-  stationary  burning  rate,  m/s 

-  burning  rate  correlation  function,  m/s 
"  average  particle  diameter,  m 

-  specific  Internal  energy,  J/kg 

-  e  at  flame  temperature,  J/kg 

-  partial  derivatives  of  e,  K  and  m  /kg 

-  correlation  for  surface  averaged  heat  flux  Into  the 
particles,  W/m^ 

-  strain  rate  tensor,  1/s 

-  averaging  weight  function 

-  specific  enthalpy  difference  (Section  4.7.8),  J/(kg>K} 

-  Identity  tensor  of  second  order 
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R-8.3143  J/(aol  •K) 
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-  dlaatter  of  averaging  volume,  m 

-  number  of  grains  In  averaging  volume 

-  uelghted  number  of  grains  In  averaging  volume 

-  molar  mass,  Icg/mol 

-  unit  outward  normal  irlth  respect  to  the  gas  on 

-  unit  outward  normal  to 

-  pressure.  Pa 

-  derivative  of  the  function  p(q) 

2 

-  gas  phase  heat  conduction,  W/m 

2 

-  gas  phase  turbulent  heat  flux,  W/m 

-  pressure  logarithm  function  (4.2;%),  Pa 

-  radial  coordinate,  m 

-  universal  gas  constant 

-  specific  entropy,  J/(kg*R) 

2 

-  average  surface  area  of  a  single  grain,  m 

-  union  of  all  grain  surfaces  In  V 

2 

-  weighted  area  of  S^,  m 

-  surface  of  averaging  volume  V 

-  time,  s 

-  gas  temperature,  K 

-  flame  temperature,  K 

•  grain  surface  temperature,  K 

-  correlation  for  rate  of  change  of  grain  surface 
temperature,  K/s 

-  gas  velocity,  m/s 

-  the  radial,  circumferential,  and  axial  components  of  u, 

m/s 

•*  particle  velocity,  m/s 
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-  the  radial,  clrcvuaferentlal,  and  axial  components  of  u, 
m/s 

-  velocity  of  a  point  of  Sp,  n/s 

3 

-  average  value  of  the  volume  of  a  single  particle,  m 

-  averaging  volume 

-  weighted  value  of  V,  m^ 

-  special  coordinate,  m 

-  axial  coordinate,  m 

-  surface  element  metric 

-  gas  volume  fraction  (porosity) 

-  phasic  function  (Section  2) 

-  ratio  of  specific  heats 

-  source  term,  (4.33)  1/s 

-  SG<d>/VG,  1/s 

-  ^  r ,  i/s 

3 

-  covolume  In  equation  of  state,  m  /kg 

**  thermal  conductivity  coefficient,  U/(m*K  ) 

-  bulk  viscosity  coefficient,  Pa*s 

-  shear  viscosity  coefficient,  Pa*s 

-  viscous  stress  tensor.  Pa 

-  gas  phase  turbulent  stress  tensor,  Pa 

-  intergranular  stress  tensor,  Pa 

-  solid  phase  turbulent  stress  tensor.  Pa 

3 

■*  gas  density,  kg/m 

3 

-  particle  density,  kg/m 

3 

-  partial  derivatives  ofp(s,q),  (kg/m"^)  (kg»K/J),  and 

sW 

-  function  describing  a  gas  property 
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-  function  describing  a  particle  property 

-  dissipation  tent*  V/(kg*K) 

•  ^ 

'  dissipation  function,  W/a 

-  gas  phase  turbulent  dissipation  function,  W/a 

-  dissipation  correlation  tera,  V/(kg*K) 

-  pT*,  W/a^ 

-  general  function.  Section  2 

-  heat  conduction  tera,  W/(kg»K) 

-  heat  conduction  due  to  gas  conductivity,  W/(lcg*K) 

-  heat  conduction  due  to  heat  loss  to  particles,  W/(kg>K) 
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App«adlx  A 

Govarolm  gquatlonx  for  Cyllndrlcally  Syetrlc  Flows  In  Cylindrical 
Coordlaafa . 

Thla  appandix  contalas  a  list  of  the  governing  equations  In  component 
form  In  cylindrical  coordinates  for  the  case  of  cylindrical  aymmetry  flow. 

The  subscripted  variables  denote  the  components  of  a  vector  and  not  the 
derivative  of  these  variables.  All  derivatives  are  written  In  a  non- 
abbrevlated  form.  The  listed  equations  are  In  a  form  which  la  compatible  with 
Eq.  (4.32).  The  components  of  the  gas  average  velocity  and  the  particle 
average  velocity  are 


u  ■ 

(Ur. 

“e*  “2^  • 

(m/s) 

* 

* 

*  * 

(m/s) 

u  ■ 

(«r. 

“e*  "2>  • 

where  the  subscripts  r,  6,  and  2  refer 
coordinate  directions,  respectively, 
scalar  f  are 


(A.l) 

(A.2) 

to  the  radial,  angular,  and  axial 
The  components  of  the  gradient  of  a 


"  ■  ((If),.  (0),.  (H).)  • 


The  divergence  of  a  vector  F  •  (F^,  F^,  F^)  Is 


,  3(rF,)  3F, 

7.F  .  1  — —L.  +  ^ 

r  3r  3x 


(A.3) 


(A.4) 


The  Independent  variables  are  time  t,  radial  position  r,  and  axial 
position  s.  The  dependent  average  variables  which  are  computed  from  the 
governing  partial  differential  equations  are:  the  specific  entropy  s,  the 
pressure  logarithm  function  q,  the  radial  gas  velocity  u^,  the  circumferential 
gas  velocity  u^,  the  axial  gas  velocity  u^,  the  radial  particle  velocity  u^, 
the  circumferential  particle  velocity  u^,  the  particle  velocity  u^.  Che 

number  of  particles  within  the  averaging  volume  m,  the  regression  distance  d, 
and  the  surface  temperature  of  the  particles  f. 

The  entropy  equation  la 
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here  p>  p,  T,  H,  r  ere  filven  by  Eos  fn  /a  /\  /«  .%\ 

respectively.  The  expression  fL  B  Is^  ^  ^  ^  ^ 

and  Che  porosity  o  is  given  by  E,.  (B.l).  The  dissipation  function  •  is 


Bt  *T  +  <+> 


(A.7) 


where 


3u  u  3u  2 

+  X  [t-^  +  -^  +  —5.1 

•■or  r  a*  J  » 


(A.8) 


M<1  U.  A,  <t>,  and  «  an  glna  by  Eqa.  (B.7>  (j  as  /a  sas  j  . 
napaotlnly.  B..  hLc  condnntln  ear.  ,  1. V’^ "r  wil^a. 


f  *  f  +  y  +  V 

gas  particle  ’turb  ’ 


(A.9) 


where 


Va  •  oil  tr  3r  1?^  +  |l  («  |“)]  , 

'''turb  ■  17  (*‘<«T  ■*■  I7  (®*T  If) 


(A. 10) 


(A.U) 


-7i7(«T<V")|f]  -|^(<^(VT)|a)]  . 

diicuSSIS^SiS;  ^"**"^*  «-P*ctlvely.  and  <^,T, 
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The  pressure  logarithm  function  equation  Is 


la.-u  ^-u  M _ fi_ (1  +  i« i B] 

3t  '^r  3r  "z  3z  3p_  '^r  3r  3z  38  T 

3q 


3q  3q 

where  p,  e,  T,  B,  6,  H,  P,  <t,  and  Y  are  given  by  Bqs.  lB.4),  (B.3),  (B.2), 
(A. 6),  (B.28),  (B.27),  (B.26),  (A.7),  and  (A.9),  respectively. 

The  radial  gas  velocity  equation  Is 

2 

^  3u^  /  *^r 

3t  "  '^r  3r  **z  3z  r  dq  p  3r  ’^r'^r 


(l-g) 

a 


(a.  )  +  (a  .  )  +  (A^  .  ) 

'■  drag-'r  '■  vlsc-'r  turb-'r 


(A.13) 


where 


^Sisc^r  "  h  ^1?  ^““1  sT  ■  "T  ■  sT  ^ 


-  3u  u  3u 
2  /■ «  r  r  z 


1  3 


du 


(A. 14) 


a  3u  3u  .  u 

ll  ^JT  ^  37"^]  +  2au  , 


and  p,  p,  r,  a,  w,  and  \  are  given  by  Eqs.  (B.6),  (B.4),  (B.26),  (B.l),  (B.7), 
and  (B.S),  respectively.  The  radial  component  of  the  drag  Is  given 

by  the  radial  component  of  Eq.  (B.20).  The  radial  component  of  acceleration 
due  to  turbulence  (A^u^B^r  ^  given  by  the  radial  component  of  Eq. 

(B.34)  which  Is  Eq.  (A.14)  with  p  and  X  replaced  by  u..  snd  X_. 

5  ^  ^ 

The  clrcuaferentlal  gas  velocity  equation  is 


3Ug  3Ug  3Uq  u^ug  * 

at - "r3r--“z3i - 7“  - 


a  ^  ^^drag^e  ^^vlsc^e  ^\urb^e 


(A.15) 
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where 


^\lsc^9 


JLfl. 

ap  '  3r 


(A.16) 


and  a,  F,  u>  and  p  are  given  by  Eqa.  (B.l),  (B.26),  (B.7),  (B.8),  and 
(B.A),  respectively.  The  circumferential  component  of  the  drag 
given  by  the  circumferential  component  of  Eq.  (B.20).  The  circumferential 
component  of  the  acceleration  due  to  turbulence  ^  given  by  the 

clcumferentlal  component  of  Eq.  (B.34)  which  le  Eq.  (A.16)  with  u  and  X 
replaced  by  and  X^. 

The  axial  gas  velocity  equation  la 


3u 
_ z 

3t 


3u  3u  .  ,  .  a 

_ z  _ z  ^  1  ^ 

'*r  3r  ”  **z  3z  dq  p  3z  ^'*z”'^z 


(A.17) 


where 


1  -i  3u,  3u.  3u^  3u, 

^\iac>z  “  h 


3u  3u  u 


du  3u_  u 


(A.18) 


li  [“’'I  ^  -  /)  +  ax(^  +  ^  +  r)]l 


and  p,  p,  r,  a,  u,  and  X  are  given  by  Eqs.  (B.6),  (B.A),  (B.26),  (B.l),  (B.7), 
and  (B.8),  respectively.  The  axial  component  of  the  drag  given  by 

the  axial  component  of  Eq.  (B.20).  The  axial  component  of  the  acceleration 
due  to  turbulence  could  be  given  by  the  axial  component  of  Eq.  (B.3A) 

which  la  Eq.  (A.18)  with  y  and  X  replaced  by  and  X^. 

The  components  of  the  solid  phase  velocity  equation  are 


the  radial  solid  phase  velocity  equation 


* 

3u 
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3t 
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3u 
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Che  clrcufflferenClal  solid  phase  velocity  eqxiaclon 


* 

3u 


* 

3u 


* 

3u„ 


*  * 

U  u„ 


““0  *  -'‘e  *  ““9 

3t  *  '*r  3r  '*z  32  r  * 


‘dragee 


(A.20) 


and  Cne  axial  solid  phase  velocity  equation 


* 

3c 


*  3u  *  3u  ... 

“  u  -  ^  -  u  -r— —  -  X  +  ■§•  (A.  )  +  (A  )  ,  (A. 21) 

r  3r  2  32  dq  *  32  *  drag  z  stress  z 


where  p  and  p  ar|  given  by  Eqs.  (B.6)  and  (B.4),  respectively.  The  density  of 
the  solid  phase  p  is  assumed  constant.  The  components  of  the  accelerations 
due  to  drag,  A^p^g*  intergranular  stress,  A^^y^gg,  are  given  by  the 
components  of  Eqs.  (B.20)  and  (B.23),  respectively. 

The  particle  number  equation  is 


3n  13.*.  3  /*  N 

^  -  7  37  ^"“r>  “  37  ^"“2> 


(A.22) 


The  regression  rate  equation  is 


*  *  * 

3d  3d  3d  . 

It  “  -  "r  17  ■  “2  37  +  » 


(A.23) 


where  the  burning  rate  correlation  <d>  is  given  by  Eq.  (B.25). 
The  surface  temperature  equation  is 


*  *  * 

3T  3T  3T  .  .ju 

17  “  -  “r  17  -  "z  17  * 


(A.24) 


where  Che  correlation  <T>  for  Che  rate  of  change  of  grain  surface  temperature 
is  discussed  in  Section  (4.7.10). 
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Correlation  Model  Foraulas 

This  appendix  contains  a  list  of  correlation  model  formulas.  The 
formulas  are  discussed  In  detail  In  Section  4.7.  The  terms  listed  In  this 
appendix  are  In  a  form  compatible  with  Eq.  (4.32)  and  those  listed  In  Appendix 

A. 


The  porosity  or  gas  volume  fraction  (Section  4.2.1)  Is  given  by 


o  ■  1  -  V  (d)m/VG  . 

P 

The  equations  of  state  (Section  4.7.1)  are 

R 

^  f  *  » 


(B.l) 

(B.2) 

(B.3) 

(B.4) 

(B.5) 


where  R  ■  8.3143  J/(mol<K)  Is  the  universal  gas  constant,  M  (kg/mol)  Is  the 
molar  mass  and  n  (m^/kg)  Is  the  covolume.  The  pressure  logarithm  function  q 
Is  defined  by  (Section  4.2.2) 


q  -  qj[ln(p/pp  +  l]  ,  Pa;  or  p  -  Pj  exp(^ - 1)  ,  Pa  .  (B.6) 

The  shear  viscosity  coefficient  p  and  the  bulk  viscosity  coefficient  X 
are  (Section  4.7.2) 


u 

X 


%  ^*1  ITTTt 


^  V"'  ^ 

o  1  X2  +  T 


Pa*  a  , 

Pa*s  . 


(B.7) 

(B.8) 
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The  acceleration  by  vlacoslty  la  modeled  by  (Section  4.7.2) 


K±ac  “  ^  f 

where  E  la  the  attain  rate  tenaor  computed  ualng  the  average  velocltlea,  l.e., 
E  -  0.5  (Tu  +  (Vu)*^]  .  (B.IO) 


The  heat  dlaalpatlon  function  term  la  modeled  by  (Section  4.7.3) 


*  -  ^  «(E)  +  <♦>  ,  W/(kg«K)  , 


(B.ll) 


where 


5(E)  -  2u  trace(E^)  +  (X-  j  w)(trace  E)^  ,  W/m^  ,  (B.12) 

* 

<*>  -^  |u4i^(-5-S-^]^'^  v2(-|w  +ix)  ,  W/(kg.K)  ,  (B.13) 

and  4^  la  given  by  Eq.  (B.3S). 

The  thermal  conductivity  coefficient  ic  la  modeled  by  (Section  4.7.4) 


^1*5 

T 

K  ■  K  +  <•  - TTS  I 

o  1  <2  +  T  ’ 


W/(m*K)  . 


(B.14) 


The  heat  conduction  term  In  the  governing  equatlona  la  modeled  by  (Section 
4.7.4) 


’  Vttlcl.  + ’t.rb  •  • 


where 


(B.15) 


(B.16) 
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•lUtMiUMM* 


and 


* 

■  *  before  Ignition  , 


^particle 


(B.17) 


0  . 


after  Ignition 


with 


h  -T^  +0.2  i  _ 

D  /2  ”  uD  /2 

P  P 


(B.18) 


and 


\  *  OgB^'^^+T)  (T^+T^)  ,  W/(«^.K)  . 


(B.19) 


In  Eq.  (B.19),  e  la  the  particle  emlsalvlty,  >  5.67032>10  W>m  K  la 
the  Stephan-Boltzmann  conatant,  and  ^  la  the  average  grain  aurface 
temperature.  The  turbulent  heat  flux  within  the  gaa  'f  la  given  by  Eqa. 
(B.36)  and  (B.37).  * 

The  acceleration  term  due  to  the  drag  between  gaa  and  partlclea  la 
modeled  by  (Section  4.7.5) 


drag 


rgun 


for  a<0.65  , 


(iJ.20) 


where 


P  « 


pD 


and 


^leynolda  “  “1"^  * 

P  P  p 


(B.22) 
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-  The  acceleration  tern  due  to  intergranular  streas  la  aodeled  by  (Section 
4.7.6) 


stress 


-  a^  V(l-a)  ,  «^/a^ 


(B.23) 


where  a(a)  is  a  sound  speed  function  for  the  particulate  phase.  The  function 
Is  modeled  by 


a(a)  - 


*1  “  '*'»  '* 


02-0 
o  "2  “1 

0  . 


for  a  <o<o,  . 


for  02^0 


(B.24) 


The  burning  rate  Is  modeled  by  (Section  4.7.7) 

,  B, 

<d>  -  +  BjP  *  ,  m/s  .  (B.25) 

The  source  term  r  la  (Section  4.7.8) 

■■ -ip •  *'•  •  «•“> 

The  enthalpy  factor  H  of  the  source  term  (Section  4.7.8)  la  defined  by 


H  -  [(a  +  p/p)  -  (e  +  p/p)] 

where  8  la 


J/(kg.K)  , 


(B.27) 


8 


.  -X.  ^  T 
T-1  M  Aflame 


I 

Tf-l 


*.'p 


J/kg 


(B.28) 


with  g^  ■  9.80665  m/s^  being  the  standard  acceleration. 

The  particle  geometry  enters  the  equations  as  the  four  functions  ▼_($). 
ap(3),  fip(3)  and  Sp(S).  Wa  prowlde  the  formulas  that  define  these  functions 
for  spherical,  cylindrical,  and  tubular  grains. 
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For  a  spherical  grain  with  Initial  dlaneter  one  defines 


R  -  max  (0,  (D  -  2d)/2) 
o 


s  •  4irR^  , 
P 


»p  "  • 

0  >  2R  . 

P 


(B.29) 


A  solid  cylindrical  grain  say  be  described  by  Its  Initial  dlaneter, 
and  height,  Let 


R  -  (D  -  2d)/2 
o 


*  * 

L  -  L  -  2d  . 
o 


(B.30) 


If  either  R  <  0  or  L  <  0,  then  the  grain  has  been  burnt.  If  both  quantities 
are  positive,  then  we  define 


V  ■  irli^  , 

P 

s^  -  2»RCR+L)  , 

a  ■  (2Rl/firR^)/2 
P 

Dp  -  (2»^-L)/2  . 


\  (B.31) 


242 


A  tubular  grain  aay  be  defined  by  its  Initial  height  and  the  initial 
outer  and  inner  dlaaeters,  5,^  and  3^*  respectively.  Let 


R  -  (D^-2d)/2 

r  -  (d  +2d)/2 
o 


(B.32) 


The  grain  la  coapletely  buirut  if  either  R-r  <  0  or  L  <  0.  If  both  of  these 
quantities  are  positive,  then  the  grain  geometry  functions  are 

Vp  -  ii(fi^-td^)  (R-r)L/2  , 

Sp  -  (R-r+L)  , 

Sp  -  (2RL+ir(R^-r^))/2  , 

-  (2IH-L)/2  . 

P 

He  consider  a  detailed  study  of  turbulence  models  for  interior  ballistics 
flows  to  be  outside  the  scope  of  this  report.  Renee,  the  correlation  models 
are  quite  elementary  and  are  listed  in  this  report  only  for  completeness.  The 
acceleration  by  the  gas  phase  turbulent  stress  tensor  snd  the  turbulent 

heat  dissipation  function  could  have  the  same  form  as  (Rq*  (B.9)) 

and  i(E),  (Eq.  (B.12)),  respectively,  but  with  different  viscosity 
coefficients,  that  is, 


(B.33) 


\urb  “  ijr  E  +  (X^  -  I  u^)  (trace  E)  l]}  ,  m/s^  (B.34) 

-  2  trace(E^)  +  (X^  -  -j  (trace  E)^  ,  W/m^  (B.35) 

and  and  X_  denote  the  viscosity  coefficients  for  turbulent  flows.  The 
manner  in  which  these  cdefflcients  are  determined  strongly  depends  on  the 
particular  turbulence  model  one  uses  and,  hence,  will  not  be  given.  As 
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* 

discussed  In  Section  4.7.6,  the  solid  phese  turhulent  stress  tensor  JI_  la  set 
to  zero.  The  turbulence  heat  flu*  vector  Qij  is  modeled  by  tthil  (1975)  and 
Gibeling  et  al.  (1980)  as 


0^  -  -  k^[7T  -  (T^  -  T)]  .  . 


(B.36) 


where  T.  is  an  average  temperature  on  the  Interface  (a  function  of  T  and  ^ 
and  ie_  is  given  by  an  algebraic  formula  involving  an  effective  viscosity  and 
Prandtl  number.  Consequently,  in  Bq.  (B.15)  is  modeled  as 


’'turb 


1 

opT 


V« (aQ^) 


W/(kg«K) 


(B.37) 


t 

< 


f 

I 
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i 
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FREE  EOUNDARY  PROBLEMS  WITH  NONLINEAR  SOURCE  TEEMS 


GunC«r  H.  Moyer 
School  of  Mathematics 
Georgia  Institute  of  Technology 
Atlanta,  Georgia  30332 


Abstract.  Multi  dimensional  free  boundary  problems  with 
nonlinear  reaction  terms  are  approximated  with  a  modified 
method  of  lines.  An  Iterative  numerical  method  results  in  which 
only  one  dimensional  free  boundary  problems  are  solved 
sequentially.  The  algorithm  is  applied  to  an  obstacle  oroblem, 
a  Michael is-Menten  reaction  problem  and  a  two  component 
second  order  reaction  problem. 

The  AlKori chill.  The  term  "free  boundary  problem"  is  used  to  describe 
a  boundary  value  problem  for  differential  equations  where  the  domain  of 
definition  of  the  dependent  variable  is  unknown  a  priori  and  must  be 
determined  simultaneously  with  the  solution  of  the  equations#  Solidification, 
ablation,  free  streamline  and  some  shock  problems  are  common  examples  of 
free  boundary  and  interface  probleots.  Front  tracking  methods  for  free 
boundary  problems  describe  those  solution  methods  which  specif  ically  use  the 
geometry  of  the  free  boundary  in  the  solution  algorithm.  Several  survey 
papers  on  free  boundary  problems  have  been  published  tdilch  detail  their 
origin  and  the  various  solution  methods  (see,  e.g#  [2l  )• 

In  thia  report  we  shall  examine  front  tracking  for  elliptic  and 
parabolic  free  boundary  probleaw  involving  nonlinear  reactions .  Ms  shall 
employ  the  method  of  lines, which  leads  to  a  sequence  of  one  dimensional 
free  boundary  problems  from  %dtlch  the  solution  of  the  multi  dimensional 
problem  is  determined.  A  dbscripclon  of  the  method  of  lines  for  linear 
differential  equations  appears  in [4],  mad  a  mathematical  analysis  of  the 
numerical  algorithm  is  given  in  [5]  for  the  Reynolds  equation  of  hydrodynamic 
lubrication. 

It  is  possible  to  extend  the  results  of  [S]  by  means  of  monotonicity 
arguments  to  certain  nonlinear  differential  equations  of  the  form 

(1.1)  Au  •  f.(u#2) 
subject  to 

(1.2)  «  •  3u/an  -  0 


on  the  free  boundary.  In  particular,  it  la  required  that 


tdiere  f^ 


f(u,x)  -  fj^(u,^  +  f2(u»^ 
is  uniformly  boun^d  and 


«ihere  X  is  the  first  eigenvalue  of  the  smallest  domain  into  idiich  the 
computed  domain  can  be  lalbedded.  Details  of  the  proof  will  be  given  elsowbere. 


This  research  wae  supported  by  the  U.S.  Any  Besearcb  Office  under 
Contract  DAAG-79-014S 
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It  Is  the  purpose  of  this  note  to  Identify  some  problems  which  fit 
Into  this  setting,  and  to  examine  the  performance  of  the  proposed  numerical 
methods  for  such  problems. 

Specifically,  we  shall  consider  the  following  problem  on  the  unit 
square  R 

Au  ■  f(u.x.y)  (x,y)  e  D 

(1.3)  u  ”  g<x.y)  (x,y)  E  3D 

3u/3n  -  0  ^  y  • 


where  D  Is  the  subset  of  the  unit  square  which  bounded  above  by  the  free 
boundary  y“s(x).  On  tho  bottom  and  on  the  sides  of  the  square  below  the 
free  boundary  either  Dlrlchlet  or  Neumann  conditions  are  prescribed.  We 
remark  that  the  restriction  to  the  Laplaclan  Is  not  essential.  The  conver¬ 
gence  proof  applies  to  more  general  elliptic  operators  without  cross  deri¬ 
vatives,  while  the  numerical  results  indicate  that  the  method  works  equally 
well  In  the  presence  of  cross  derivatives.  Hence  a  combination  of  the 
method  of  lines  and  domain  mapping  methods  may  be  considered  to  free  the 
method  of  lines  from  some  of  the  geometric  restrictions  which  so  far  have 
had  to  be  observed. 

The  free  boundary  problem  (1.3)  Is  the  classical  obstacle  problem. 

It  arises,  for  example,  when  a  membrane  of  altitude  w  and  supported  on 
the  boundary  of  the  square  Is  pushed  up  by  an  obstacle  v.  In  the  usual 
obstacle  problem  the  shape  of  the  obstacle  is  prescribed.  In  (1.3)  the 
shape  would  depend  on  the  membrane  itself.  Where  the  membrane  does  not  touch 
the  obstacle  It  satisrics  Laplace's  equation.  At  the  point  of  contact 
It  assumes  the  same  altitude  and  slope  as  the  obstacle.  The  function 
u»w-v  then  satisfies  a  problem  like  (1.3).  As  Is  well  known,  the  obstacle 
problem  Is  usually  written  and  analyzed  as  a  variational  Inequality  (see, 

)•  Our  nvimerlcal  method  makes  no  assumption  on  the  structure  of 
(1.3),  but  our  convergence  proof  does . 

The  numerical  solution  of  (1.3)  can  proceed  as  follows.  On  the  basis 
of  the  maximum  principle  (or  physical  reasoning)  one  can  often  find  an 
upper  and  lower  bound  on  the  solution  of  (1.3),  say  |u|«C.  Then  let  K  be 
a  constant  chosen  so  large  that 


(l.A) 


i  K  |ul  i  C,  (x,y)  E  R. 

>3u  ' 


Now  the  following  algorithm  Is  suggested  in  [2,p.3701  for  the  nonlinear 
Poisson  equation 


(1.5) 


k  k  k— 1  k-1 

Au*  -  Ku*  -  f(u*  ,x,y)  -  Ku* 


This  iteration  can  be  combined  in  a  natural  way  with  the  llne-SOR  approach 
used  In  [4]  for  free  boundary  problems.  Specifically,  let 

0«Xn  <  Xj^  . . .  Xn.t.1  *  1  denote  an  equidistant  partition  and  let  u  be 

replaced  by  finite  differences  such  as  ** 


I 


(1.6) 

_  “1+1  “1-1 

Ax* 

or 

(1.7) 

u  (x. ,y) 

XX  1  ' 

-  2u. 


i+1 


""“1  *"*1-1  “1-2 
"Haj? 
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Then  for  and  we  solve  repeateiUy  Che  one  diaMoslonal 

problen 


(1.8) 


u"  -  (K+a^)a  -  Fj<y)  -  0 


u<0)  -  s(x^.O) 


,  a(s^)  -  a’(8|^)  -  0 

k-1 .  M 

u.  +  « (u  -  u.  ) 


where 


I'JCy)  -  - 


k-l  ^  k 


,y)  - 


if  (1.6)  is  usud,  or 


a  -30_ 

^  12Ax* 

k-l  ,,  k-l  k  .  k 

^  : 


f(uj"^  ,y)  -  KuJ"^ 


If  (1.7)  Is  used.  On  Che  boundaries  x  and  x^.  Che  prescribed  Dlrlchlec 
daca  or  reflection  (Neumann)  daca  are ‘used. 

The  one  dimensional  problem  (1.8)  can  be  solved  In  a  varlecy  of  ways. 
Hero  we  use  Che  invariant  labeddlnK  method  ouCllaed  In  [43.  Briefly »  vro  writu 

8  -  kj(y)a’  +  wj(y) 

where  R  ond  w  are  the  (assumed  known  or  compuCeble)  solutions  of  the  well 
defined  Initial  value  problems 


(1.9) 


R^'  -  1  -  (K+a^Rj^,  R^(0)  -  0 

wj'  -  -(IW.a^)R^wJ  -  Rj^(y)Fj(u)  ,  wj(0)  -  r(x£^0). 


The  free  boundary  s^  is  chosen  as  the  smalleec  solution  of 


(I.IO) 


^^(y)  -  w^(y)  -  0. 


If  02  solution  exists  on  (0,1]  then  we  set  s^  ■  1.  On  the  now  Riven  Interval 
(0,s^)  the  function  Is  tten  determined  as*the  solution  of  the  standard 
two  point  boundary  value  problem 

Ld  -  *^(y) 

sub:)ect  to  Riven  conditions  at  the  end  points. 

The  converRence  proof  of  [5]  applies  to  this  problem  under  specific 
assumptions  on  f  and  g  when  «  ■  1.  However,  we  generally  choose  w>l  In 
order  to  accelerate  convergence.  We  aleo  note  that  in  terms  of  progrsMlng 
and  computing  complexity  and  effort  the  above  algorithm  for  nonlinear  Poisson's 
equations  differs  only  slightly  from  the  corresponding  elgorlthm  for  linear 
equations  as  described  In  [4]  . 


Most  of  the  numerical  experiments  carried  out  so  far  have  used  the 
second  order  approximation  (1.6)  and  the  trapezoidal  rule  for  the  integration 
of  the  equations  (1.9)  (as  well  as  for  the  reverse  sweep  used  for  the  computation 
of  u'  and  hence  u  -  for  details  see  [4]  ).  However,  numerical  experiments  with 
the  unstable  Hele-Shaw  flow  problem  [6]  strongly  indicate  that  tne  fourth 
order  quotient  should  be  used  where  possible.  The  primary  reason  for  this 
suggestion  is  that  the  number  of  lines  which  can  be  handled  economically  with 
regard  to  storage  and  rate  of  convergence  tends  to  be  small  compared  to  the 
number  of  mesh  points  per  line.  Therefore  the  accuracy  of  the  approximation 
for  u  tends  to  be  too  low  when  the  second  order  method  is  used.  We  also 
have  not  yet  experimented  with  a  higher  order  Integrator  for  the  initial 
value  problem  (1.9),  but  work  along  these  lines  is  planned  in  view  of  the 
relative  sensitivity  of  the  computed  results  to  the  number  of  mesh  points 
along  each  line. 


D 
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Numerical  Examples .  1)  A  linear  obstacle  problem:  Suppose  an  elastic 
membrane  w  covering  the  unit  square  is  displaced  by  an  ellipsoidal  puncli 
with  the  shape  ^  j 

v(x,y)=  1-x  -A(y-l)  . 

Then  the  difference  u  =  w-v  between  the  membrane  and  the  punch  satisfies 
for  u>  V  the  free  boundary  r roblem 

(2.1)  -'U  -  10  (x,y)  e 

u  =  -V  (x,y)  c 

and 

u  =  3u/3n  =  0  y  “  s(x)  . 

This  Is  the  classical  obstacle  problem  for  which  the  convergence  of  the 
numerical  method  and  the  convergence  of  the  discrete  solution  to  the  con¬ 
tinuous  solution  can  be  established  a  priori.  A  numerical  solution  of  this 
problem  with  the  second  order  approximation  to  u  is  shown  in  Fig.  1. 

We  note  that  in  this  case  K»0.  A  nonlinear  obstacle  problem  results  if, 
for  example,  the  membrane  is  simultaneously  subject  to  a  nonlinear  force 
f(w,x,y) . 


1.  Plot  of  membrane  and  obstacle  for  problem  (2,1). 
Ax*l/20,  Ay*l/100,  u-1.6;  51  iterations  for  a 
convergence  criterion  of  max  |u^  -  Uj[“^|  •  10”° 
between  successive  iterations.  Total  computing 
time  60  sec  on  the  Cyber  170/700. 
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2)  A  Mlchealls-Menten  reaction  problem:  As  a  first  example  of  a  free 
boundary  problem  with  a  nonlinear  source  term  we  shall  consider  an  extension 
of  the  oxygen  diffusion-consumption  model  which  Is  representative  for  a 
number  of  biological  diffusion  processes  (see,  e.g.[7]  ).  Here  an  agent  at 
concentration  u(x,y,t)  Is  diffusing  Into  the  medium  D  (such  as  oxygen 
diffusing  through  living  tissue).  As  It  diffuses  It  Is  consumed  at  a  non¬ 
constant  rate  according  to  a  Michaells-Menten  reaction.  The  concentration 
may  then  be  described  by  the  free  boundary  problem 

(2.2)  Au  -  cu^  =  f(u,x,y) 

with 

f(u,x,y)  =  ^ +  e(x,y) 

where  e(x,y)  Is  a  local  threshhold  consumption  rate.  At  the  free  boundary 
the  concentration  and  its  gradient  vanish.  (Other  conditions  could  be  Imposed, 
such  as  threshhold  concentrations  or  gradients  -  see  the  reaction  problem 
below.)  If  problem  (2.2)  Is  time  discretized  and  solved  as  a  sequence  of 
time  implicit  elliptic  equations  then  the  monotone  convergence  theory  applies 
at  every  time  step. 

For  numerical  work  we  shall  use  the  same  geometry  as  In  the  obstacle 
problem.  Specifically  we  shall  assume  that 

e(x,y)  *  8(x-0.5)^  (x,y)  €  D 

3u/3n  *  0  on  X  »  0  and  x  =  1 
u(x,0)  x(l-x). 

If  s(x)»l  then  we  assume  that  3u/3y  =  0.  For  convenience  we  shall  consider 
only  the  steady  state  case  (c«0).  Fig.  2  shows  D  and  the  free  boundary.  From 
the  data  symmetry  about  x»0.5  Is  expected  although  It  Is  not  specifically  used 
In  the  program. 


Fig.  2.  Plot  of  the  steady  state  free  boundary  for  the  Mlchaells- 
-Menten  reaction  problem  (2.2).  Ax»l/20,  Ay-1/100,  u  -1.6,  49 

Iterations.  The  same  number  of  Iterations  were  required  for  K  -  1 

as  for  K  -  o  •  0. 
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3)  Second  order  diffusion-reaction:  As  a  third  example  let  us  consider 
a  two-component  reaction  problem  where  a  substance  at  concentration  u 
diffuses  into  an  immobile  substance  at  concentration  v  while  undergoing  a 
second  order  irreversible  reaction  with  it.  The  model  equations  and  an 
application  to  the  diffusion  of  oxygen  in  nickel  are  discussed  in  [8]  where 
an  asymptotic  formula  for  the  diffusion  front  is  developed  in  one  space 
dimension  (which,  however,  does  not  correspond  to  a  free  boundary).  Here 
we  shall  deal  with  a  two  dimensional  problem  in  which  movement  into  unreacted 
zones  can  occur  only  if  the  gradient  3u/3n  on  the  diffusion  front  exceeds 
a  given  threshhold  value. 

Specifically,  for  the  same  geometry  as  in  examples  1)  and  2)  we  shall 
consider  the  time  dependent  boundary  value  problem 


(2.3) 


=  Au  -  kuv 
v^  =  -kuv 


X  e (0,1) ,  0<  y<  s(x,t) 


3u/3n  =  3v/3n  =0  on  x  =  0  and  x  =  1,  t  >  0 
u(x,y,0)  =  0 
v(x,y,0)  =  v^(x,y) 
and  the  free  boundary  condition 


u  =  0  and  |3u/3n|  =  e  >  0 


y  =  s(x,t) . 


This  problem  is  readily  converted  into  a  single  variable  problem  for  u  because 


v(x,y,t) 


VQ(x,y)exp(-k 


^  u(x,y,r)dr. 


Thus,  we  shall  consider  the  scalar  equation 

ft 

Au  -  u^  =  kuv  exp(-k  udr) 

subject  to  the  appropriate  boundary  conditions  Induced  by  (2.3). 

A  fully  time  implicit  approximation  based  on  a  backward  difference 
quotient  for  u  and  the  trapezoidal  rule  for  the  Integral  then  leads  to  the 
sequence  of  elliptic  problems  at  time  t^  for  us  u^ 


(2.4)  Au  =  f(u,x,y,t) 

where  u  -  u  _.  u+u 

f(u,x,y,t)  =  — --  "  ^  +  kuv^(x,y)0(x,y,t^_pexp(-kAt — ^ — ) 


with 


u  +u 

0(x,y,t  )  =  0(x,y,t  .)exp(-kAt— ~  -— ) 
n  n—  i  ^ 


For  an  input  concentration  of 

u(x,y,0)  =  (t/(l+t))(0.1+16x‘^(l-x)'^) 

it  follows  immediately  on  physical  grounds  (or  from  the  maximum  principle) 
that 

0  m  u  -l.lt  /(1+t),  0  -  V  -  V  . 

<  o 

Since  0(x,y,t^)  -  1  it  is  simple  to  check  that 


for  sufficiently  small 
choose 


I— I 


-Uk 

At 


At,  Hence  for  the  constant  K  in  (1.4)  we  shall 


K 


1 


At 


+  k. 
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Fig.  3.  Plot  of  u(x,y,t).  Ax=l/20,  Ay=l/100,  t=  0.1,  At=0.1/20, 
u)  =  1.6.  About  34  iterations  per  time  step  are  required 
for  convergence.  Total  computing  time  for  20  time  steps- 
240  sec  on  the  Cyber  170/700. 


Some  final  comments.  The  most  restrictive  asnect  of  the  method  of 
lines  as  discussed  in  the  literature  is  the  strong  dependence  on  rectangular 
or  circular  regions.  But  as  is  well  known  (see,  e.g.  [9]  )  Irregular  regions 
can  often  be  mapped  onto  regular  computational  domains  at  the  expense  of 
complicating  the  differential  equation.  In  order  to  apply  the  method  of 
lines  over  the  computational  domain  its  behavior  for  general  elliptic 
equations  of  the  form 


Z 

i.j 


XfX. 


+  E  b 
i 


■f  cu 


f 


must  be  established. 

First  experiments  with  the  method  of  lines  over  a  rectangular  computatl 
domain  show  little  change  in  its  performance  when  the  equation  no  longer  is 
in  divergence  form,  although  fourth  order  approximations  for  u  and  (u  ) 
appear  to  be  Important.  The  application  of  the  method  of  llnes^fo  free  §o2ndary 
problems  on  irregular  domains  is  currently  under  consideration. 
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ABSTRACT.  This  paper  presents  a  numerical  study  of  a  container 
autofrettage  process.  This  process  uses  internal  hydraulic  pressure  to  expand 
the  tube,  restraining  containers  to  control  the  amount  of  tube  expansion  and 
the  press  force  to  hold  the  end  closures.  The  Incremental  finite-difference 
approach  developed  recently  by  the  author  is  extended  to  obtain  numerical 
results.  The  effect  of  restraining  walls  and  the  press  force  on  the 
displacements  and  stresses  are  discussed. 

1.  INTRODUCTION.  The  Importance  of  favorable  residual  stresses  in  an 
autofrettaged  tube  is  well  known  (ref.  1).  The  container  method  is  one  of  the 
autofrettage  processes  currently  being  used  for  gun  tubes.  It  uses  internal 
hydraulic  pressure  to  expand  the  tube.  Restraining  containers  or  dies  are 
used  to  control  the  amount  of  tube  expansion  by  means  of  a  small,  predeter¬ 
mined  clearance  between  the  inside  of  the  containers  and  the  outside  of  the 
tube.  The  press  is  used  to  simply  hold  the  end  closures  or  seals  in  the  ends 
of  the  tube  and  to  support  the  forces  of  the  internal  pressure  on  the 
closures. 

Many  methods  for  solving  the  partially  autofrettaged  problem  in  a  gun 
tube  have  been  reported  (refs.  2-6).  However,  the  effect  of  constraining 
walls  and  end  closures  on  the  residual  stresses  have  never  been  discussed. 

This  paper  presents  a  numerical  study  of  the  container  autofrettage  process. 
The  finite  difference  approach  developed  recently  by  the  author  (ref.  6)  is 
extended  to  obtain  the  numerical  results.  The  material  is  assumed  to  obey  the 
Mlses'  yield  criterion  and  the  Prandlt-Reuss  incremental  stress-strain 
relations. 

2.  FINITE-DIFFERENCE  FORMULATION.  Consider  a  long,  open-end  thick- 
walled  cylinder  of  inner  radius  a  and  external  radius  b.  The  inside  surface 
of  the  tube  is  subjected  to  hydraulic  pressure  p  and  and  end  force  (pita^)  is 
applied  to  simply  hold  the  end  closures  or  seals.  The  additional  force  f  on 
the  end  closures  will  press  against  the  tube.  The  amount  of  tube  expansion  is 
restricted  by  means  of  restraining  containers  of  Inside  radius  C.  The  cross 

section  of  the  tube  is  divided  into  n  rings  with  r^  =*  a,  r2,...,  ry^  ••  . 

’^n+l  “  where  p  is  the  radius  of  the  elastic-plastic  Interface.  Since  the 
material  behavior  is  nonlinear,  an  incremental  approach  is  used.  At  the 
beginning  of  each  incremental  loading,  the  distribution  of  displacements, 
strains,  and  stresses  are  assumed  to  be  known  and  we  want  to  determine  Au, 

Ae^,  Aee,  Ac^,  Ao^,  Aoe,  Ao^  at  all  grid  points.  According  to  the  Prandtl- 
Reuss  flow  theory,  the  Incremental  stresses  are  related  to  the  incremental 
strains  by 


I 

i 


{Ao^}  -  [dijl  {Aej}  for  l,j  -  r,e,z  (1) 

and 

[d^j]  ■  2G[v/(l-2v)  +  6ij  -  Oi'oj'/s]  (2) 

where 

2  1 

2G  -  E/(l+v)  ,  S  »  -  (1  +  -  H’/G)o2  h'/E  -  a/(l-a)  , 

3  3 

®in  “  (ar+a0+<J2)/3  ,  Oi’  -  Oi  -  %  , 

0  -  (l//2)[(or'oe)^  (oe-Oz)^  +  (Oz-Or)2]l/2  >  (3) 

E  Is  Young's  modulus,  v  Is  Poisson's  ratio,  5^j  Is  Che  Kronecker  delta,  oE  Is 
the  slope  of  the  effective  stress-strain  curve,  and  Oq  is  the  yield  stress  in 
simple  tension  or  compression.  When  a  <  Oq  or  da  <  0,  the  state  of  stress  is 
elastic  and  the  last  term  in  Eq.  (2)  disappears.  Since  the  incremental 
stresses  are  related  to  the  incremental  strains  by  Eq.  (1)  and  Au  >  rAc0, 
there  exists  only  three  unknowns  at  each  station  that  have  to  be  determined 
for  each  increment  of  loading.  Accounting  for  the  fact  that  the  axial  strain 
e^  is  independent  of  r,  the  unknown  variables  in  the  present  formulation  are 
(Aee)^^,  (Aej.)i,  for  1  -  1,2, . . . ,n,n+l ,  and  Ae2, 

The  equation  of  equilibrium  and  Che  equation  of  compatibility  are  valid 
for  both  the  elastic  the  plastic  regions  of  a  thick-walled  tube.  The 
finite-difference  forms  of  these  two  equations  at  1  »  l,...,n  are  given  by 
(ref.  6) 


K*^l+l”2ri)(di2)i  +  ("'ri+i+ri)(d22)i](  Aee)! 

+  Uri+l-2ri)(dn)i  +  (-ri+i+ri)(d2i)il(  Aej>i 
+  >^l(dl2)l+l(Ae0)i+i  +  ri(dii)i+i(Aer)i+i 
+  t(ri+i-2ri)(di3)  +  (-ri+i+ri)(d23)i  +  ri(di3)i+i] Ae2 

“  (ri+i-riXae-Oj.)!  -  riI(oi.)i+i  -  (a^^li]  (4) 

for  the  equation  of  equilibrium,  and 

C^l+l~2ri)(Aee)i  -  (ri+i-ri)(Aer)i  +  ri(Aee)i+j 

-  (ri+i-ri)(er-e9)i  -  ril(e0)i+i  -  (e0)i]  (5) 

for  the  equation  of  compatibility. 
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3.  BOUNDARY  CONDITIONS  AND  INCREMEWTAL  LOADING.  The  three  boundary 
conditions  for  the  problem  are 

(i)  (di2)(^Ee)i  +  (dii)i(Aer)i  +  (di3)iAG2  “  “Ap  (6) 

(II)  (di2)n+l<de0)n+l  +  (dll)n+l( der)n+i  +  (dl3)n+l^ez  *  0  (7a) 

before  contact  or  (Ae0)n+1  ■  0  after  contact  ,  (7b) 

(III) 
n 

I  (ri+l-ri){riI(d23)i(Aee)i  +  (di3)i(  AGr)il  +  ri+i[(d23)l+l('f^e0)l+l 

1-1 

n 

+  (di3)i+i(Aer)i+il}  +  I  (ri+i-ri) ( ri(d33)i  +  ri+i(d33)i+il Ae^ 

1-1 

-  Af/if  (8) 

Now  we  can  form  a  system  of  2n+3  equations  for  solving  2n+3  unknowns,  (Ae©)!^, 

(Ae,.)]^,  at  1  -  1,2 . .  and  Ae^.  Equations  (6),  (7),  and  (8)  are  taken 

as  the  first  and  the  last  two  equations,  respectively,  and  the  other  2n 
equations  are  set  up  at  1  -  l,2,...,n  using  Eqs.  (4)  and  (5).  The  final 
system  Is  an  unsymmetrlc  matrix  of  arrow  type  with  the  nonzero  terms  appearing 
In  the  last  row  and  column  and  others  clustered  about  the  main  diagonal,  two 
below  and  one  above. 

In  order  to  Increase  the  efficiency  of  the  program,  an  adaptive  algorithm 
based  on  a  scaled  lncremental-*loadlng  approach  has  been  Implemented.  In  each 
step,  a  dummy  load-increment  such  as  Ap  Is  applied  and  the  Incremental  results 
Ao^  for  1  -  r,0,z  at  all  grids  are  determined.  For  all  grid  points  at  which 
®  *  ll®lll  <  ®o*  w®  compute  the  scaler  g' s  by  the  formula 

g  .  i  {r  +  [r2  +  4llAoil|2(oo2-lloill2)l/2}/|lAoill2  (9) 

where 

r  -  1  loil  |2  +  1 1  Aoil  1^  “  1 1®!  +  ^Oll  no) 

lloill.  Ildoill,  ||oi  +  Aoill  are  computed  by 

ll®lll^  "  J  l(or”®0)^  +  (00-02)2  +  (oz-Or)2]  (11) 

Let  X  be  the  minimum  of  the  g's.  Then  X  Is  the  load-increment  factor  just 
sufficient  to  yield  one  additional  point.  A  sequence  of  X^)  can  be 
determined  for  all  steps  J  >  l,2,...,m  and  the  updated  results  are 

p(j)  m  p(j“l)  +  x(j)Apn) 

o^n)  -  oj^(J”l)  +  x(j)AoiO)  ,  etc.  (12) 
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A.  NUMERICAL  RESULTS.  The  numerical  results  are  obtained  on  the  basis 
of  the  following  parameters:  a  •  1.895",  b  ■  3.21”,  c  ■  3.2275”,  n  •  50,  E  ■ 
30x10®  psl,  V  -  0.3,  Oq  -  17x10**  pal  and  H'  -  0.  The  maximum  Internal 
pressure  applied  is  13x10**  psl  (max.  p)  and  the  maximum  end  force  applied 
against  the  tube  is  f  ■  -0.6pit(b^-^) .  Introducing  the  dimensionless  quantity 
f  -  f/[  if(b2-a^)p] ,  we  have  -0.6  <  f  <  0.  Since  the  end  force  required  to 
simply  hold  the  end  closures  or  scales^  is  -pita^,  the  total  end  force  applied 
on  the  end  closures  Is  F  ■  pita^I-l  +  f(b^/a^-l)].  In  order  to  discuss  the 
effect  of  end  force  f,  the  numerical  results  have  been  obtained  for  two 
extreme  cases,  l.e.  T  •  0,  -0.6. 

(a)  £  "  0.  In  this  case  the  total  end  force  applied  on  the  end  closures 
is  F  “  -pira^, just  enough  to  support  the  forces  of  the  internal  pressure  on 
the  closures.  Therefore,  there  is  no  force  applied  at  the  end  of  the  tube. 

The  maximum  Internal  pressure  (p  ■  13x10**  psl)  Is  applied  Incrementally  In 
three  different  stages.  The  displacements  u^^,  ub  at  the  Inside,  outside 
surface  as  functions  of  Internal  pressure  p  are  shown  In  Figure  1.  In  stage 
one,  the  elastic  solution  due  to  a  dummy  internal  pressure  Is  applied  and  the 
scaled  factor  to  cause  initial  yielding  is  determined.  The  closed  form 
elastic  solution  together  with  the  Mlses*  yield  criterion  may  be  used  and  the 
pressure  factor  corresponding  to  Initial  yielding  is  p*/Oo  ■  0.36875.  In  the 
second  stage,  scaled  Incremental-loading  approach  Is  used  until  the  maximtjm 
allowable  outside  displacement  (c-b)  Is  reached.  At  the  Instant  when  the 
contact  between  the  tube  and  container  first  occurs,  the  pressure  p/oq  is 
0.57916  and  96  percent  of  the  tube  has  been  yielded.  In  the  third  stage, 
there  Is  no  outside  displacement  and  internal  pressure  Is  Increased  In  20 
equal  steps  until  the  maximum  p/Oq  “  0.76471  has  been  reached.  The  relation 
between  pressure  and  Inside  displacement  Is  almost  linear  In  this  stage  as 
shown  In  Figure  1.  The  results  of  the  displacements  at  the  end  of  three 
stages  are  represented  by  the  points  1,  2,  and  3.  The  corresponding  results 
of  the  stress  distributions  for  Oj,  09,  and  Oj  are  shown  in  Figures  2  through 
4,  respectively.  It  can  be  seen  that  the  stress  distributions  at  the  end  of 
three  loading  stages  are  quite  different.  The  residual  stresses  after 
unloading  completely  from  the  end  of  three  loading  stages  have  also  been 
obtained.  The  results  for  the  residual  hoop  stresses  for  three  stages  and  the 
residual  axial  stress  for  the  last  stage  are  shown  In  Figure  5.  The 
differences  In  residual  stresses  between  stage  2  and  3  are  much  smaller  than 
those  before  unloading.  That  Is  to  say  that  further  Increase  in  internal 
pressure  Is  possible  In  the  presence  of  restraining  container  but  the 
Increased  pressure  makes  little  differences  in  the  residual  stresses.  The 
purpose  of  the  outside  container  Is  to  prevent  large  displacements  to  occur. 

(b)  f  -  -0.6.  In  this  case  the  total  end  force  applied  on  the  end 
closures  Is  F  -  -pita^CO.A  +  0.6  b^/a^).  This  end  force  Is  larger  than  that 
required  to  support  the  forces  of  the  internal  pressure  on  the  closures. 
Therefore,  the  end  force  applied  at  the  end  of  the  tube  Is  f  ■  -0.6  pir(b  -a  ) . 
For  this  case  the  maximum  Internal  pressure  Is  applied  incrementally  In  four 
different  stages.  The  displacements  u®,  ub  at  the  Inside,  outside  surface  as 
functions  of  Internal  pressure  p  are  shown  In  Figure  6.  The  points  I  to  4 
represent  the  corresponding  results  at  the  end  of  each  loading  stagp.  At  the 
end  of  the  first  stage.  Initial  yielding  solution  has  been  obtained  and  the 
pressure  required  is  p  •  0.34594  Oq.  In  the  second  stage,  50  scaled 
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locreaencal- loading  steps  are  applied  until  the  entire  tube  becomes  yielded. 

At  the  end  of  the  second  stage,  the  pressure  factor  p/Og  is  0.50194  and  the 
outside  displacement  is  still  smaller  than  the  clearance,  i.e.,  u|,  >  0.86126  b 
Og/E  <  0.0175’*.  Since  the  material  is  assumed  to  be  ideally  plastic,  the  tube 
%iould  collapse  if  there  were  no  outside  restraining  containers.  A  very  small 
Increase  in  internal  pressure,  say  Ap/og  0.0001,  will  close  the  clearance 
between  the  tube  and  container.  The  instant  when  the  contact  first  occurs  is 
called  the  end  of  loading  stage  3.  After  the  contact  we  increase  the  internal 
pressure  in  29  equal  steps  until  the  maximum  pressure  has  been  reached.  The 
relation  between  pressure  and  internal  displacement  is  approximately  linear  in 
this  stage  as  sho%m  in  Figure  6.  The  stress  distributions  for  Of,  oq  at  the 
end  of  four  loading  stages  are  shown  in  Figures  7  and  8  respectively,  and  that 
for  O2  shown  in  Figure  4.  The  change  In  stresses  during  the  third  loading 
stage  is  too  small  to  be  shown  graphically  in  these  figures  but  the 
differences  in  displacements  are  large  as  shown  in  Figure  6.  The  residual 
stresses  due  to  complete  unloading  from  the  end  of  each  loading  stage  have 
also  been  obtained  and  some  of  the  results  are  shown  in  Figure  9.  It  can  be 
seen  that  the  differences  in  stresses  during  loading  stages  three  and  four  are 
quite  large  but  the  corresponding  residual  stresses  are  very  close.  This  also 
shows  that  the  effect  of  outside  containers  and  end  forces  on  the  residual 
stresses  Is  small  but  their  effects  on  the  displacement  and  stresses  during 
loading  are  large.  In  the  presence  of  the  press  force  on  the  tube  end,  the 
axial  stress  distributions  change  drastically  as  shown  in  Figure  4  as  compared 
with  the  case  of  no  end  force.  By  comparing  the  results  for  the  residual 
axial  stresses  as  sho%m  in  Figures  5  and  9,  we  can  see  two  different  stress 
patterns,  one  is  almost  the  reverse  of  the  other.  As  a  result  of  extra  press 
force  on  the  tube  end,  the  final  residual  stresses  can  change  signs. 
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Figure  5.  The  residual  stresses  due  to  conplete  unloading 
froB  different  stages  with  no  end  force. 


The  boundary  displacements  u^,  m,  as  functions  of 
internal  pressure  p  with  f  •  -0.6. 
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ABSTRACT .  The  structural  response  of  the  U.S.  M-15  and  the  Soviet  TM-46 
land  mines  to  an  externally  applied  pressure  wave  has  been  analyzed  with  the 
ADINA  finite  element  code.  The  finite  element  models  of  these  mines  use  the 
axisymmetric  two-dimensional  mesh  configurations  with  both  rigid  and  non- 
rigid  base  support  boundary  conditions  to  simulate  the  soil.  An  explicit 
central  difference  time  integration  scheme  has  been  used  for  both  analyses. 

The  mines'  steel  casings  and  high  explosive  filler  materials  were  assumed 
to  have  nonlinear  constitutive  material  models.  Trapped  air  inside  the  mine 
body  was  modeled  as  an  assembly  of  inviscid  linear  compressible  fluid  elements. 
The  steel  cases  were  found  to  be  markedly  inhomogeneous  via  1-D  tensile  tests 
of  specimens  cut  from  various  areas  of  the  mines.  These  materials  were  modeled 
with  bilinear  stress  strain  curves,  von  Mises  yield  condition,  and  kinematic 
hardening  rule.  Tension  cut-off  elastic -plastic  models  of  the  explosives  which 
employed  bulk  moduli  vs  volume  strain  relations,  were  derived  from  Mie-Gruneisen 
shock  wave  equations  of  state.  These  models  allowed  tension  cut-off  planes  to 
form  in  a  direction  normal  to  the  principal  tensile  stress  whenever  the  strain 
initially  exceeded  0.1%  in  tension. 

Solution  of  these  problems  in  terms  of  stresses  and  displacements  out  to 
2  msec  of  real  time  response  required  approximately  4  to  5  hours  of  cpu  time 
on  the  CDC  7600  computer  for  a  transient  shock  load  imposed  on  the  top  and 
sides  of  the  mines.  Failure  of  the  mine  cases  was  predicted,  based  on  a 
comparison  of  the  value  of  the  three-dimensional  second  invariant  of  plastic 
strain  with  that  of  the  one-dimensional  value  obtained  from  the  tensile  tests. 

1 .  INTRODUCTION.  This  paper  describes  the  re'ponse  of  antitank  mines  of 
two  different  configurations  to  a  transient  blast  load.  The  rationale  for  this 
analysis  is  the  need  to  develop  a  remote,  expeditious  means  of  clearing  a  path 
through  an  enemy  mine  field.  A  technique  of  delivering  a  relatively  large 
transient  pressure  to  the  surface  of  the  earth  b>  means  of  explosives  is  under 
development.  The  object  of  this  study  is  to  determine  the  extent  of  structural 
damage  to  mine  bodies  from  a  given  level  of  blast  wave  amplitude  and  shape.  The 
principal  kill  mechanism  is  to  be  a  serious  distortion  or  rupture  of  the  mine 
body  rather  than  fuze  initiation  or  pressure  plate  removal  since  the  activation 
mechanisms  could  be  changed  easily  from  one  type  of  mine  to  another  and  a  sure- 
kill  could  not  be  guaranteed  based  on  a  particular  mode  of  actuation. 

The  mines  investigated  represent  typical  antitank  mines,  both  foreign  and 
of  U.S.  manufacture,  which  consist  basically  of  round  thin  metal  bodies  filled 
with  explosives.  These  types  of  antitank  mines  constitute  a  large  part  of  the 
inventory  of  U.S.  and  Soviet  mines.  The  components  most  distinctive  are  the 
fuze  mechanisms.  There  are  a  variety  of  radically  different  fuzes  for  these 
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mines,  different  both  in  mechanical  designs  and  method  of  activation.  Therefore 
the  numerical  models  adapted  for  the  two  mines  are  representative  of  a  large 
class  of  both  foreign  and  U.S.  mines. 


The  paper  has  four  major  areas  as  follows:  (a)  problem  definition, 

(b)  determination  of  material  properties  and  selection  of  failure  criteria, 

(c)  finite  element  model  description  and  calculations,  and  Cd)  dynamic 
response  prediction  of  the  structural  assembly. 

2.  PROBLEM  DEFINITION. 

A.  TM-46  Antitank  Mine  Description.  The  TM-46  land  mine  has  a 
cylindrical  steel  body  with  a  primary  fuze  well  in  the  center  of  the  top  and 
one  on  the  bottom,  presumably  for  antilift  or  booby  trapping  purposes.  In 
addition,  it  has  a  secondary  fuzewell  in  the  sidewall  underneath  the  carrying 
handle.  A  sectional  drawing  of  the  mine  is  shown  in  Figure  1.  The  mine  has 
a  nominal  diameter  of  29.7  cm,  height  of  7.3  cm,  and  weighs  8.7  kg  with  a  main 
charge  of  5.7  kg  TNT. 

The  mine  body  is  made  of  three  pieces  of  sheet  steel  which  are  joined  at 

the  upper  periphery  by  a  360°  crimp.  The  top  cover  of  the  mine  body  is  only 

.635  mm  thick  and  has  three  steps.  This  cover  connects  to  a  central  circular 
plate  formed  by  spot -welding  of  a  thick  plate  to  the  thin  cover  section.  The 

intermediate  wall  is  formed  from  .94  mm  thick  steel  sheet  to  which  a  hollow 

cylindrical  piece  .56  mm  thick  is  attached  to  form  the  centrally  located  top 
fuze  well.  The  fuze  well  contains  a  40  g  tetryl  booster  charge  for  fuze  activa¬ 
tion  . 


The  lower  part  of  the  mine  body  is  formed  by  a  deep  drawing  operation 
which  results  in  very  inhomogeneous  material  properties.  The  central  cavity 
in  the  main  body  of  the  mine  is  filled  with  a  charge  of  5.7  kg  TNT  explosive. 
The  cavity  between  the  top  and  intermediate  walls  is  unfilled.  However 
compression  of  air  in  this  region  can  contribute  to  alteration  of  the  response 
behavior  of  the  mine  and  subsequent  uncrimping  of  the  joint. 

The  normal  method  of  activation  of  the  fuze  is  by  means  of  force  applied 
to  the  pressure  cap  depressing  the  fuze  and  releasing  the  striker  to  strike 
the  booster  charge  in  the  fuze  well.  This  activates  the  tetryl  booster  which 
in  turn  detonates  the  primary  TNT  charge.  The  secondary  fuze  well  on  the 
TM-46  mine  gives  it  an  antidisturbance  capability. 

B.  M-15  Antitank  Mine  Description.  The  M-15  mine  has  a  cylindrical 
body  similar  to  the  TM-46  mine.  However  there  is  no  intermediate  wall  or 
unfilled  space  in  the  U.S.  mine.  The  mine  has  a  nominal  diameter  of  32.13  cm, 
height  of  9.88  cm,  and  weighs  14.3  kg.  The  center  of  the  top  vi  the  mine  has 
a  depressed  area  which  houses  the  pressure  plate  assembly.  Isoinetric  and  side 
views  of  the  mine  are  shown  in  Figure  2. 

"'’’he  mine  body  is  made  essentially  of  two  pieces  of  WD-1010  steel  which 
are  joined  at  the  lower  periphery  by  a  360°  crimp.  The  upper  part  of  the  mine 
body  is  formed  by  a  deep  drawing  operation  which  results  in  very  inhomogeneous 
materials  properties  as  is  the  case  with  the  Soviet  TM-46  mine.  The  central 
cavity  in  the  lower  half  of  Figure  2  is  filled  with  10  kg  of  composition  B 
explosive. 
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The  fuze  is  activated  by  means  of  force  applied  to  the  pressure  plate 
(1250  to  2000  newtons)  which  in  turn  is  transferred  to  the  belleville 
springs.  At  a  certain  deflection,  the  belleville  springs  snap  through, 
driving  the  firing  pin  into  the  detonator.  The  explosion  of  the  detonator 
activates  the  tetryl  booster  which  in  turn  detonates  the  primary  composition 
B  charge.  There  are  two  auxiliary  fuze  wells  on  the  M-15  mine  to  allow 
anti-disturbance  capability  similar  to  the  soviet  mine. 

C.  Guidelines  for  the  Numerical  Model.  In  keeping  with  the  philos¬ 
ophy  of  identifying  a  general  failure  mechanism  independent  of  some  specific 
design  feature,  all  pressure  caps  or  plates,  fuzes  and  springs  were  omitted 
from  the  finite  element  model  of  both  mines.  This  was  done  in  accordance  with 
the  previously  stated  guideline  of  not  identifying  failures  of  the  fuze 
components.  The  models  shown  do  not  include  secondary  fuzes  and  filling  holes. 
However  the  secondary  tetryl  booster  charge  is  included  in  the  soviet  mine  to 
facilitate  assessment  of  the  influence  of  trapped  air  in  the  unfilled  space 
below  the  top  wall . 

The  auxiliary  fuze  wells  were  not  considered  in  the  current  investigation 
since  they  make  the  mine  bodies  highly  susceptible  to  damage  due  to  stress 
concentrations  near  the  junction  between  the  body  and  the  fuze.  Thus,  the 
simplified  model  is  conservative  in  terms  of  blast  load  required  for  mine 
deactivation.  Also,  inclusion  of  these  unsymmetrically  located  structures 
would  have  necessitated  the  use  of  a  three-dimensional  (3-0)  finite  element 
model  resulting  in  significant  increase  in  computing  time  and  costs.  The 
dimples  at  the  base  of  both  mines  were  eliminated  for  the  same  reasons. 

Because  of  these  simplifications  the  2-D  axisymmetric  models  were  adequate  for 
dynamic  response  evaluation. 

D.  Base  Support  and  Surface  Loading.  During  field  emplacement,  the 
mines  may  be  placed  on  the  surface  and  covered  with  grass  or  other  materials 
for  concealment.  In  other  cases,  the  mines  may  be  shallow  buried.  In  either 
case,  the  mines  will  experience  transient  pressure  loading  on  the  top  surface 
due  to  detonation  of  a  countermine  explosive  in  the  vicinity.  The  base  and 
side  boundary  conditions  were  treated  in  two  different  ways  in  the  M-15  mine 
study.  It  is  expected  that  typical  field  boundary  support  conditions  would 

be  bracketed  by  the  two  extreme  conditions  simulated.  In  one  case,  the  base 
was  supported  on  nonlinear  springs,  simulating  soil.  In  this  case,  the  mine 
was  simulated  as  being  buried  in  soil  up  to  its  top  surface  by  allowing  down¬ 
ward  acceleration/movement  of  the  mine  based  on  dynamic  properties  of  the  soil 
medium  as  described  in  Reference  1 . 

The  other  support  condition  used  for  the  M-15  and  TM-46  mines  was  a  rigid 
support  which  closely  modeled  the  experimental  conditions  described  in 
Reference  2.  A  roller  support  condition  was  used  allowing  lateral,  but  no 
vertical,  motion.  The  indirect  loading  of  the  mine  through  shock  waves  passing 
through  the  soil  medium  was  not  modeled.  In  this  rigid  support  condition,  the 
input  shock  load  is  applied  to  the  top  and  sides  of  the  mine;  whereas,  in  the 
spring  support  condition,  only  the  top  of  the  mine  was  loaded  directly. 

For  structural  loading  the  pressure  pulse  used  in  this  paper  simulated  peak 
pressure  and  impulse  measured  from  experiments  conducted  with  mine  clearance 
types  of  explosives  in  Reference  2.  The  peak  pressure  was  13.8  MPa  and  the 
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impulse  delivered  was  6.5  kPa-sec.  A  decaying  exponential  function  was  fitted 
to  these  parameters  resulting  in  the  following  equation 

PCt)  =  13.76  (1) 

A  curve  of  this  function  varying  in  time  is  shown  in  Figure  3. 


Figure  3.  Shock  Loading  Function  for  Antitank  Mines 

3.  MATERIAL  PROPERTIES  AND  FAILURE  CRITERIA.  Material  properties  were 
required  for  the  steel  jackets,  the  explosive  filler  materials,  the  trapped 
air,  and  the  soil  in  which  the  mine  is  emplaced.  Mechanical  properties  were 
measured  for  the  steel  jackets  by  employing  uniaxial  tensile  tests.  The  data 
for  the  explosive  and  soil  were  taken  from  available  publications.  Failure 
criteria  used  for  the  steel  jackets  and  the  filler  materials  were  similar  to 
the  formulations  in  Reference  3. 

A.  Steel  Casing.  The  M-15  jacket  is  made  of  a  medium  strength 
steel  alloy  with  a  density  of  7.80  g/cm^  and  a  thickness  of  .94  mm.  The 
TM-46  jacket  is  made  of  a  low  carbon  soft  magnetic  steel  equivalent  to  mild 
steel.  The  lower  part  of  the  casing  was  deep  drawn,  but  it  retained  an 
equiaxed  grain  microstructure  with  isotropic  properties.  Two  tensile 
specimens  were  cut  from  each  of  the  significant  surfaces  of  the  mine  body. 
Locations  of  these  specimens  are  shown  in  Figure  4(a)  and  4(b).  The  specimens 
were  machined  with  a  large  radius  on  the  test  section  as  shown  in  Figure  4(c). 
An  extensometer  and  a  biaxial  strain  gage  were  attached  at  the  location  of  the 
minimum  width  and  the  specimens  were  tested  in  an  Instron  Testing  Machine. 
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Typical  stress-strain  curves  for  the  U.S.  and  the  Soviet  mine  body  are  shown 
in  Figures  5  and  6  respectively.  Evidence  of  work  hardening  and  residual 
stress  was  significant  in  the  Soviet  mine  due  to  the  forming  operation  and 
operating  field  conditions. 

Bilinear  approximations  to  the  stress-strain  curves  obtained  by  averaging 
the  data  for  the  individual  specimens  are  shown  superimposed  in  Figures  5  and 
6.  The  ADINA  (4,5)  finite  element  code  used  in  this  analysis  has  a  bilinear, 
elastic-plastic,  von  Mises  yield  condition,  kinematic  hardening,  axisymmetric 
2-D  element  for  the  steel  jacket. 

The  criterion  selected  to  predict  failure  of  the  steel  casing  material  was 
described  in  Reference  3  as  the  value  of  the  second  invariant  of  plastic  devi- 

p 

atoric  strain  at  failure,  l2£^^  defined  as 


P  P  P 

l2,(e  )  =  1/2  c. .  c. . 


(2) 


where  the  strains  indicated  are  to  be  the  strains  at  failure.  In  the  uniaxial 
tension  test  where  the  load  is  applied  in  the  Z-direction,  we  have. 


(3) 


B.  Characterization  of  Explosives.  There  are  two  types  of  explosives 
employed  in  the  TM-46  mine,  i.e.,  TNT  as  the  main  charge  and  tetryl  as  the  fuzewell 
charge.  For  the  U.S.  M-15  mine,  composition  B-3  explosive  consisting  of  60%  RDX 
and  40%  TNT  is  used  in  cast  form  as  the  main  charge. 

A'fter  surveying  the  available  material  properties  of  explosives  and  the 
various  2-D  axisymmetric  materials  models  in  the  ADINA  code,  it  was  decided 
that  the  curve  description  material  model  (see  Section  XII  p.  17-22,  Ref.  4) 
was  the  appropriate  model  to  use.  This  model  requires  tables  of  loading  and 
unloading  bulk  moduli  and  shear  moduli  versus  volume  strain. 

A  relationship  between  the  volume  strain  and  the  bulk  modulus  obtained  from 
the  Mie-Grtineisen  equation  of  state  (Reference  1,6)  is  given  as 


r(r  +  l)(Ap^  +  By^  +  Cy**)  .  m  2  r' i  3 

=  — i ^ ^  +  A  +  A'y  +  B'y^  +  C'y^ 


PT 


where 


(4) 


K  =  the  loading  bulk  modulus 

r  =  the  Griineisen  coefficient 

A,B,C  =  the  coefficients  appearing  in  the  Griineisen  equation  of  state 
in  terms  of  y 

A'  =  A(r+1)  +  2B 

B'  =  B(r+2)  +  3C 

C  =  C(r+3) 
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PRESSURE  PLATE  WELL  TENSILE  TESTS 


igure  5.  Stress-Strain  Curves  for  the  Pressure  Plate  Well  Specimens  for  the  M-15  Mine 
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Figure  6.  Stress-Strain  Curves  for  the  Top  Cover  Plate  Specimens  for  the  TM-46  Mine 


u 


=  e  /(1-e  ) 

V  V 

strain  taken  positive  in  compression 
=  1/p^  =  specific  volume  at  normal  conditions. 

The  values  for  the  material  constants  of  the  explosives  used  are  shown  in 
Table  1. 


TABLE  1. 

MATERIAL 

CONSTANTS  FOR 

EXPLOSIVES 

AND  SOIL 

Type 

Po 

r 

A 

B 

C 

V 

(g/cm^) 

(Gpa) 

(Gpa) 

(Gpa) 

Comp  B-3 

1.68 

.947 

13.5 

9.5 

100.6 

.29 

TNT 

1.614 

.737 

10.367 

9.101 

138.33 

.3 

Tetryl 

1.70 

1.6 

10.498 

17.8 

20.6 

.3 

Wet  Tuff 

2.0 

1.5 

21.77 

32.5 

18.33 

— 

Note  that  when  e  =  0,u  =  0.k  =  A  and  V  =  V  ,  Also,  in  the  Griineisen  EOS,  at 

V  O  o 

=  0,  we  take  the  pressure  and  internal  energy  to  be  zero. 

Because  no  data  were  available  to  relate  the  unloading  bulk  modulus  to  the 
volumetric  strain,  the  same  values  of  the  bulk  modulus  for  unloading  as  for 
loading  were  used  for  all  explosives.  The  loading  shear  modulus,  G^^,  was  obtained 

from  the  loading  bulk  modulus,  by  use  of  the  relationship, 

3k,(1-2v) 

"  2(l+v)  * 

Figures  7-9  show  the  graphical  relationships  of  the  three  explosives  represented 
by  Ecpiations  (4)  and  (5) .  Table  2  gives  the  values  of  the  two  moduli  as  they 
were  used  in  the  AOINA  program.  ADINA  uses  linear  interpolation  between 
discrete  points. 

The  tensile  volumetric  strain  at  failure  for  the  composition  B-3  explosive 
is  given  in  Reference  6  as  -0.1  per  cent.  This  criterion  was  used  in  calcu¬ 
lations  for  all  explosives  in  this  investigation.  The  technique  used  in  the 
ADINA  code  to  apply  this  failure  criterion  is  by  the  artifice  of  superimposing 
on  the  applied  load-induced  strains,  an  in-situ  gravity  pressure  sufficient  to 
cause  a  hydrostatic  compression  equal  in  magnitude  to  the  tensile  failure.  Then, 
when  the  total  strain  becomes  negative,  a  tension  cut-off  plane  is  assiimed  to 
form  normal  to  the  principal  strain.  The  normal  and  shear  stiffnesses  across 
this  plane  are  reduced  by  a  factor  determined  by  an  input  value.  One  or  two 
additional  planes  orthogonal  to  existing  tension  cut-off  plane(s)  are  allowed 
to  form  if  the  strain  criterion  is  met.  The  planes  become  inactive  if  compression 
again  develops  in  the  direction  normal  to  it. 
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Figure  7.  Bulk  and  Shear  Moduli  vs  Volume  Strain  for  Composition  B-3 
Explosive  of  the  M-15  Mine 
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Moduli  vs  Volume  Strain  for  Tetryl  Fuze  Well 
TM-46  Mine 


TABLE  2.  ADINA  INPUT  VALUES  FOR  BULK  AND  SHEAR  MODULI  FOR 

FILLER  MATERIALS 

COMPOSITION  B-3  EXPLOSIVE 


Point  No. 

"v 

’'u 

(%) 

(GPa) 

(GPa) 

(GPa) 

1 

0 

13.52 

13.52 

6.60 

2 

1.0 

14.00 

14.00 

6.84 

3 

2.S 

14.91 

14.91 

7.28 

4 

3.7S 

15.83 

15.83 

7.73 

5 

5.0 

16.92  . 

16.92 

8.26 

6 

10.0 

23.36 

23.36 

11.41 

TNT  EXPLOSIVE 

1 

0 

21.72 

21.72 

10.62 

2 

1.0 

23.03 

23.03 

11.24 

3 

3.0 

25.65 

25.65 

12.55 

4 

5.0 

28.68 

28.68 

14.01 

5 

9.0 

35.85 

35.85 

17.51 

6 

11.0 

40.20 

40.20 

19.65 

TETRYL  FILLER 

1 

0 

10.5 

10.5 

4.03 

2 

1.0 

11.15 

11.15 

4.27 

3 

3.0 

12.59 

12.59 

4.83 

4 

5.0 

14.24 

14.24 

5.46 

5 

8.0 

17.2 

17.2 

6.60 

6 

10.0 

19.56 

19.56 

7.50 

The  pseudo-hydrostatic  pre-strain  is  applied  by  positioning  the  vertical 
coordinate  (Z-coordinate)  at  the  proper  negative  value.  The  hydrostatic  pressure 
applied  at  an  element  integration  point  is  given  for  an  element,  j,  by 

N 

’’i  ■ "13 

i*>l 


where 

p  is  the  density  of  the  overburden 
c 

h^j  is  the  shape  function  for  node  i  of  element  j 

is  the  vertical  coordinate  for  node  i  in  element  j . 

The  position  of  the  system  vertical  coordinate  can  be  obtained  from  the 
equation. 
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where 

is  the  initial  bulk  loading  modulus, 
f 

is  the  volumetric  failure  strain,  negative  in  tension, 
g  is  the  acceleration  due  to  gravity. 

C.  Soil  Simulation.  For  the  structural  response  calculations  of  the 
shallow  buried  M-15  mine,  only  the  top  of  the  mine  was  exposed  to  blast  pressure 
while  the  remainder  was  assumed  to  be  embedded  in  soil.  An  implicit  modeling 
technique  was  employed  whereby  nodal  tie  elements  were  used  to  model  the  base 
support  as  nonlinear  springs.  No  simulation  of  the  soil  was  necessary  for  the 
rigid  support  calculations. 

Three  different  types  of  nodal  tie  elements  were  available  in  the  Ballistic 
Research  Laboratory  version  of  the  ADINA  code.  The  particular  type  chosen  is 
the  boundary  type  element  defined  by  one  node  only  and  is  capable  of  three 
translational  and  three  rotational  degrees  of  freedom.  In  the  M-15  mine,  the 
elements  along  the  base  of  the  mine  were  used  to  transmit  a  vertical  force 
(F^) ,  while  those  along  the  side  exerted  a  horizontal  force  (Fy) . 

Due  to  the  large  variety  of  soils  in  which  mines  would  be  emplaced,  it  is 
possible  only  to  select  a  soil  simulation  model  which  would  be  representative 
of  some  subclass  of  soils.  Thus,  a  typical  load  deflection  curve  (Reference  7) 
was  selected  to  define  the  nodal  tie  element  properties.  The  average  load- 
deflection  for  slowly  varying  loads  in  the  elastic  loading  range  from  Reference  7 
is  .0815  MPa/cm.  To  account  for  the  dynamic  response  of  soil  at  the  base  of  the 
mine,  a  nonlinear  quadratic  component  was  added  to  the  force  deflection  property. 

For  the  support  along  the  vertical  sides  of  the  mine,  a  linear  spring  force 
was  used  due  to  consideration  of  small  lateral  movement.  The  linear  nodal  tie 
element  stiffness  values  along  the  vertical  side  are  proportional  to  the  height 
of  the  particular  element  onto  which  the  nodal  tie  boundary  element  is  attached. 
Similarly,  the  nonlinear  stiffness  values  for  springs  at  the  base  in  the  ADINA 
input  data  are  adjusted  by  a  factor  proportional  to  the  annular  sector  of  ir 
radians  and  a  radial  extent  appropriate  for  the  particular  nodal  tie  element. 

For  soil  modeling  of  the  TM-46  mine  in  the  ADINA  code,  an  explicit  technique 
using  two  layers  of  compressible  soil  elements  surrounding  the  mine  will  be 
employed . 


D.  Simulation  of  Void  in  TM-46  Mine.  The  TM-46  mine  has  a  cavity 
between  the  upper  pressure  plate  and  the  midclle  plate  covering  the  primary 
charge.  This  cavity  has  air  in  it  which  would  transfer  some  load  to  the  middle 
plate  as  the  volume  of  the  cavity  is  decreased.  An  attempt  was  made  to  model 
the  air  with  2-D  axisymmetric  fluid  elements  composed  of  an  inviscid  linear 
compressible  material.  A  constant  bulk  modulus  was  used  in  lieu  of  a  pressure 


282 


dependent  bulk  modulus  due  to  lack  of  available  data  for  air.  However,  the 
primary  difficulty  with  this  model  was  that  there  was  nothing  in  the  model  to 
prevent  the  upper  plate  from  penetrating  the  middle  plate  as  the  deformation 
progressed . 

Since  the  air  was  judged  to  apply  only  a  minimal  restraint  on  the  motion 
of  the  upper  plate  and  due  to  the  need  to  prevent  the  two  plates  from  passing 
through  one  another,  a  different  model  has  been  adopted.  The  model  consists 
of  axial  truss  elements  connecting  the  two  circular  plates.  The  material  model 
for  the  trusses  is  nonlinear  and  develops  only  a  small  force  up  until  the  axial 
strain  in  trusses  approaches  -1.  At  this  strain,  a  large  stiffness  is  specified 
to  simulate  contact  between  the  two  plates.  Constraints  are  applied  to  the  upper 
end  of  the  trusses  to  insure  that  its  radial  coordinate  is  the  same  as  the 
radial  coordinate  of  its  lower  end.  Also,  the  axial  coordinate  of  upper  end  is 
constrained  to  translate  with  the  upper  plate. 

4.  FINITE  ELEMENT  MODEL  DESCRIPTION  AND  CALCULATIONS.  The  two  mines  were 
modeled  as  axisymmetric  2-D  structures  using  the  ADINA  finite  element  code.  The 
steel  components  were  modeled  with  six-node  eluents  including  mid-side  nodes  on 
the  plate  surface.  The  explosive  components  were  modeled  with  four-node  QUAD 
elements  except  where  they  interfaced  the  steel  jacket,  in  which  case  a  mid-side 
node  was  included  on  the  interface  edge. 

The  time  step  used  for  the  calculations  was  determined  from  the  Courant 
stability  condition 


where 


^^crit 


(7) 


and 


"‘crit 

is 

AH 

is 

E 

is 

P 

is 

n 

is 

the  minimum  Courant  stability  time  step, 

the  distance  between  the  two  closest  nodes  in  the  system, 
the  Young’s  modulus  for  the  stiff est  material, 
the  density  of  the  material, 

the  number  of  time  steps  which  we  wish  to  represent  the 
shock  wave  in  passing  through  the  distance  At. 


The  value  of  was  approximately  200  nanoseconds,  for  both  the  TM-46  and 

M-15  mines.  A  value  of  n  of  four  was  used,  so  that  the  time  step  for  the  central 
difference  explicit  time  integration  method  was  50  nanoseconds. 


A.  M-15  Mine  Calculations.  As  indicated  previously  in  Section  2D,  two 
different  boundary  conditions  were  used  in  modeling  the  M-15  mine.  The  primary 
difference  between  the  two  calculations  was  in  the  base  support  condition.  One 
used  a  nonlinear  spring  support  and  the  other  used  a  rigid  vertical  base  support. 
The  mesh  configuration  for  both  M-15  models  is  shown  in  Figure  10. 
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Figure  10.  Finite  Element  Mesh  for  the  M-15  Mine 


Eigenfrequencies  were  generated  and  the  associated  mode  shapes  were  plotted 
via  the  ADINA  post -processor,  PL0T3D  [8] .  The  natural  frequencies  are  important 
for  estimating  the  rate  of  response  of  a  structure.  For  similar  loadings,  the 
higher  the  natural  frequencies  of  a  structure,  the  faster  the  structure  will 
respond.  In  addition,  rapid  response  causes  higher  strain  rates  to  be  effected. 
This  is  significant  for  strain  rate  sensitive  materials  such  as  mild  steel  which 
both  of  the  subject  mines  embody.  However,  strain  rate  sensitivity  was  not 
modeled  in  these  calculations.  The  mode  shapes  associated  with  the  lower  eigen¬ 
frequencies  often  give  a  good  indication  of  the  deformed  shape  which  will  result 
from  the  application  of  typical  loads.  This  was  especially  evident  in  the 
deformation  of  the  TM-46  mine.  The  lower  eigenfrequencies  and  periods  for  the 
M-15  mine  are  given  in  Table  3. 


284 


TABLE  3,  EIGENFREQUENCIES  AND  PERIODS  FOR  THE  M-15  MINE 


Spring  Supported  Mine 


Frequency 

Period 

(cps) 

(sec) 

36* 

2.744  X  10"^ 

3636 

2.750  X  lO"** 

6710 

1.490  X  10"** 

8531 

1.172  X  lO’** 

Rigidly  Supported  Mine 


Frequency 

Period 

(cps) 

(sec) 

6426 

1.556  X  10''* 

7899 

1.266  X  lO""* 

9685 

1.032  X  lo'** 

12186 

8.205  X  10"^ 

*Rigid  body  mode. 

B.  TM-46  Mine  Calculations.  The  ADINA  calculations  for  the  TM-46 
mine  have  not  been  completed.  However,  some  of  the  salient  features  of  the 
model  have  been  developed  from  progress  made  in  studies  of  the  mine  thus  far 
A  drawing  of  the  current  mesh  configuration  is  shown  in  Figure  11. 


The  collapse  of  the  air  filled  region  leads  to  the  impact  of  the  upper  plate  on 
the  middle  plate.  This  phenomenon  needs  to  be  modeled  rather  carefully.  Second, 
the  thin  stepped  top  cover  shown  in  the  upper  right  part  of  Figure  11  leads  to 
a  very  inefficient  load  transfer  from  the  top  cover  to  the  main  mine  body.  On 
the  other  hand,  any  viable  failure  mechanism  for  the  mine  must  inevitably  involve 
a  failure  of  the  main  mine  body. 

Since  the  ADINA  code  does  not  currently  have  a  contact  element  to  sense 
when  the  top  cover  plate  and  middle  plate  impact,  we  have  used  nonlinear  truss 
elements  to  approximate  the  interaction  of  the  two  plates.  This  approach  was 
described  in  Section  3D. 

Eigenfrequencies  and  mode  shapes  were  also  obtained  for  the  TM-46  mine  model. 
The  eigenfrequencies  and  associated  periods  for  the  lower  modes  are  given  in 
Table  4. 


TABLE  4.  EIGENFREQUENCIES  AND  PERIODS  FOR  THE  TM-46  MINE 


Frequency 

(cps) 

3041 

10466 

17068 

31071 


Period 

(sec) 

3.288  lO”"* 

9.SSS  X  1C~^ 
S.859  X  10'^ 
3.218  X  10’® 


All  calculations  described  herein  used  the  total  Lagrangian  formulation  with 
a  lumped  mass  matrix  with  the  exception  of  the  nodal  tie  and  truss  elements.  The 
formulations  used  for  these  were  material  nonlinearity  only  and  updated  Lagrangian 
analysis  procedure,  respectively. 

5.  DYNAMIC  RESPONSE  PREDICTIONS.  Several  modifications  to  the  ADINA  program 
were  made  to  assist  us  in  interpreting  the  response  predictions.  These  are 
described  fully  in  Reference  1.  A  summary  of  these  modifications  will  be  given 
here.  Due  to  the  very  large  amount  of  stress-strain  data  available  frran  the  ADINA 
results,  some  means  of  selectively  extracting  significant  parts  of  the  results  was 
desired.  Since  the  con^onent  which  involved  the  most  credible  failure  mechanisms 
was  the  steel  jacket,  we  focused  our  attention  on  it.  The  modifications  were  made 
in  two  different  areas.  First,  routines  were  written  to  monitor  the  extreme 
(maximum/minimum)  stresses  and  strains  in  the  steel  components.  Information  on 
the  location,  time,  and  value  of  these  extreme  stresses  and  strains  were  saved 
and  printed  at  intervals  during  the  calculation.  Second,  routines  were  written 
to  calculate  and  monitor  the  second  invariant  of  plastic  strain.  The  value  of 
this  quantity  was  compared  to  an  input  value  in  order  to  predict  failure  of  the 
steel  jacket.  Tables  of  the  maximum  value  of  this  quantity  were  stored  and 
printed  at  preselected  intervals. 

In  addition  to  the  above  modifications  to  ADINA,  one  further  modification 
was  necessary  to  successfully  obtain  the  solution  to  such  long  response  times 
using  the  explicit  time  integration  scheme.  In  the  standard  ADINA  program, 
whenever  plasticity  occurs  in  the  kinematic  hardening  model  for  a  solid  element. 
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a  linearized  correction  is  applied  to  bring  the  stress  tensor  back  to  the 
von  Nises  yield  surface.  Because  the  linearized  correction  leaves  the  stress 
at  a  position  in  stress  space  along  a  tangent  to  the  convex  yield  surface, 
the  resulting  stress  will  be  slightly  outside  the  yield  surface.  An  accumulation 
of  error  results  from  this  linearization  and  after  meiny  time  steps  causes  imagi¬ 
nary  roots  to  be  obtained  in  solving  for  the  stress  correction.  It  was  necessary 
to  include  the  quadratic  stress  correction  to  avoid  this  problem.  The  details 
of  this  modification  are  described  in  References  1  and  9. 

A.  M-IS  Mine  Dynamic  Response.  The  calculations  for  both  base  support 
conditions  were  run  to  2.0  milliseconds  of  response  time.  This  amount  of  response 
time  corresponds  to  seven  and  twelve  times  the  period  of  the  fundamental  distor- 
tional  eigenmode  for  the  spring  supported  and  rigidly  supported  mine,  respectively 
(See  Table  3). 

The  first  predicted  failure  of  the  spring  supported  mine  (simulating  a  mine 
buried  in  soil)  occurred  at  0.67  milliseconds.  The  failures  occurred  in  the 
fuze  well  in  the  center  of  the  mine  as  shown  in  Figure  12.  Other  areas  of  the 


Figure  12.  Predicted  Failures  of  the  M-15  Mine  with  Nonlinear  Spring 
Supported  Base 

mine  casing  had  severe  plastic  flow  as  indicated  in  Figure  12;  however,  the 
second  Invariant  of  plastic  strain  did  not  reach  the  failure  value.  Experiments 
described  in  Reference  2  showed  a  similar  behavior.  Fuze  wells  were  torn  from 
the  steel  jacket  and  explosive  material  was  ejected  from  the  inside  cavity.  The 
deformed  shape  of  the  mine  at  the  time  of  the  first  failure  of  the  casing  is 
shown  in  Figure  13.  In  making  this  plot,  rigid  body  motion  of  the  mine  on  the 
spring  support  was  subtracted  and  the  resulting  displacements  were  magnified  by 
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Deflection  Magnification—  15X 


Predicted  Fa 


15  to  nake  the  deformation  pattern  more  graphic.  The  dotted  lines  in  Figure  13 
indicate  the  undeformed  shape  of  the  metal  casing  and  the  crosses  indicate  the 
original  nodal  position.  Contour  plots  of  radial  and  hoop  stress  showed  high 
stress  gradients  in  the  neighborhood  of  the  predicted  rupture  points.  Extensive 
cracking  of  the  explosive  filler  material  occurred  in  these  calculations  according 
to  the  0.1%  tensile  strain  failure  criterion.  It  would  be  reasonable  to  assume 
that  some  of  the  crushed  explosive  filler  material  would  be  expelled  through  any 
ruptures  which  occurred  in  the  casing. 

The  finite  element  calculations  of  the  M-15  mine  on  rigid  roller  support 
were  also  carried  out  to  2.0  milliseconds.  This  configuration  is  a  much  more 
highly  constrained  structure  than  was  the  previous  case.  This  fact  is  reflected 
in  the  higher  natural  frequencies  (Tables  3,4).  The  failures  predicted  for  this 
configuration  occurred  in  the  same  general  area,  the  central  fuze  well.  However, 
the  times  required  for  failure  to  occur  were  much  shorter  than  those  for  the 
spring  supported  mine  as  one  might  expect.  The  failure  of  this  mine  was 
predicted  at  two  locations  at  times  of  0.255  and  0.609  milliseconds.  The  "st 
failure  of  the  fuze  well  occurred  in  the  center  on  the  initial  downward  cr 
pression  phase.  In  the  spring  supported  response,  the  first  failure  o^cui 
in  a  rebound  motion  of  the  fuze  well.  These  responses  are  described  more  .iy 
in  Reference  1. 


B.  'IM-46  Mine  Dynamic  Response.  The  deformation  of  the  TM-46  , 
which  we  have  modeled  with  the  ADINA  program  has  been  nearly  all  in  the  arte,  of 
the  top  cover  plate.  One  of  the  chief  difficulties  encountered  has  been  in 
trying  to  provide  the  appropriate  model  for  the  interaction  of  the  top  cover 
plate  on  the  middle  plate.  We  have  used  the  improvisation  of  nonlinear  truss 
elements  (see  Figure  11  and  Section  4B)  to  simulate  the  impact  of  these  two 
components.  A  typical  response  of  the  system  at  an  early  time  is  shown  in 
Figure  14.  As  was  the  case  with  Figure  13,  the  dotted  lines  represent  the 
undeformed  or  original  configuration  before  imposition  of  the  blast  load.  The 
vertical  lines  between  the  top  cover  plate  and  the  middle  plate  represent  the 
nonlinear  truss  elements.  Currently,  the  calculation  has  not  proceeded  to  the 
point  where  any  failure  of  the  main  mine  body  csin  occur.  The  model  of  this 
mine  is  still  evolving. 

6.  CONCLUSIONS.  The  explicit  time  integration  method  gave  the  most 
accurate  results  for  the  shock  loaded  mines.  This  statement  is  based  on  the 
smoothness  of  the  stresses  and  strains  as  a  function  of  time.  We  found  that 
second  order  corrections  to  assure  that  the  stress  state  is  on  the  yield  surface 
during  plastic  flow  are  required  to  keep  the  calculational  procedure  from 
failing. 

The  parts  of  the  outer  steel  jacket  of  the  M-15  and  TM-46  mines  which  are 
work  hardened  in  the  deep  drawing  metal  forming  operation  have  significantly 
varying  materials  properties .  These  variations  in  stress-strain  relations 
must  be  measured  and  modeled  carefully  since  they  have  a  direct  influence  on 
mine  failure  under  blast  loads. 

The  soil  medium  supporting  the  mine  and  the  nature  of  the  loading  of  the 
sidewall  have  a  significant  influence  on  the  resulting  response.  It  is  recom¬ 
mended  that  the  soil  medium  be  included  explicitly  in  any  future  studies. 
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Attenuation  of  the  shock  in  the  soil  in  the  neighborhood  of  the  nine  sidewall 
should  be  investigated. 


Failure  of  the  M-15  mine  occurred  in  the  area  of  the  central  fuze  cavity 
when  subjected  to  a  13.8  MPa  peak  pressure,  6.5  kPa-sec  impulse  level  blast 
load  in  both  the  rigid  support  and  soil  support  simulations.  This  agrees  with 
experimental  tests  in  which  catastrophic  failure  of  the  metal  casing  occurred, 
as  well  as  ejection  of  secondary  fuze  wells. 

The  initial  deformation  of  the  Soviet  TM-46  mine  was  limited  to  the 
response  of  the  top  cover  plate.  The  finite  element  modeling  with  the  ADINA 
program  has  presented  some  difficulty  in  describing  accurately  the  impact  of 
the  top  plate  on  the  middle  plate  (plate  containing  the  primary  TNT  charge) . 
This  study  is  still  in  progress. 
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NUMERICAL  RESULTS  OF  TRANSIENT  TWO-DIMENSIONAL  HEAT  CONDUCTION 
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ABSTRACT.  A  general  expression  is  chosen,  based  on  a  prior  research,  for 
a  transient  two-dimensional  heat  conduction.  The  objective  is  to  choose  a 
variety  for  Laplacien  term,  both  implicit  and  explicit  finite  -  differences, 
and  finite  -  element  results.  This  is  programmed  in  Fortran  IV  for  a  digital 
computer  solution.  The  trunsient  tempera cures  arc  predicted  due  to  a  step 
change  in  boundary  conditions  for  a  two-dimensional  plate.  The  midpoint  temp¬ 
eratures  arc  discussed  in  detail  where  the  influence  of  boundary  conditions 
are  minimum.  The  results  are  predicted  for  four  Laplacian  (different)  approxi¬ 
mations,  explicit.  Crank  -  Nicholson  and  standard  iiq>licit  finite  -  differences 
and  finite  -  element  approaches. 

1.  INTRODUCTION.  Even  though  the  exact  analytical  solution  of  heat  con¬ 
duction  problems  is  disirable  because  these  solutions  are  not  only  more  accurate, 
but  also  more  explicit  in  parametric  representations,  it  is  frequently  necessary 
to  settle  for  numerical  solutions  due  to  complex  geometry  and  /  or  nonlinear 
material  properties  or  boundary  conditions.  An  excellant  collection  of  exact 
solutions  for  linear  problems  with  simple  geometry,  such  as  rectangles,  cylinders 
and  spheres,  are  available  in  the  literature  (1).  If  the  exact  solution  is  com¬ 
plex,  such  as  an  infinite  series  solution,  the  computer  programming  is  still 
required  and  at  the  same  time  valid  only  for  a  specific  problem  and  also  may  not 
show  explicitly  the  effects  of  parameters.  If  the  geometry  is  complex,  such  as 
rifling  and  variable  wall  thickness  in  a  gun  barrel  or  multi-layer  variable 
property  solid,  there  is  no  other  resort  but  application  of  numerical  methods. 

Various  numerical  methods  have  been  used  for  solutions  to  the  problems  of 
transient  heat  conduction.  The  most  common  are  the  finite  difference  method 
(vdiich  represents  a  direct  approximation  of  the  governing  partial  differential 
equation)  and  the  finite  element  method  introduced  by  Wilson  and  Nickell  (10) 
based  on  a  variationalpsinciple  derived  by  Gurtin(3).  The  finite  element  method 
is  completely  general  with  respect  to  geometry  and  material  properties.  Complex 
bodies  composed  of  many  different  anisotropic  materials  are  easily  represented 
in  this  method.  Temperatures  or  heat  flux  boundary  conditions  oiay  be  specified 
at  any  point  within  the  finite  element  system.  Moreover,  mathematically  the  method 
can  be  shown  to  converge  toward  the  exact  solution  as  the  number  of  elements  is 
increased.  In  spite  of  all  these  advantages,  this  method  has  not  been  used 
extensively  to  solve  transient  heatconduction  problems  with  radiation  boundary 
conditions . 

There  are  various  versions  of  finite  difference  approximations  to  the  tran¬ 
sient  heat  conduction  problems.  However,  all  these  schemes  can  be  classified 
as  either  explicit  or  implicit  type.  In  the  case  of  explicit  scheme,  the  un¬ 
knowns  are  determined  one  at  a  time  by  the  use  of  known  quantities  at  one  time- 
step  earlier  and/or  at  nodes  (already  computed  for  the  present  time).  If 
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implicit,  one  equation  for  each  node  is  to  be  generated  in  the  entire  region  of 
interest  and  finally,  simultaneous  solution  of  all  these  equations  is  required. 
Therefore,  the  computational  times  for  implicit  schemes  may  be  about  three  times 
over  that  of  explicit  schemes.  Numerous  difference  formulas  can  be  formulated 
for  first»and  second-order  derivatives  and  also  for  the  Laplacian  term,  dependent 
upon  the  number  of  nodes  available  for  taking  a  derivative,  and  also  on  the 
weights  of  the  data  at  those  nodes.  Usually,  the  difference  formulas  are  con¬ 
structed  for  first-and  second-order  derivatives  by  the  expansion  of  the  function 
in  Taylor's  series  and  the  use  of  an  elimination  process.  The  Laplacian  term 
is  evaluated  by  use  of  the  central  difference  formulas  for  the  second-order 
derivatives. 

The  method  of  weighted  residuals  (MWR)  unifies  guu)y  approximate  methods  of 
the  solution  of  differential  equations  that  are  in  use  today.  For  unsteady  heat 
uunducLion,  Uiu  finilu  uluuuiii  method  and  Uiu  usual  finitu  diri'eronuu  muUiod  wurv 
shown  (l2, 13,14)  to  be  special  instances  of  the  MWU  with  a  general  weighting 
I’unetiun.  In  u  more  i'omal  way  (1>,6),  variational  prieiples  proposed  by  several 
authors  are  all  applications  of  the  MWK.  An  excellent  book  in  the  use  of  the  MWK 
was  published  recently  by  Finlayson(4) .  In  literature,  this  technique  is  commonly 
called  the  error  distribution  principle.  The  choice  of  approxiating  functions  in 
an  assumed  solution  form  is  crucial  in  applying  the  MWU.  No  way  presently  seems 
to  be  available  to  select  the  approximating  functions  systematically  for  all 
problems.  Selection  of  approximating  functions  remains  somewhat  dependent  upon 
the  user's  intuition  and  experience,  and  this  is  often  regarded  as  a  major  dis¬ 
advantage  of  MWK.  Crandall(2)  stated  that  the  variation  between  results  obtained 
by  application  of  different  weighting  fUncions  to  the  same  approximate  solution 
is  much  less  significant  than  the  variations  that  can  result  from  the  choice  of 
different  approximate  solutions.  Sometimes,  one  can  obtain  the  exact  solution 
by  use  of  the  MWK,  if  the  right  choice  is  made  in  the  selection  of  the  approxiniale 
solution  form. 


2.  LAPLACIAN  APPKOXIMATTONS.  Various  finite-difference  approximations 
can  be  derived  for  the  Laplacian  term.  Consider  the  rectangular  coordinate  systems 
{x,y)  and  (i',y')  separated  by  an  angle,  B  as  shown  in  Fig.  1.  The  relations  of 
various  quantities  between  the  two  coordinate  systems  (x,y)  and  (x',y’)  can  be 
expressed  us  shown  below: 


x  ■  x'cosB  -  y'sloB  ,  y  -  x'sinB  -  y'cosB 
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One  can  derive  a  second-order  derivative  by  Taylor's  scries  expansion  and 
central  differences.  For  example, 

The  subscripts  'i*  and  *j*  denote  respectively  the  x  and  y  directions  or 
coordinates  Ax  »  Ay  ■  h,  for  convenience.  Now,  one  can  derive  five-point 
finite-difference  approximation  for  Laplacian  term  as  shown  below: 


1 

+ 

32t  32t 

3a2  3c2 

L16  - 

<^-1,3  ♦ 

3x2  3x2 

32t  a2T 

3^ 

L17  - 

*  Vi,j+i 

4T.  ,)/h2 

J 


Similar  nine-point  approximations  are  as  follows: 

4.  .  .a^T  1^.  _ 

ab7+ +  ‘ 


-  4T^^j)/(2h2) 


^Vl,j-1  ^Vl,j  Vl,j+1  ■*■  ^’’l.j+l  ’’^i+l.j-l 


“  ^'‘'l-l,j-l  ■*■  ''^i-l,j  ’'l-l,j+l  ’’l.j-l  ■  ^  ’^i+l.j-1 


i+l,J 


L17  19  is  not  listed,  to  the  author’s  best  knowledge,  in  any  literature, 

Hy  the  way,  one  can  also  obtain  t17  19  by  consideration  of  arithmatic  average  of 
L17  and  L19.  Numerous  approximations  can  be  derived  not  only  by  this  approach 
but  also  by  other  methods. 


3.  UNIFICATION.  Lemmon  and  Heaton(7)  showed  that  for  unsteady  one-dimen¬ 
sional  heat  conduction  problems,  the  finite-element  method  and  the  finite-differ¬ 
ence  method  are  the  special  cases  of  the  MVfR.  Yalamanchili  and  Chu  (12)  derived 
difference  equations  for  transient  two-dimensional  heat  conduction  problems  by 
all  three  techniques  (i.e.,  finite-element,  finite-difference,  and  MWR),  and 
they  Here  able  to  bring  them  into  the  same  format.  The  above  Laplcian  term 
approximations  were  considered  in  addition  to  another  one  which  is  not  consistent. 

The  subscript  'K'  is  not  used  on  these  equations  to  indicate  time.  Appropriate 
additional  subscripts  should  be  introduced  into  these  approximations  before  final 
difference  equations  can  be  obtained.  F.ven  though  the  application  of  MWR-Col location 
yields  (12)  finite-difference  equations  by  the  use  of  any  l.uplaci.in  term  approxi¬ 
mations,  this  is  not  the  case  for  finite-element  difference  equation.  The  weighting 
function  is  the  Dirac-Delta  function  for  MWR-Collocation.  The  approximate 
solution  form  chosen  for  the  method  of  weighted  residulas  (MWIt)  is  in  the  form 
of  sum  of  products  of  nodal  temperatures  and  spatial  distribution  functions. 

The  nodal  temperatures  are  the  tinknowns;  therefore,  the  weighting  function  will 
be  the  spatial  distribution  function  for  the  MflR-Galerkin  Method.  If  only 
L17  19  is  chosen  as  the  Laplacian  term  approximation,  one  can  easily  prove  (11) 
that  the  MVfR-Collocation  yields  finite-difference  equation  and  the  MWR-Galerkin 
yields  finite-element  difference  equation.  Therefore,  one  can  conclude  that  the 
finite-element  and  finite-difference  methods  belong  to  the  class  of  MWR 


4.  ACCURACY.  The  comparison  of  accuracy  of  various  Laplacian  term  approxi- 
mations  mentioned  above,  in  terms  of  order  of  magnitude,  reveal:  L16  is  the  most 
accurate  5-point  formula;  L17  19  uses  nine  points  with  no  increase  in  accuracy; 
L17  is  worse  than  L16;  and  L19  is  by  for  the  most  accurate.  It  is  iiiq>ortant  to 
remember  that  the  number  of  computations  either  in  generating  the  coefficient 
matrix  of  the  system  of  algebraic  equations  or  in  their  solution  procedures 
increases  significantly  with  taie  increase  in  the  number  of  points  in  the  differ- 


ence  equation.  Since  H6  and  L17  19  are  of  the  same  accuracy,  naturally  L16  may 
be  preferred  because  of  the  less  number  of  points  involved.  Therefore,  the  finite 
element  method  can  not  be  the  best  as  far  as  accuracy  is  concerned  because  L19 
is  by  far  the  most  accurate  from  theoretical  considerations. 

5.  NUMERICAL  EXPBRIMENTS.  The  difference  equation  may  be  summarized  into  the 
following  form  whether  it  is  based  on  finite  element,  finite  difference,  NWR- 
Collocation,  or  MWU-Galerkin  methods: 


ATl-l,J-l.k+l  +  ®Tl-l,J,k+l  ATl-l.J+l.k+l 
®Tl.J-l,k+l  +  ‘=Tl.J.k+l  j+i  y+1  +  ATj+i 

*^l+l,J,k+l  “  ®^l-l,J-l.k  +  “l-l,J,k 

+  “^i-l.J+l.k  ♦ 

+  +  OTjrt.j+l.k 


However,  the  coefficients  A,B,C,0,£:,  and  F  are  different  depending  upon  the 
Laplacian  term  approximation  and  the  MWR-Collocation  or  MWR-Galerkin.  These  are 
shown  in  Table  1  and  also  in  stencil  form  in  Figure  1.  The  parameter  in  this 
equation  allows  a  weighted  average  of  the  sum  of  two  second  order  spatial  deriv- 
tives  at  two  discrete  times.  An  explicit  scheme  can  result  when  ^  is  set  to  zero; 
othersise,  an  implicit  scheme  will  be  the  result  for  the  remaining  range  of  para¬ 
meter,  ^ . 


TABLE  1  -  COEFFICIENTS  OF  VARIOUS  DIFFERENCE  EXPRESSIONS 


coefficients 

METHOD 

A 

B 

C 

D 

e 

F 

F  E 

k'T' 

i.,  •  « 

9  1  * 

i.  +  l0 

16  1 

1.4.10 

9  1 

0  0  B 

?-  1  • 

FD/MWR-C 

L  11  19 

-f 

1  ♦if  ♦  • 

f  a  -0)  0 

f  (1  -0)  0 

1  -  fi<l  -0)0 

L  16 

0 

-1  ♦  e 

1  ♦  e  ♦  0 

•  0 

1  (1  -0)  0 

1  -1  (1  -0)  0 

L  17 

-♦  9 

0 

l  ♦  6  0  0  ' 

(1  -0)  0 

0 

1  -4  (1  -0)  0 

L  19 

l^f^00 

«  -0)  J 

f  (1  -0)  0 

1  -  2f(i  •^)0 

MWR-G 

L  17  19 

M  1  * 

^♦1&6  0 

9  1* 

f  ♦  f  (1  -0)  0 

f  -  f^l  -0)0 

L  16 

1 

36 

f  ♦000 

1 

16 

f  ♦  2  (1  -0)  0 

f  -0  (1  -0)  0 

L  17 

1 

J 

f  ♦  6  0  0 

♦  (1  -0)0 

1 

? 

f  -4  (1  -0)  0 

1.  19 

i  •  i  A  § 

*  1  ^ 

f-i|0. 

5fvfa-0)0 

f  ♦  f<l  -0)  0 

f  -  2|<1  -0)0 
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The  stability  and  nonoscillation  limits  of  various  schemes  and  due  to  various 
criteria  are  shovm  in  Table  2. 


TABLE  2  -  STABILITY  AND  OSCILLATION  LIMITS 


Method 

B 

Break 

-even  (or  maximum)  ©  for 

Laplacian 

Stability 

Nonoscillation 

General 

BSmm 

MVm-C/FD 

BIH 

L16 

.125 

.125 

.125 

.0625 

L17 

.25 

.5 

.25 

.125 

L19 

.1875 

.1875 

.15 

.0937 

L1719 

.25 

.375 

.1875 

.125 

_ _  _ 

MWR-G 

L16 

.0139 

.0139 

.0625 

.0069 

L17 

.0833 

.2222 

.1111 

.0417 

LI  9 

.0208 

.0208 

.0667 

.0104 

L1719 

.0416 

.0416 

.0833 

.0208 

MHR-C/FD 

0.5 

L16 

No  Limit 

No  Limit 

.25 

.125 

L17 

9t 

It 

.5 

.25 

L19 

If 

Iff 

.3 

.1875 

L1719 

If 

If 

.375 

.25 

MWR-G 

L16 

If 

Iff 

.125 

.0139 

LI  7 

11 

11 

.2222 

.0833 

L19 

If 

If 

.1333 

.0208 

mwr-g/fe 

L1719 

If 

If 

.1667 

.0416 

NWR/FD 

1.0 

ALL 

19 

If 

No  limit 

No  Limit 
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These  are  also  available  elsewhere  (11)  for  arbitrary  values  of  parameter, 

In  general,  the  MWR-Galerkin  requires  less  step  sizes  than  the  MWR-Collocation 
or  finite  differences  to  enforce  stability  or  nonoscillatiuns  or  both.  Also,  the 
Dusinberre  criteria  is  more  conservative  than  the  general  or  VonNeumann  stability 
criteria.  The  nonoscillatory  criteria  is  more  restrictive  than  any  stability 
criteria.  Kven  though  the  finite  element  method  is  unconditionally  stable 
according  to  general  or  VonNeumann  criteria,  there  is  a  limit  due  to  Dusinberre 
criteria  and  also  another  further  lower  limit  for  nonoscillations. 


It  is  possibJe  to  generate  either  completely  explicit  scheme  (♦■=0)  or  standard 
implicit  scheme  (ijirl)  or  numerous  other  implicit  schemes  for  arbitrary  values  of 
parameter'!'  (o<<>  <  l).  The  coefficient  matrix  of  these  systems  of  equations  is 
symmetric  and  also  banded.  Special  numbering  system  for  the  identification  of 
unknown  nodal  temperatures  minimized  the  width  of  the  banded  matrix*  The  storage 
required  for  nonzero  elements  and  also  the  number  of  computations  will  be  minimum 
if  the  band  width  is  minimum.  The  typical  matrix  is  of  the  type,  100  by  100. 
However,  Uiis  is  11  s()arse  mutrix  and  the  fiunzcro  clciiienLs  arc  in  a  bJock- 
tridiagonal  matrix  form.  Therefore,  the  components  of  unknown  vector  can  be 
grouped  into  subsets,  and  these  subsets  can  be  eliminated,  as  in  the  Gaussian 
procedure,  a  group  at  a  time.  Here,  the  coefficient  matrix  is  decomposed  into 
upper  triangular  matrix  and  a  lower  triangular  matrix,  each  one  will  be  in  block- 
bidiagonal  matrix  form.  There  is  also  another  procedure  for  sparse  matrices 
where  a  specified  number  of  lower. and  upper  diagonals  have  nonzero  elements. 
Solution  procedure  is  done  by  means  of  Gauss  elimination  with  column  pivoting. 
Optimization  of  these  algorithms,  for  core  storage  and  number  of  confutations, 
is  essential  because  of  repetition  for  each  time-step. 

6.  KXAMPLK.  A  two-dimensional  plate,  2  by  2,  with  a  unit  thermal  diffusivity 
is  considered.  Initially,  the  temperature  is  zero  everywhere.  Suddenly,  all 
four.*  sides  are  exposed  to  unit  temperture.  The  temperature  distribution  is 
determined  as  a  funciton  of  time  until  steady  state  (0.8)  is  reached.  The  midpoint 
temperatures  are  shown  in  Table  3.  The  data  marked  asterisk  (*)  is  more  accurate 
than  the  other  data  at  that  time.  This  notation  is  used  in  all  the  tables. 


None  of  the  schemes  maintained  the  same  accuracy  for  all  times.  Therefore, 
one  can  never  tell  which  one  will  be  more  accurate  at  any  given  time.  Even  though 
there  is  tremendous  difference  in  truncation  error  between  (hL_  +  o(h®)  ) 

L17  19  (•^  3x^37^  ^  0<h‘*)),  the  experiments  show  very  little  difference  in 

results  between  the  two  approximations  either  in  MWU-Collocation  or  MWH-Galcrkin. 
For  small  times  (such  as  0.05),  the  MWR-Galerkin  predicts  the  results  negative, 
very  low  and  off  at  least  by  an  order  of  magnitude.  Therefore,  the  MWR-Collocation 
or  finite  differences  should  be  preferred  for  small  times.  Since  the  MWR-Galerkin 
is  not  accurate  for  small  times,  the  finite  element  method  L1719,  MWR- 

Galerkin)  is  not  desirable  for  small  times. 
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TABLE  3  -  MDIPOINT  TEMPERATURES  FOR  =  .2,  At/A  L2  =  .25, 


Method 

!  Midpoint  Temperature  at  Time 

1 

Laplacianj  .05 

.1  1  .2 

.4 

.75 

MWR-C/FD 

L16  ,01601 

L17  .01539 

L19  .01589* 

L1719j  .01570 

.1159  1  .4106 

.1111  .3978 

.1145  1  .4064 

.1130  j  .4023* 

.7751* 

.7639 

.7715 

.7678 

.9594* 

.9556 

.9582 

.9569 

MWR-G 

L16  }  -.00160 

L17  j  -.00178 
L19  j  -.00150 

.1023  j  .4245 

.09731  j  .4111 

. 1007  }  . 4200 

1 

,7893 

.7786 

.7858 

.9641 

.9606 

.9630 

MWR-G/FB 

L1719j  -.00152 

.  .  _i 

.09906*  1  .4155 

.7822 

.9618 

AOI  (9) 

1 

I  .01579 
-1 

.09333  j  .40354 

.77532 

. 96003 

Exact 

1  - 

.09883  1  .40354 

.77486 

_ 

_  _  _  _  _ 

The  midpoint  ten5)eratures  for  large  time-steps  are  shown  in  Table  4,  Most  of 
the  conclusions  mentioned  above  remained  the  same.  The  MWR-Galerkin  under 
estimates  for  one-quarter  of  steady  state  times  and  over  estimates  for  the 
remaining  transient  period. 

TABLE  4  -  MIDPOINT  TEMPERATURES  FOR  AL=.2,  At/  Al2=2.5, 


Midpoint  Temperature  at  Time 

Method 

Laplacian 

.1 

CM 

• 

_ 

1  n 

•’j 

.7 

1  '■  ■ 

r” 

MWR-C/FD 

L16 

.0969* 

.3773* 

.7843 

.9505 

L17 

.0934 

.3653 

.7729* 

.9461 

L19 

.0959 

.3735 

.7806 

.9491 

L1719 

.0947 

.3696 

.7768 

,9477 

MWR-G 

L16 

.0839 

.3769 

.7951 

.9498 

L17 

.0804 

.3646 

.7850 

.9465 

L19 

.0829 

.3728 

.7919 

.9488 

JBIR-G/FE 

L1719 

.0818 

*3686 

1 

.7885 

j 

.9477 

The  midpoint  teiiQ>e natures  for  standazxl  in^licit  schemes  are  shown  in  Table 
5.  The  step  sizes  are  same  for  the  results  in  Tables  4  and  5.  However,  the 
results  for  small  times,  such  as  0.1,  are  very  bad  for  standard  inq>licit  scheme 
(♦■1).  These  are  higher  by  about  50  percent.  In  general,  the  results  are  higher 
for  small  times  and  lower  for  large  times.  The  cross  over  point  may  be  about 
one-quarter  of  steady  state  time.  The  optimization  of  ♦  with  respect  to  step 
sizes  aay  very  well  improve  the  accuracy  significantly. 


TABLE  5  -  MIDPOINT  TEMPERATURES  FOR  AL=  .2,  At/AL2=2.5,  ♦-! 


1 

1 

1 

Method  1 

Laplaoian 

MWR-C/FD  I 

L16 

1 

1 

L17 

1 

1 

LI  9 

1 

1 

L1719 

MWR-G  1 

L16 

1 

1 

L17 

1 

1 

L19 

1 

1 

1 

L1719 

-I- 


Midpoint  Temperature  at  Tine 


.1 


.1514 

.1470 

.1500 

.1486 


.1475 

.1430* 

.1461 

.1446 


.2 


.3572 

.3488 

.3545 

.3518 


.3600* 

.3515 

.3572 

.3544 


.4 


.6838 

.6739 

.6806 

.6773 


.6949* 

.6851 

.6917 

.6884 


.7 


.9022 

.8965 

.9003 

.8984 


.9093* 

.9039 

.9075 

.9057 


This  results  are  supposed  to  be  nonoscillatoiy  and  also  stable  irrespective 
of  any  criteria,  according  to  theory  (11)  and  Table  2.  Even  though  the  step 
sizes  are  large  for  the  results  of  Tables  4  and  5,  further  larger  time-steps  are 
used  to  demonstrate  this  hypothesis.  The  results  are  shown  in  Table  6.  The 
trend  is  similar  to  Table  5  as  far  as  accuracy  is  concerned. 

TABLE  6  -  MIDPOINT  TEMPERATURES  FOR  Al.  =  .2,  A  t/ A  L^  =  5,  =1 


1 - 

Midpoint  Temperatures  at  Time 

Method 

Laplacian 

.2 

.4 

.6 

.8 

MWR-C/FD 

L16 

.3279 

.6198 

.7994 

.8970 

L17 

.3212 

.6112 

.7921 

.8918 

L19 

.3258 

.6170 

.7970 

.8953 

L1719 

.3236 

.6142 

.7947 

.8936 

MVffl-G  ~l 

L16 

.3290* 

.6275* 

.8077*~l 

.903^ 

1 

L17 

.3223 

.6189 

.8006 

.8983 

1 

L19 

.3268 

.6247 

.8053 

.9016 

1 

_ j 

L1719 

.3246 

.6218 

.8030 

.9000 

The  midpoint  temperatxires  for  explicit  schemes  are  shown  in  Table  7.  Due 
to  the  use  of  MWR-Galerkin,  all  the  results  are  meaningless  because  of  unbounded 
oscillations  and  thus  unstable  characteristics.  The  computations  are  perforaed 
only  5,  13,  6,  and  9  time-steps  before  the  absolute  midpoint  temperature  exceeded 
a  certain  arbitrary  value  due  to  L16,  L17,  L19,  and  L1719  respectively.  Thus, 

L17  may  be  considered  as  less  oscillatoiy  and  more  stable  than  the  other 
Laplacian  approximations.  This  conclusion  is  identical  to  theoretical  predictions. 
None  of  the  approximations  are  good  at  time,  .05,  due  to  MWR-Collocation  or 
finite  differences.  For  other  times,  L17  is  tiie  most  accurate  of  all.  The  results 
are  supposed  to  be  oscillatory  according  to  theory  even  for  MWR-Collocation/ 
Finite-Differences  except  due  to  L17  and  L1719.  But,  this  is  not  the  case  in 
practice.  However,  all  are  stable  from  both  theory  and  experiment. 
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TABLE  7  -  MIDPOINT  TEMPERATURES  FOR  AL=.2,  At/AL^  =  .25,  <>=0 


SIHpoInt  Temperatnie  at  Time 


Method 

Laplacian 

i - 

.0, 

.1 

.2 

.4 

.75 

MWR-C/FD 

L16 

•"T - 1 

1  .0039 

„  _ 

.1055 

.4204 

.7857 

.9630 

L17 

1  .0038 

.1010*' 

.4070* 

.7746* 

.9593 

L19 

1  .0039 

.1043 

.4163 

.7822 

.9618 

L1719 

i  .0039 

1 _ 

.1028 

.4119 

.7785 

. 9606* 

The  time-step  is  doubled  to  single  out  further  the  most  nonoscillatory  and 
stable  scheme  and  also  ueeuraLe.  Thu  results  arc  shown  in  Table  8.  The  MWK- 
Collocation  of  finite  differences  and  L17  may  be  such  a  scheme.  None  of  the 
Laplacian  term  approximations  arc  good  for  small  time.  The  results  arc  supposed 
to  be  oscillatory  for  all  methods  and  Laplacian  term  approximations.  However, 

L17  and  L1719  escaped  such  disturbances.  Thus  one  doesn't  have  to  enforce  strictly 
the  limits  given  in  Table  2.  L1719  is  supposed  to  be  unstable  according  to  Dusin- 
berre.  However,  it  is  not  the  case  as  shown  by  numerical  experiments.  Theinsforc, 
the  Dusinberre  criteria  may  be  more  conservative  than  in  reality.  In  the  case  of 
MWR-Collocation  or  finite  differences,  the  number  of  time  steps  required  to  exceed 
a  certain  arbitrary  value  are  13  and  26  respectively  for  L16  and  LI 9.  The  similar 
order  is  4, 5, 5, 4  for  L16,  L17,  L19,  L1719  and  MWR-Galerkin . 

TABLE  8  -MIDPOINT  TEMPERATURES  FOR  AL  =  .2,  At/AL2  =  .5,  ^=0 


1 

Method  1 Laplacian 

Midpoint  Teiq>erature  at  Tim 

ns  1 

.  06 

J 

.1  j  .2  1  .4 

.76 

MWR-C/FD  1  L17 

1  L1719 

i 

1 

j  o  o 

1 

1 

!  ! 

.1211*  1  .3896*  1  .7749* 

.1245  I  .3864  |  .7686 

.9630 

.9594* 

7.  CONCLUSIONS.  Various  numerical  methods,  in  particular,  finite  element  (FK), 
I'inite  difference  (ED)  and  weighted  residuals  methods  (NMR),  are  reviewed.  It 
was  shown  that  the  MWR-Collocation  yields  FD  whereas  the  MWR-Galerkin  yields  FE 
and  thus  it  may  be  concluded  that  the  FE'  and  FD  belong  to  the  class  of  NWK. 

Several  Laplacian  terms,  including  the  most  accurate  5-node  and  9-node  formulas 
as  well  as  another  new  one  (L1719)  that  unified  FE,FO,  and  MWK;  were  examined  by 
order  of  magnitude  analysis  to  compare  their  accuracy.  The  finite  element  method 
can  not  be  the  best  as  far  as  accuracy  is  concerned.  Numerous  difference  equations 
are  given  and  the  numerical  details  of  generating  the  system  of  equations,  l^eir 
characteristics,  and  their  solution  procedures  are  discussed.  The  stability  and 
nonoscillation  limits  are  given  in  the  form  of  table  for  explicit,  Crank-Nicholson 
type  (^=0.5),  and  standard  implicit  schemes.  They  do  point  out  that  the  most 
accurate  scheme  does't  necessarily  possess  the  best  stability  and  nonoscillation 
characteristics.  It  is  also  clear  that  the  MWR-Galerkin  requires  less  step  sizes 
ihan  the  MWR-Collocation  or  finite  differences  to  enforce  stability  or  nonoscil¬ 
lations  or  both. 


( 

i 

\ 
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The  transient  temperatures  are  predicted  due  to  a  step  change  in  boundary 
conditions  for  a  two-dimensional  plate.  The  numerical  experiments  are  performed 
with  all  five  Laplacian  term  approximations;  the  MWR-Col location  or  finite-differ¬ 
ences;  the  MWR-Galerkin/finite-element;  and  also  explicit,  Crank-Nicholson  type, 
and  implicit  types  to  observe  the  accuracy,  stability,  and  oscillation  character¬ 
istics.  The  midpoint  temperatures  are  only  tabulated  to  avoid  the  influence 
of  boundary  conditions. 

None  of  the  schemes  maintained  the  same  accuracy  at  all  times.  Therefore, 
one  can  never  tell  which  one  will  be  more  accurate  at  any  given  time.  Even  though 
thei^  is  tremendous  differences  in  truncation  error  between  L19  and  L1719,  the 
experiments  show  very  little  difference  in  results  between  the  two  approximations. 
The  MWR-Galerkin/finite-element  underestimates  for  small  times  and  thus  these  may 
not  be  disirable  for  several  time  steps.  The  standard  implicit  scheme  (0=1) 
overestimates  for  small  times  by  about  50  percent  and  thus  Crank-Nicholson  type 
(0  =  .5)  is  preferred  for  initiation  of  computations  at  least  for  several  time 
steps.  The  temperatures  are  lower  for  large  times  with  standard  implicit  scheme. 

The  optimization  of  with  respect  to  step  sizes  may  very  well  improve  the  accur¬ 
acy  significantly.  It  is  confirmed  that  the  results  are  nonoscillatory  and  stable 
for  standard  implicit  schemes.  L17  is  found  to  be  less  oscillatory  and  more 
stable  and  also  more  accurate  than  the  other  Laplacian  approximations  for  explicit 
schemes.  The  superiority  of  L17  in  nonoscillatory  and  stable  characteristics  is 
also  confirmed  by  theory.  There  is  a  difference,  in  break-even  or  maximum  step 
sizes,  between  theory  and  practice  to  enforce  stability  or  nonoscillations  or 
both.  Thus,  slightly  higher  than  the  step  sizes  given  by  theory  may  be  utilized 
in  practice.  The  Dusinberre  stabiltiy  criteria  may  be  more  conservative  than  in 
reality.  In  general,  the  MWR-Collocation  or  finite-differneces  is  better  than  the 
MTH-Galerkin  or  finite-element. 
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ABSTRACT.  An  overview  of  the  Salome  structured  programming  language 
will  be  given,  along  with  an  appendix  briefly  describing  Its  syntax  and 
semantics.  Salome  has  been  designed  with  the  Fortran  programmer  In  mind.  The 
Salome  source  language  Is  supported  by  a  translator  having  a  target  language 
of  standard  Fortran,  and  Fortran  code  may  be  Injected  Into  Salome  source  code 
when  needed.  The  Salome  translator  has  been  written  In  Salome  and  Fortran. 

1.  OVERVIEW.  The  acronym  SALCME  stands  for  structured  and  logically 
minimal  ensemble  (or  selection  and  looping  operations  made  easy) .  The  term 
"structured"  refers  to  the  gotoless  nature  of  the  logical  control  statements 
of  Salome,  While  the  power  of  the  goto  statement  has  corrupted  many  programs, 
the  logical  control  statements  of  Salome  virtually  eliminate  the  need  to  use 
goto  statements  and  labels  In  programs.  The  phrase  "logically  minimal"  refers 
to  the  fact  that  the  variety  and  semantic  ambiguity  of  the  structured  logical 
control  statements  Is  kept  to  a  minimum. 

There  Is  one  looping  construct  and  one  selection  construct  In  Salome, 
while  other  languages  may  force  the  programmer  to  learn  several.  Flexibility 
and  unambiguous  semantics  are  stressed  in  Salome  -  not  variety. 

Blanks  are  as  Important  In  Salome  as  they  are  In  ordinary  English  text. 
The  use  of  blanks  as  delimiters  enhances  readability,  eliminates  extraneous 
punctuation,  and  allows  for  greater  brevity  of  syntax.  Although  Salome  Is 
delimiter  oriented  (as  opposed  to  line  oriented)  there  is  no  general  end  of 
statement  or  between  statement  delimiter  in  Salome.  A  small  penalty  one  pays 
for  this  feature  Is  that  blanks  are  not  allowed  In  assignment  statements. 

This  was  considered  to  be  a  small  price  to  pay  for  the  elimination  of  a  lot  of 
extraneous  semicolons. 

The  Salome  language  Is  supported  by  a  one  pass  transistor  whose  target 
language  is  Fortran,  hence,  when  one  writes  a  program  In  Salome,  one  Is  In 
effect  writing  in  two  different  high  level  languages  at  the  same  time.  The 
translator  Is  in  turn  supported  by  a  package  of  Fortran  callable  string 
manipulation  routines.  The  primary  reason  Fortran  was  selected  as  the  target 
language  was  to  benefit  those  unfortunate  programmers  who  are  Inextricably 
mired  down  in  a  Fortran  environment  when  Fortran  is  more  lacking  In  structured 
programming  constructs  than  any  other  high  level  language  except  Basic.  A 
widely  used  high  level  target  language  also  assures  greater  portability  of 
Salome  and  Its  translator. 


The  file  produced  by  Che  Salome  translator  consists  of  Che  original 
Salome  source  code  Inserted  as  special  Fortran  comments  Interleaved  with  the 
generated  Fortran  code.  V/hen  Salome  syntax  errors  are  caught,  they  are 
pointed  out  by  a  string  of  dots.  If  there  are  syntax  errors  in  a  Salome 
routine,  only  the  first  one  In  that  routine  Is  flagged  and  the  rest  of  the 
code  In  that  routine  is  Ignored.  No  aCteoapt  at  error  recovery  Is  made  because 
one  can't  be  absolutely  positive  about  what  the  programmer  actually  Intended, 
and  guessing  usually  uncovers  syntax  errors  that  aren't. 

The  reason  for  the  interleaving  of  the  Salome  source  code  as  comments 
with  the  generated  Fortran  code  Is  to  enable  the  programmer  to  relate  any 
syntax  errors  picked  up  by  the  Fortran  compiler  (and  not  picked  up  by  the 
Salome  translator)  back  to  Che  original  Salome  source  code.  The  Salome 
translator  does  not  check  for  things  that  the  Fortran  compiler  Is  going  to 
check  for  anyway. 

Since  the  appendix  of  this  paper  contains  a  brief  but  fairly  complete 
description  of  Salome,  no  further  details  will  be  described  here.  Instead,  a 
small  subroutine  written  In  Salome  along  with  the  generated  Fortran  and  the 
Interleaved  file  are  presented  as  a  small  exercise  In  deduction.  If  one  knows 
Fortran  and  one  reads  the  Interleaved  file  carefully,  one  can  deduce  the  exact 
semantic  meaning  of  the  Salome  routine. 

SALOME  SOURCE 


SUB  LININT  (  N  X  Y  XI  YI  )  - LININT 

“  LINEAR  INTERPOLATION 

(-- 

N=*NO.  OF  POINTS. 

X-  ABSCISSA  ARRAY. 

Y- ORDINATE  ARRAY. 

XI- ABSCISSA  AT  WHICH  INTERPOLATION  IS  DESIRED. 

YI-INTERPOLATED  RESULT. 

X  IS  ASSUMED  TO  BE  SORTED  IN  ASCENDING  ORDER. 

--) 

DIM  X  1  ,  Y  1  . 

—  ASSUME  AT  LEAST  2  POINTS  OF  DATA 
0  N  >  1  (3 

“  GET  PROPER  SUBINTERVAL  USING  BINARY  SEARCH 

IL-1  IR-N 

DO  #  IL+1  -  IR  # 

--  COMPUTE  INDEX  OF  ABSCISSA  MIDWAY  BETWEEN  IL  AND  IR 
IM-(IL+IR)/2 

“  REDEFINE  IL  OR  IR  AS  IM 
IF  XI  <  X(IM)  ,  IR-IM  ;  IL-IM  FI 
“  ASSUME  IL  AND  IR  ARE  STILL  IN  PROPER  ORDER 
0  IL  <  IR  0  OD 

DX-X(IR)-X(IL)  DY-Y(IR)-Y(IL) 

“  ASSUME  LENGTH  OF  SUBINTERVAL  IS  POSITIVE 
0  DX  >  0.  0 

YI-Y( IL)+( DY/DX) *( XI-X( IL) ) 

RET  END 
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GENERATED  FORTRAN 


SUBROUTINE  LIN1NT(N,X,Y,X1,YI) 

C  LINEAR  INTERPOLATION 

C 

C  l^NO.  OF  POINTS. 

C  X- ABSCISSA  ARRAY. 

C  Y-ORDINATE  ARRAY. 

C  XI-ABSCISSA  AT  UHICH  INTERPOLATION  IS  DESIRED. 

C  YI-INTERPOLATED  RESULT. 

C  X  IS  ASSUMED  TO  BE  SORTED  IN  ASCENDING  ORDER. 

C 

DIMENSION  X(1),Y(1) 

C  ASSUME  AT  LEAST  2  POINTS  OF  DATA 

IF(N.GT.l)  GO  TO  1000 
MRITE(6,1001) 

1001  FORMATC /////,’  N  >  1  IS  FALSE  IN  LININT’ ) 

CALL  EXIT 

C  GET  PROPER  SUBINTERVAL  USING  BINARY  SEARCH 

1000  IL-1 
IR-N 

1002  IF(IL+1.EQ.IR)  GO  TO  1003 

C  COMPUTE  INDEX  OP  ABSCISSA  MIINfAY  BETWEEN  IL  AMD  IR 
IM-(IL+IR)/2 

C  REDEFINE  IL  OR  IR  AS  IM 

IP(.NOT.(XI.LT.X(IM)))  GO  TO  1005 

IR-IM 

GO  TO  1004 

1005  IL-IM 

C  ASSUME  IL  AND  IR  ARE  STILL  IN  PROPER  ORDER 
1004  IP(IL.LT.IR)  GO  TO  1006 
HRITE(6,1007) 

1007  FORMAT(////r,'  IL  <  IR  IS  FALSE  IN  LININT’) 

CALL  EXIT 

1006  GO  TO  1002 

1003  DX-X(IR)-X(IL) 

DY-Y(IR)-Y(IL) 

C  ASSUME  LENGTH  OF  SUBINTERVAL  IS  POSITIVE 
IF(DX.GT.O)  GO  TO  1008 
WRITE(6,1009) 

1009  P0RMAT( /////,'  DX  >  0.  IS  FALSE  IN  LININT’) 

CALL  EXIT 

1008  YI-Y(IL)+<DY/DX)*(XI-X(IL)) 

RETURN 

END 
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INTERLEAVED  SALOME  AND  FORTRAN 


C__S_-SUB  LININT  (  N  X  Y  XI  YI  )  - 

SUBROUTINE  LININT  (N.X.Y.XI.YI) 

C-_S— —  LINEAR  INTERPOLATION 
C  LINEAR  INTERPOLATION 

C— S— (  — 

C 

C— S— N-NO.  OF  POINTS. 

C  N-NO.  OF  POINTS. 

C._S—X- ABSCISSA  ARRAY. 

C  X-ABSCISSA  ARRAY. 

C— S— Y-ORDINATE  ARRAY. 

C  Y-ORDINATE  ARRAY. 

C-.S— XI-ABSCISSA  AT  WHICH  INTERPOLATION  IS  DESIRED. 

C  XI-ABSCISSA  AT  WHICH  INTERPOLATION  IS  DESIRED. 

C__S— YI-INTERPOLATED  RESULT. 

C  YI-INTERPOLATED  RESULT. 

C.-S-.X  IS  ASSUMED  TO  BE  SORTED  IN  ASCENDING  ORDER. 

C  X  IS  ASSUMED  TO  BE  SORTED  IN  ASCENDING  ORDER. 

C-_S— ~) 

C 

C__S__DIM  XI  ,  Y  1  . 

DIMENSION  X(1),Y(1) 

_S— —  ASSUME  AT  LEAST  2  POINTS  OF  DATA 
ASSUME  AT  LEAST  2  POINTS  OF  DATA 
_S— @  N  >  1  @ 

IF(N.GT.l)  GO  TO  1000 
WRITE(6,1001) 

1001  FORMAK /////,'  N  >  1  IS  FALSE  IN  LININT') 

CALL  EXIT 

C._S— —  GET  PROPER  SUBINTERVAL  USING  BINARY  SEARCH 
C  GET  PROPER  SUBINTERVAL  USING  BINARY  SEARCH 
C__S— IL-1  IR-N 
1000  IL-1 
IR-N 

C__S— DO  #  IL+1  -  IR  # 

1002  IF(IL+1.EQ.IR)  GO  TO  1003 

C_-S-.  "  COMPUTE  INDEX  OF  ABSCISSA  MIDWAY  BETWEEN  IL  AND  IR 

C  COMPUTE  INDEX  OT  ABSCISSA  MIDWAY  BETWEEN  IL  AND  IR 
C-_S__  IM-(IL+IR)/2 
IM-(IL+IR)/2 

C._S..  "  REDEFINE  IL  OR  IR  AS  Di 

C  REDEFINE  IL  OR  IR  AS  IM 
C-_S-_  IF  XI  <  X(IM)  ,  IR-IM  ;  ILfIM  FI 
IF(.NOT.(XI.LT,X(IM)))  GO  TO  1005 
IR-IM 

60  TO  1004 
1005  IL-IM 

C..S—  —  ASSUME  IL  AND  IR  ARE  STILL  IN  PROPER  ORDER 

C  ASSUME  IL  AND  IR  ARE  STILL  IN  PROPER  ORDER 
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C— S~  @  IL  <  IR  @  OD 
1004  IF(IL.LT.IR)  GO  TO  1006 
WRITE(6,1007) 

1007  FORMAT( /////,'  IL  <  IR  IS  FALSE  IN  LININT’) 
CALL  EXIT 

1006  GO  TO  1002 

C_-S~DX-X<  IR)-X(  IL)  DY-Y(  IR)-Y(  IL) 

1003  DX-X( IR)-X< IL) 

DY-Y(IR)-Y(IL) 

C — S__~  ASSUME  LENGTH  OF  SUBINTERVAL  IS  POSITIVE 
C  ASSUME  LENGTH  OF  SUBINTERVAL  IS  POSITIVE 
C— S— @  DX  >  0.  @ 

IF(DX.GT.O)  GO  TO  1008 
WRITB(6,1009) 

1009  F0RMAT( /////,'  DX  >  0.  IS  FALSE  IN  LININT') 
CALL  EXIT 

C-_S— YI-Y(  IL)+(  DY/DX)  *  (  XI-X(  IL)  ) 

1008  YI-Y(IL)+(DY/DX)*(XI-X(IL)) 

C— S..RET  END 

RETURN 

END 


APPENDIX 


A  QUICK  GUIDE  TO  THE  SALOME  PROGRAMMING  LANGUAGE 
Definition  of  Isolated  String 

An  isolated  string  resides  on  a  single  line,  is  preceded  by  one  or  aore 
blanks  (or  begins  in  Column  1)  and  is  followed  by  one  or  more  blanks  (or 
ends  in  Column  72) . 

All  Salome  keywords  must  be  isolated  strings  containing  no  blanks. 

Comments 

A.  A  ' tack  on*  comment  may  stand  alone  on  a  line  or  it  may  be  tacked  onto 
the  end  of  another  statement. 

Ex. 

~  TACK  ON  COMMENT  STANDING  ALONE 
A-EfC  —  TACKED  ON  TACK  ON  COMMENT 

' — '  is  the  keyword  for  tack  on  comments 

The  tack  on  comment  has  essentially  the  same  form  as  the  ADA  comment . 

B.  A  delimited  comment  may  occupy  more  than  one  line. 

Ex. 

(~  THIS  IS 
A  DELIMITED 
COMMENT—) 

'( — '  AND  ' — )'  are  the  keywords  for  delimited  comments. 

Delimited  comments  may  be  used  to  temporarily  disable  certain  sections 
of  executable  code  and  they  may  be  nested. 

Injected  Fortran 

Fortran  statements  may  be  injected  into  a  Salome  program  when  needed. 

Ex. 

F  COMMON  A(100),B(50) 

F  A  -  B  *  C 

'F*  is  the  keyword  for  injecting  Fortran.  The  Fortran  statement 
begins  Immediately  after  the  blank  following  'F'. 


4.  Variable  Declaration  Statements 


The  correspondence  between  Salome  variable  declaration  keywords  and 
Fortran  variable  declaration  keywords  Is  given  by  the  following  table. 

SALOME  FORTRAN 

DIM  DIMENSION 

INT  INTEGER 

REAL  REAL 

DP  DOUBLE  PRECISION 

LOG  LOGICAL 

EQV  EQUIVALENCE 

Ex. 

DIM  X  10  20  ,  Y  100  .  translates  to 
DIMENSION  X(10,20),Y(100) 

INT  A  ,  B  ,  C  10  20  30  .  translates  to 
INTEGER  A,B,C( 10,20,30) 

The  aforementioned  keywords  plus  and  are  the  keywords  for 
declaration  statements. 

Ends  all  variable  declaration  statements. 

' , '  Separates  variable  references  In  all  variable  declaration  statements 
except  the  equivalence  statement. 

' ,'  Separates  variable  group  references  In  the  equivalence  statement. 

Ex. 

EQV  A  B  C  ,  K(5)  L  M(10)  .  Translates  to 
EQUIVALENCE  (A,B,C) ,<K(5) ,L,M( 10)) 

Note  that  a  string  such  as  A( 10,20)  may  appear  in  an  equivalence  statement 
but  not  In  any  other  variable  declaration  statement. 

5.  Assignment  Statements 

Salome  assignment  statements  must  be  Isolated  strings  containing  no 
blanks.  They  are  otherwise  equivalent  to  Fortran  assignment  statements. 

If  blanks  are  desired  In  assignment  statements,  they  may  be  Injected  as 
Fortran. 

Ex. 

A-B*C-H>  P»Q*R 
F  A-B+C*D/E 
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6.  I/O 


A.  The  keywords  which  begin  I/O  statements  are: 

•IN'  'OUT'  'R'  'W  'RF'  'WF*  'RU'  'WU'  'FMT' 

They  may  be  read  as  follows: 

IN  -  Input  on  device  no. 

OUT  -  Output  on  device  no. 

R  -  Read 
W  -  Write 

RF  -  Read  In  Format 
WF  -  Write  In  Format 
RU  -  Read  Unformatted 
WU  -  Write  Unformatted 
FMT  -  Format 

B.  The  rest  of  the  I/O  keywords  are: 

'('  ')'  '.'  'EOF:'  'ERR;' 

'('  and  ')'  bracket  format  strings  In  'R'  and  'W*  statements. 

'.'  ends  all  I/O  statements  except  for  the  IN  and  OUT  statements. 
'EOF:'  precedes  any  end  of  file  label  name. 

'ERR:'  precedes  any  error  label  name. 


Ex. 

IN  1 

OUT  lOUT 

R  I  X  Y  (  13  2F10.0  )  EOF:  END-OF-DATA  . 

W  I  X  Y  (  '  I-'  13  '  E14.7  ’  Y-'  E14.7  )  . 

RF  Fi  A  B  EOF:  ENDDATA  . 

FMT  FI  8F10.0  . 

W  (  '  PLAIN  HOLLERITH  '  )  . 

Note  that  format  strings  In  'FMT'  statements  are  not  enclosed  In 
parentheses  as  they  are  In  'R*  and  'W*  statements. 

Format  references  In  RF,  WF,  and  FMT  statements  may  be  any  Isolated 
string  containing  no  blanks. 
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7.  External  Subroutine  Calls 
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External  svdiroutlnes  are  called  by  wlting  the  nane  of  the  subroutine 
followed  by  its  argument  list,  if  any.  No  'call*  keyword  is  used  and 
English  Salome  keywords  may  not  be  used  as  subroutine  names. 

Ex. 

EXIT  -  CALL  TO  EXIT 
ADD(ABC)—  ADOATOB  GIVING  C 
DEPSTR  (  ABC  ’  A  B  C  '  )  —  DEFINE  STRING 

The  only  keywords  associated  with  an  external  subroutine  call  are  '('  and 


Arguments  in  an  external  stdtroutine  call  must  be  isolated  strings.  The 
only  argument  which  may  contain  blanks  is  quoted  Hollerith.  Arguments  are 
not  separated  by  commas. 

8.  External  Subprogram  Declaration  Statements 

The  keywords  beginning  external  subprogram  declarations  and  their  Fortran 
counterparts  are  given  by  the  following  table. 


SALOME 

FORTRAN 

SUB 

SUBROUTINE 

FUN 

FUNCTION 

IFUN 

INTEGER 

FUNCTION 

RFUN 

REAL 

FUNCTION 

LFUN 

LOGICAL 

FUNCTION 

DPFUN 

DOUBLE  PRECISION 

FUNCTION 

'('  and  ')'  are  the  only  other  external  sid>program  declaration  keywords. 

Additional  keywords  necessary  to  complete  the  definition  of  an  external 
subprogram  are: 

SALOME  FORTRAN 

-->  ENTRY 

RET  RETURN 

END  END 

Ex. 

SUB  INIT  ~  INITIALIZATION  ROUTINE 

SUB  Mn.T  (ABC)—  MULTIPLY  B  BY  A  GIVING  C 
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FUN  PROD  (  X  Y  )  ~  Product  of  X  and  Y 


Parameters  In  an  external  subprogram  declaration  must  be  Isolated  strings 
containing  no  blanks. 

9.  Internal  Subroutine  Calls 

External  subroutine  calls  In  Salome  are  quite  similar  to  those  of  Fortran, 
but  Salome  also  has  the  facility  for  defining  and  calling  Internal 
subroutines.  These  sections  of  code  are  called  Internal  because  they 
belong  to  the  program  ot  subprogram  which  uses  them  and  they  may  not  be 
called  by  any  other  external  subprogram. 

An  Internal  subroutine  name  may  be  any  Isolated  string. 

An  Internal  subroutine  is  called  by  enclosing  Its  name  In  double  quotes 
(  not  two  single  quotes  ) .  The  double  quotes  are  the  only  keywords 
associated  with  the  Internal  subroutine  call. 

Ex. 


"  READ  INPUT  DATA  ” 

"  INITIALIZE  ARRAYS  " 

No  arguments  are  passed  to  Internal  subroutines.  All  data  In  the  calling 
program  Is  available  to  the  internal  subroutine. 

lU.  Internal  Subroutine  Declaration  Statements 

Internal  subroutines  are  declared  at  the  end  of  the  calling  program 
(  after  a  return  or  call  to  exit  )  by  writing  'TO'  followed  by  the 
Internal  subroutine  name  enclosed  In  double  quotes,  followed  by  any  code, 
followed  by  'OT'. 

Ex. 

EXIT  <  OR  RET  ) 

TO  "  READ  INPUT  DATA  " 

R  X  Y  Z  (  3F10.0  )  .  OT 

Internal  subroutines  may  call  ocher  Internal  subroutines  within  the  same 
program  or  subprogram. 

Internal  subroutines  have  exactly  one  exit  point  at  'OT' . 

The  Salome  Internal  subroutine  simplifies  the  simulation  of  recursion 
considerably. 


( 
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If  Statement 


The  6  keywords  Involved  In  the  If  Statement  are; 

'IF'  ','  '$•  '/•  »FI' 

The  basic  functions  of  these  keywords  during  translation  time  and  run  time 

are: 

'IF'  Tells  the  translator  that  the  first  Boolean  expression  Is  about  to 
begin. 

' , '  Ends  a  Boolean  expression  and  selects  the  statement  sequence  follow¬ 
ing  to  be  executed  if  the  Boolean  Is  true.  This  keyword  may  be 
read ;  ' then' . 

' $'  Ends  a  Boolean  expression  and  selects  the  statement  sequence  follow¬ 
ing  to  be  executed  If  the  Boolean  Is  false.  This  keyword  may  be 
read:  'Then  Don't  Select'. 

'/'  Halts  execution  In  the  If  statement  If  the  previous  statement 

sequence  has  been  executed  and  tells  the  translator  that  another 
Boolean  expression  is  about  to  begin.  This  keyword  may  be  read: 

' Otherwise, If ' . 

';'  Halts  execution  In  the  If  statement  If  the  previous  statement 
sequence  has  been  executed  and  selects  the  statement  sequence 
following  to  be  executed  if  no  other  statement  sequence  has  yet 
been  executed .  This  keyword  may  be  read  ' Otherwise ' . 

'FI'  ends  the  If  Statement. 

The  Relational  and  Boolean  operators  used  In  Boolean  expressions  are: 

'<'  '>'  '<-'  '>-'  •/-'  'AND'  'OR'  'NOT' 

Relational  operators  must  not  contain  blanks,  but  they  need  not  be 

Isolated.  The  Boolean  operators  'AND',  'OR'  and  'NOT'  must  be  isolated 

and  not  contain  blanks. 

The  general  form  of  the  If  Statement  Is  as  follows: 


IF  B1 

> 

SI 

/ 

B2 

t 

S2 

/ 

B3 

> 

S3 

/ 

• 

• 

BI 

» 

SI 

/ 

• 

BN 

• 

> 

SN 

;  S  FI 
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Where  B1  through  BN  are  Boolean  expressions  and  SI  through  SN  and  S  are 
sequences  of  statements. 

If  Statements  may  be  nested  to  theoretically  any  level. 

Ex. 

IF  A>0.  AND  B>0.  ,  »»A*B  ;  »-0.  FI 

IF  I/-0  ,  >0.  Y-0.  Z-0.  FI 

IF  X  <  A  ,  F— 1 .  / 

X  >  B  ,  F-1.  ;  F^O.  FI 

IF  Kl  ,  I-l  / 

I>N  ,  I-N  FI 

12.  Assertion  or  Assumption  Statements 

One  may  very  quickly  Insert  error  checking  code  Into  a  program  via  the 
assumption  or  assertion  statement. 

This  statement  consists  of  nothing  more  than  a  Boolean  expression 
delimited  on  both  sides  by  the  keyword 

Ex. 

SUB  INTER?  <  N  X  T  XI  YI  )  ~  INTERPOLATION  ROUTINE 

• 

@  N>1  @ 

END 

The  assumption  that  N  >  1  In  subroutine  Interp  will  translate  Into  the 
following  typical  Fortran  code. 

IF<N.GT.l)  GO  TO  1000 
WRITE(6,1001) 

1001  F0RMAT( /////,’  N>1  IS  FALSE  IN  INTERP’) 

CALL  EXIT 
1000  CONTINUE 

The  Salome  assertion  statement  Is  considerably  less  verbose  than  the 
corresponding  Fortran  error  checking  code  and  will  therefore  make  It  far 
easier  for  the  programmer  to  give  hls  program  the  higher  order  of 
Intelligence  It  needs  In  order  to  detect  bad  data  or  situations  and 
subsequently  notify  the  programmer  In  fairly  explicit  terms. 

The  write  statement  generated  by  the  assertion  statement  always  writes  to 

6. 
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13.  Goto  Statements  and  Labels 
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Although  they  will  seldom  be  needed  in  a  well  written  Salome  program,  goto 
statements  and  labels  are  available  in  Salome. 

The  Salome  keyword  ’->*  corresponds  to  the  keyword  "goto"  in  Fortran. 

In  Fortran,  labels  must  be  numbers  (  statement  numbers  ).  Fortran  labels 
therefore  have  no  mnemonic  value.  In  Salome,  however,  label  names  may  be 
any  Isolated  string  containing  no  blanks.  Salome  labels  may  therefore  be 
given  considerable  mnemonic  value. 

The  Salome  goto  statement  contains  the  goto  arrow  followed  by  a  label 
name.  The  corresponding  label  statement  or  destination  of  the  goto 
consists  of  the  label  name  enclosed  In  the  special  brackets:  '«'  and 
'»'.  This  convention  makes  labels  stand  out  well  and  is  used  In  the  ADA 
programming  language.  The  label  statement  corresponds  to  the  'CONTINUE' 
statement  In  Fortran. 

The  only  keywords  associated  with  goto  and  label  statements  are: 

'->'  '«'  '»' 

Ex. 


«  DATA-INPOT-SECTION  » 

« 

.  .» 

« 

->  DATA-INPUT-SECTION 


->  END-OF-PROGRAM 


«  END-OF-PROGRAM  » 
END 


14.  Loops  i 

Salome  has  a  single  looping  statement  with  auxiliary  loop  escape 
and  loop  continue  statements. 

A  Salome  loop  starts  with  'DO'  and  ends  with  'OD' .  Whatever  code  lies  ~ 

between  these  two  keywords  Is  executed  over  and  over  again  until  some  form  > 

of  loop  escape  Is  done. 

The'  sharp  sign  (#)  Is  the  basic  symbol  used  to  Indicate  loop  escapes.  | 
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To  escape  from  1,2,3  or  4  surrounding  loops  if  Boolean  expression  B  Is 
true,  one  writes: 

#  B  # 

or 

##  B  ## 
or 

###  B  m 
or 

*m  B  m# 

Respectively 

To  escape  from  1,2,3  or  4  surrounding  loops  unconditionally,  one  writes 
the  loop  escape  arrows: 

-#> 

or 

—#> 

or 

- #> 

or 

- #> 

Respectively 

To  escape  from  more  than  4  levels  of  loop  nesting,  one  must  use  a  goto  and 
label. 

While  a  loop  escape  statement  breaks  off  execution  of  a  loop  completely,  a 
loop  continue  statement  breaks  off  execution  of  a  single  pass  or  Iteration 
and  then  continues  execution  back  at  the  beginning  of  the  loop.  The  colon 
(:)  Is  the  basic  symbol  used  to  Indicate  loop  continuation. 

In  Fortran,  when  one  'GOES  TO*  the  last  statement  In  a  'DO*  loop  (  often  a 
'CONTINUE'  statement  ),  one  Is  doing  loop  continuation. 

To  continue  1,2,3  or  4  surrounding  loops  If  Boolean  expression  B  Is  true, 
one  writes: 

:  B  : 
or 

: :  B  : : 
or 

: : :  B  : : : 
or 

••••  n 

•  •••  O  esee 

Respectively 

To  continue  1,2,3  or  4  surrounding  loops  unconditionally,  one  writes  the 
loop  continue  arrows: 

<:- 

or 
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or 

<; - 

or 

Respectively 

To  continue  beyond  4  levels  of  loop  nesting,  one  must  use  a  goto  and 
label . 

The  unconditional  loop  escape  and  loop  continue  statements  allow  the 
programmer  to  perform  some  action  just  prior  to  escape  or  continuation. 

The  loop  continuation  constructs  are  seldom  needed,  but  If  they  are 
needed,  one  should  be  careful  to  increment  any  loop  Index  at  the  beginning 
of  the  loop  In  order  to  avoid  an  endless  loop. 

Ex. 


—  m;ltiply  M  X  n  matrix  a  times  n  x  p  matrix  b  to 

~  GIVE  M  X  P  MATRIX  C 

~  MAKE  SOME  EXPLICIT  ASSUMPTIONS 
@  M>0  @  @  N>0  0  0  P>0  0 

<—  IF  THESE  ASSUMPTIONS  ARE  NOT  MADE  EXPLICITLY  AND  ANY  ONE  OF  THEM 
TURNED  OUT  TO  BE  FALSE,  NO  ERROR  WOULD  OCCUR,  BUT  MATRIX  C  MOULD  NOT  BE 
DEFINED  AND  NEITHER  THE  REST  OF  THE  PROGRAM  NOR  THE  PROGRAMMER  MOULD  BE 
MADE  IMMEDIATELY  AWARE  OF  THIS  SITUATION—) 

I-O 

DO  I-I+l  #  I>M  #  —  INDEX  ROM  OF  A 
J-0 

DO  >J+1  #  J>P  #  —  INDEX  COLUMN  OF  B 
K-0  C(I,J)-0. 

DO  K-K+1  #  K>N  #  —  INDEX  SUMMAND  OF  ROW  A/COL  B 
—  INNER  PRODUCT 
C(I,J)«C<I,J)+A(I,K)*B(K,J) 

OD  OD  OD  —  END  OF  MATRIX  MULTIPLICATION 

—  LET  ARRAY  A  HAVE  N  ELEMENTS 

—  ADD  DP  THE  POSITIVE  ELEMENTS  OF  ARRAY  A 
1-0  S-0. 

DO  l-I+l  #  I>N  #  :  A(I)<«0.  ;  S-S+A(I)  OD 

—  ADD  OP  THE  ELEMENTS  OF  ARRAY  A  HA.VING  INDICES  BETWEEN 

—  OR  INaUDlNG  N1  ANT  N2 

—  SCME  EXPLICIT  ASSUMPTIONS  THAT  MIGHT  BE  MADE  ARE: 

0N1<*N200N1>O00N2<-N0 
I-Nl-1  S-0. 
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DO  I-I+l  #  I  >  N2  #  S-S+A(I)  OD 

(—  IF  ONE  DIDN’T  MADE  THE  AFOREMENTIONED  ASSUMPTIONS,  ONE  SHOULD  BE 
SOIEWHAT  MORE  CAREFUL  IN  SOLVING  THE  LAST  PROBLEM  —) 

—  INITIALIZE  LOOP  INDEX  AND  ESCAPE  CRITERION 
IF  NK-N2  ,  I-Nl-1  IMAX-N2  ;  I-N2-1  IMAX-Nl  FI 
~  CHECK  VALIDITY  OF  LOOP  INDEX  AND  ESCAPE  CRITERION 
IF  KO  ,  I-O  FI  IF  IMAX>N  ,  IMAX-N  FI 
S-0.  DO  I-I+l  #  I>1MAX  #  S-S+A(I)  OD 

(~  ONE  CAN  SEE  HERE  THAT  ALTHOUGH  THE  GENERAL  SOLUTION  TO  THE  LAST 
PROBLEM  REQUIRED  A  LITTLE  THOUGHT,  THE  PROGRAMMING  MAS  QUITE  EASY  --) 

15.  Debugging 

Salome  doesn't  have  any  facility  for  debugging,  but  It  does  provide  a 
mechanism  for  Ignoring  or  not  Ignoring  certain  sequences  of  executable 
code  at  translation  time. 

One  may  prefix  a  to  a  line  of  Salome  code  or  one  may  surround  multiple 
lines  of  Salome  code  with  the  delimiters  '(Z*  and  ’Z)'. 

Salome  code  which  Is  so  delimited  may  be  Ignored  or  not  ignored  at 
translation  time  depending  on  whether  the  'Z-Off  or  'Z-On*  statements 
have  been  Invoked,  respectively.  The  default  Is  Z-Off. 

The  advantage  of  this  facility  with  regard  to  debugging  follows. 

In  the  process  of  debugging,  the  programmer  will  have  to  Insert  various 
write  statements  etc.  Into  his  program  In  order  to  ascertain  where  the 
program  Is  going  wrong.  This  Is  going  to  be  especially  true  If  the 
programmer  hasn't  taken  advantage  of  the  explicit  assumption  or  assertion 
statement. 

When  a  Fortran  programmer  thinks  that  he  has  all  the  bugs  In  his  program 
licked,  he  may  either  (1)  remove  the  debug  statements  and  hope  that  he 
won't  have  to  Insert  them  again  or  (2)  make  a  comment  out  of  each  and 
every  debug  statement  and  hope  that  he  won’t  hove  to  change  them  all  back 
to  executable  code. 

The  Salome  programmer  may  simply  Insert  his  debug  statements  with  Z 
delimiting.  During  debugging,  he  may  activate  all  or  some  of  these  debug 
statements  using  the  keywords  ’Z-On*  and  ’Z-Off’ .  When  a  Salome 
programmer  thinks  he  has  all  the  bugs  In  his  program  licked,  he  may  simply 
eliminate  all  'Z-On'  strings  from  his  program  and  leave  all  the  debug 
statements  In  place  for  possible  future  use. 
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A  FINITE  DIFFERENCE  PROGRAM  FOR  COMPUTING  THE  THERMOELASTIC- 


PLASTIC  RESPONSE  OF  LINED  GUN  BARRELS 


John  D.  Vasilakls 

U.S.  Army  Armament  Research  and  Development  Command 
Large  Caliber  Weapon  Systems  Laboratory 
Benet  Weapons  Laboratory 
Watervliet,  NY  12189 


ABSTRACT.  A  finite  difference  computer  program  for  computing  the 
thermoelastlc-plastic  response  of  multilayered  cylinders  due  to  repeated 
firing  loads  was  discussed  at  the  27th  Conference  of  Army  Mathematicians.  The 
multilayered  cylinder  Is  a  representation  of  a  lined  gun  barrel.  The  program 
can  accommodate  several  layers  and  can  compute  the  transient  temperatures 
and/or  the  stresses.  It  has  been  upgraded  to  Include  an  Initial  program  which 
computes  heat  transfer  coefficients,  pressures  and  gas  temperatures  In  the 
firing  cycle  for  Input  to  the  main  program.  The  effect  of  contact  resistance 
between  layers  Is  now  Included.  Results  are  shown  for  the  behavior  of  a  TZH 
liner  In  a  steel  tube. 

1 .  INTRODUCTION.  This  paper  describes  a  finite  difference  computer 
program  for  Investigating  the  response  of  multilayered  gun  barrels  subject  to 
some  firing  cycle.  Results,  typical  of  which  the  program  Is  capable  of 
generating,  are  presented  for  a  tube  model  which  has  a  TZM  liner  and  a  steel 
jacket.  The  application  is  to  a  large  caliber  weapon  but  the  program  can  be 
used  for  small  caliber  also.  The  program  was  written  to  coincide  with  a 
development  program  which  Is  examining  the  feasibility  of  fabricating  and 
firing  multilayered  gun  tubes.  One  of  the  main  factors  limiting  the  life  of 
gun  tubes  Is  the  excessive  wear  and  erosion  which  occurs  especially  at  the 
forcing  cone  area  of  the  gun  tube.  The  experimental  program,  which  has  shown 
success  for  20  mm  weapons.  Is  to  Insert  liners  fabricated  from  refractory 
materials  Into  the  forcing  cone  area  of  the  gun  tube.  Since  refractory 
materials  have  high  melting  points,  there  Is  a  strong  Indication  that  they 
will  experience  less  wear  and  thus  Increase  the  life  of  the  weapon. 

Earlier  versions  of  the  computer  program  have  been  used  to  describe  other 
behavior  (refs.  1-3).  Preliminary  work  on  the  current  problem  was  presented 
In  reference  (3) .  That  work  has  been  Improved  by  Inputting  the  thermo- 
physical  properties  as  functions  of  temperature  and  by  allowing  contact  resis¬ 
tance  between  layers.  The  boundary  conditions  have  also  been  Improved  so  they 
are  now  generated  for  the  current  problem  at  hand,  l.e.,  for  specific  config¬ 
uration  and  bore  material  whereas  previously  they  were  empirically  generated 
for  another  system  and  simply  used  In  the  program  as  typical  Input. 

The  computer  program  consists  of  three  parts  which  can  be  run  as  a  single 
program  or  as  three  separate  stand  alone  programs.  The  first  Is  an  Internal 
ballistics  program  which  generates  the  boundary  conditions,  l.e.,  heat 
transfer  coefficients,  pressures,  and  gas  temperatures  as  a  function  of  time 
for  a  single  firing  pulse,  for  Input  to  the  next  two  programs.  The  next 
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program  section  computes  the  transient  temperatures  due  to  some  firing  cycle 
and  can  be  used  to  either  show  the  thermal  response  of  the  system  over  several 
firing  cycles.  Indicating  the  temperature  buildup  and/or  the  temperatures  can 
be  used  as  Input  to  the  third  program  section  for  the  computation  of  stresses. 
This  can  be  done  as  the  thermomechanical  program  Is  treated  as  uncoupled. 

Results  from  each  of  the  three  sections  using  a  TZM  llner/steel  Jacket 
configuration  for  a  lOS  nn  large  caliber  weapon  system  are  presented. 

2.  PROCEDURE.  The  equations  used  to  describe  the  behavior  are  first 
discussed  In  s«;bsectlon  (a)  and  the  numerical  work  In  (b) . 

a.  Theory.  The  partial  differential  equation  for  describing  the 
axlsymmetrlc  transient  temperature  distribution  In  multilayered  cylinders  Is 
given  by,  for  layer  L, 

1  a  aT^  aT^ 

- (kL(T)r  —  )  -  ckT)pkT)  —  (1) 

r  ar  ar  at 

where  r  represents  the  radial  distance,  T  the  temperature,  and  t  the  time. 

The  thermal  conductivity,  specific  heat,  and  density  are  given  by  k,  c,  and  p 
respectively.  These  properties  are  assumed  to  be  functions  of  temperature. 
Axial  effects  are  Ignored  In  the  program.  The  geometry  Is  shown  In  Figure  1. 

The  Initial  condition  Is  given  by 

T(r,o)  -  To  (2) 

where  Tq  would  normally  represent  some  ambient  temperature.  A  temperature 
other  than  ambient,  say  due  to  some  environmental  condition,  could  also  be 
used.  The  boundary  conditions  are  of  the  type 

3T 

k(T)  —  -  h(T-Tg)  -  -g  (3) 


where  h  Is  convection  type  heat  transfer  coefficient,  g  would  represent  some 
heat  Input  If  It  existed,  and  Tg  Is  the  temperature  of  the  propellant  gases 
when  the  boundary  condition  Is  applied  on  the  Inside  or  bore  diameter  and  the 
ambient  temperature  when  applied  on  the  outside  surface  of  the  gun  tube. 


The  thermo-physical  properties  are  made  dimensionless  with  respect  to 
their  respective  values  for  steel  at  the  ambient  temperature.  The  tempera¬ 
tures  are  made  dimensionless  with  respect  to  the  maximum  gas  temperature 
achieved  during  the  Interior  ballistic  cycle.  The  dimensionless  time  Is 
defined  by 


k^t 
Po^oh  ^ 


(4) 


where  kg,  pg,  and  Cg  are  the  values  for  steel  as  mentioned  previously.  In 
the  boundary  conditions. 
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"  hb 

h  -  ~  (5) 

k 

becomes  the  Nusslet  number. 

Also  required  are  continuity  conditions  between  the  concentric  cylinders. 
Normally  one  requires  continuity  of  temperature  and  heat  flux.  However, 
contact  resistance  does  exist  between  surfaces  and  It  was  decided  to  Include 
this  effect  here.  The  resistance  results  from  the  true  nature  of  surfaces 
(ref.  4).  Conduction  occurs  at  the  discrete  points  of  contact  between  the 
surfaces  and  Is  therefore  a  function  of  pressure,  surface  conditions,  fluids 
In  the  voids,  etc.  It  Is  treated  here  as  a  thin  layer  resisting  the  flow  of 
heat.  For  the  finite  difference  formulation,  there  Is  a  Jump  In  temperature 
at  node  1 


+  AT 


(6) 


while  the  heat  flux 

q  ,  Ti-iL  -  Ti^  Ti^+l  -  Ti+i^+l 

-  -  kL(T) - -  hcAT  -  kL+l(T) -  (7) 

A  Ar  Ar 

remains  constant  as  one  passes  across  the  layer  from  cylinder  L  to  cylinder 
L+1.  Equations  (6)  and  (7)  allow  the  computation  of  AT  and 

The  use  of  finite  difference  equations  to  solve  the  thermo-elastlc- 
plastlc  stress  problem  requires  expressing  the  equilibrium  equation  and  the 
equation  of  compatibility  at  each  node  at  which  the  finite  difference 
equations  are  desired.  The  Prandlt-Reuss  flow  rule  Is  used  to  eliminate  the 
Incremental  stresses  so  that  what  results  Is  a  matrix  for  evaluating  the 
Incremental  radial  and  tangential  strains  at  each  node.  The  required 
equations  follow,  written  In  dimensionless  form.  The  problem  Is  treated  as 
plane  strain. 


The  equation  of  equilibrium  Is  written 


where 


30r  Or“®9 

3~  ’  0 


®r 

— )  Is  the  dimensionless  radial  stress 
Oo 


(8) 


00 

00  — )  Is  the  dimensionless  tangential  stress 

Oo 


and  Oq  Is  the  yield  stress  In  tension,  and  the  compatibility  equation 


360  60-6^ 

3~  +  ■  0 


(9) 
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where 


^0 

ee(>*  E  — )  Is  dimensionless  tangential  strain 
Oo 


E  *—)  Is  dimensionless  radial  strain 
Oo 

and  Oq/E  Is  yield  strain  In  tension  when  B  is  Young's  Hc>dulus4  The 
compressibility  of  the  material  Is  expressed  by 


e  -  oT  +  — 
3K 


(10) 


e  •  -  (Cr+ee)  Is  mean  strain 


o  ■  -  (0^+00+02)  ^8  mean  stress 


K(-  — )  Is  dimensionless  bulk  modulus 
Oo 

a(«  oT^)  Is  dimensionless  coefficient  of  thermal  expansion 


and 

£2*0  for  plane  strain 

Traction  free  boundary  conditions  are  always  used  In  the  outside  radius 
and  on  the  bore  when  only  thermal  stresses  are  required •  When  mechanical 
loads  are  desired,  the  pressure  pulse  Is  applied  to  the  bore. 

It  was  desirable  to  write  the  finite  difference  equations  In  terms  of 
strain  alone,  hence,  the  stresses  In  the  equations  of  equilibrium  had  to  be 
expressed  In  terms  of  the  strains.  This  was  accomplished  by  modifying  a 
plastic  stress-strain  matrix  (ref.  5)  which  was  derived  by  Inverting  the 
Frandtl-Reuss  equations.  The  Inverted  Prandtl-Reuss  equation  Is 


EodT 

{do}  -  [D^lCdc} - {!> 

(l-2v)Oo 


(11) 


where  the  stress  vector  Is  {do}  ■  (dOj.,  doe,  ^02)'^,  the  strain  vector  {de}  - 
(dCf,  dee.  O}*^,  and  {1}  represents  a  unit  vector.  The  plastic  stress-strain 
matrix  {0*1  us  given  by 
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The  primed  stresses  are  deviator Ic  stresses, 

■  01  -  -  2  oi  i  ■  r.0»z  (13) 

At  each  node  during  a  computation,  the  von  Mlses*  yield  criterion 

-  ((ar-ae)2  +  (oe-Or)^  +  (Oz-Or)^!  “1  (1^) 

2 

Is  checked  to  see  If  plastic  deformation  has  progressed  to  that  node.  If  not, 
the  stresses  remain  elastic  and  can  still  be  computed  using  Eg.  (12)  by 
setting  the  devlatorlc  stresses  equal  to  zero.  The  matrix  [0^]  then  becomes 
the  same  matrix  as  mould  exist  If  linear  elastic  behavior  had  been  assumed. 
The  quantity  S  Is  given  by 

S  -  ~  o2  (1  +  — )  (15) 

3  3G 


where 


-  3  3 

0  -  -  ay'oij  -  -  (Or' 2  oe'2  0^2) 


Is  the  equivalent  stress  and 


Is  the  slope  of  the  equivalent  stress/equivalent  plastic  strain  curve  and  Is  a 
measure  of  hardening.  The  Increment  In  equivalent  plastic  strain  Is  given  by 

2 

dCp  »  -  dcijPdeijP  (18) 
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b.  Boundary  Conditions.  The  boundary  conditions  that  are  used  as  Input 
for  the  calculation  of  temperatures  and  of  stresses  are  generated  using  a 
computer  program  based  on  reference  (5).  In  that  paper,  the  burning  of  a 
specific  propellant  for  the  purpose  of  firing  a  projectile  from  a  gun  tube  Is 
modeled.  The  equations  used  are  based  on  Corner's  vrark  (ref.  7)  and  represent 
a  first  order  Interior  ballistics  solution.  Lagrange’s  approximation  Is 
assumed,  i.e.,  the  velocity  of  the  gas  at  any  Instant  Increases  linearly  with 
distance  along  the  bore  from  zero  at  the  breech  to  the  full  shot  velocity  at 
the  base  of  the  projectile.  Exponential  decay  Is  assumed  during  the  blowdown 
cycle,  I.e.,  after  the  projectile  has  left  the  gun  tube.  Based  upon  the  rate 
equations  and  heat  balances  Involved,  the  heat  transfer  coefficients,  the 
pressure  pulse,  and  the  gas  temperature  can  be  found  as  a  function  of  time 
during  the  firing  cycle.  The  quantity  of  heat  that  goes  Into  the  heating  of 
the  gun  tube  can  be  computed.  The  bore  surface  can  be  specified  to  be  the 
liner  material.  Figure  2  shows  the  output  of  this  program  for  a  gun  tube  with 
steel  at  the  bore  surface. 

c.  Numerical  Procedure.  The  Crank-Nlcolson  representation  for  finite 
differences  of  the  partial  differential  equation  governing  the  temperatures  in 
time  Is  (ref.  1} 

ta+iAr)ki+i/2,n+l/2lTi+i,n+l  +  l-(a+l^r)ki+i/2,n+l/2 

2Ar2 

-(a+( 1-1) Ar)ki_i/2,n+l/2pi,n+l/2(~“““)<®+< 1*1/2) Ar)Ti,n+i 

■f  [(a+(i-l)Ar)ki«i/2.n+i/2lTi-i,n+l  -  l-(a+lAr)ki+i/2,n+l/2lTi+i,n  + 


+  l(a+lAr)ki+i/2,n+l/2  +  (*+<1*1) Ar)ki-i/2,n+l/2  “ 

2Ar^ 

ci,n+l/2pl,n+l/2(”~)(a‘Kl“l/2)Ar)]Ti,n  +  !-(«+<  1*1)  Ar)ki-i/2,n+l/2]Ti-i,n 

(19) 

The  equation  Is  solved  twice: 

1.  At  xt¥\/2  step,  allowing  k,p,c  etc.  to  take  on  the  values  at  t  ■  n 

step. 

2.  The  new  temperatures  are  then  used  to  evaluate  k,c,p  at  nfl/2  step  and 
the  set  of  equations  re-evaulated  for  the  temperatures  at  the  n+1  step. 

The  computed  temperature  distributions  at  each  full  time  step  are  saved  on 
disk  and  eventually  called  In  when  required  by  the  stress  program. 

The  finite  difference  equations  are  within  any  layer. 
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time  CSEC) 


Compatibility: 


-riAe9^_^  +  (2ri-ri_i) -  (ri-ri-i) - 

-ri(ee^-e8^_^)  -  (ri-ri_i)(ee^-ee^)  (20) 

Equilibrium: 

^  -  (ri-ri>l)A<j0^  +  (2ri-ri_i)  AOf^ 

-ri(Or^-Or^_^)  -  (ri-ri-iXor^-oe^)  (21) 

Substituting  the  Prandtl-Reuss  equations  Into  that  of  equilibrium 

-riD(r,e)Ae0^  ^  -riD(r ,r) Ae^^  ^  +l'-(rt-ri_i)D( 6, 6)  +  (2ri-ri_i)D(r,0)] Ae©^ 


+  I-(ri-ri_i)D(0,r)  +  (2ri-ri_i)D(r,r)l Acr^ 

Ea 

i^ltar,  "^r  J  +  (ri-rt-i)(a0  -Oj.  )  +  ri  ----  lATi-ATi-il  (22) 

1-1  1  11  1-2 V 

Equations  (20)  and  (21)  are  In  backward  difference  equations.  The  actual 
computations  are  preformed  by  averaging  backward  and  forward  difference 
schemes.  At  the  Interface  between  cylinders,  continuity  of  the  radial  stress 
and  radial  displacement  Is  specified  and  on  the  boundary,  1*1, 

EoATi 

D(r,S)Ae0  +  D(r,r)Aer  - - Api  (23) 

1  1  l-2v 

where  Api  represents  a  pressure  Increment  at  the  bore  or  Inside  diameter. 

The  solution  procedure  for  the  transient  temperature  problem  Is  as 
follows.  The  temperature  problem  Is  solved,  and  the  temperature  distributions 
at  their  computation  times  are  stored  on  disk.  These  distributions  are  called 
Into  the  thermo-elastlc-plastlc  stress  program  one  at  a  time.  The 
corresponding  thermal  stresses  are  calculated  and  each  node  checked  to  see  if 
the  yield  criterion  Is  satisfied.  If  not,  the  problem  Is  still  assumed  to  be 
elastic,  a  new  temperature  distribution  Is  called  In,  and  new  stress  Increments 
calculated.  The  stresses  are  updated,  and  the  yield  criterion  checked  again. 
When  the  stresses  at  a  point  are  found  to  satisfy  the  yield  criterion  the  node 
la  identified,  and  the  stress  increments  at  that  node  from  the  next  set  of 
temperatures  are  computed  using  the  Prandtl-Reuss  equation  or  [D^]  matrix 
Identified  earlier.  This  procedure  Is  continued  with  new  sets  of  temperature 
called  In  and  with  the  tracking  of  the  elastic-plastic  boundary  with  time. 

The  mechanical  properties  are  evaluated  at  the  existing  temperatures. 
However,  the  yield  stress  has  not  yet  been  Incorporated  as  a  function  of 
temperature  In  the  program. 


d.  Mechanical  and  Theraophyslcal  Properties.  The  properties  used  in  the 
calculations  were  found  in  reference  (8). The  nominal  values  are  given  in 
Table  1.  It  is  always  one  of  the  more  difficult  tasks  to  find  properties  as 
functions  of  temperature.  The  steel  properties  used  were  those  of  4340  and 
4150.  "Gun  Steel"  is  typically  4340  or  a  modification  thereof.  The 
thermo-physical  properties  for  TZM  used  were  those  for  those  for  molybdenum 
itself  since  they  were  readily  available  as  functions  of  temperature  and  the 
same  properties  for  TZM,  only  given  at  one  or  two  specified  temperatures  tended 
to  fall  on  or  near  the  same  property  for  molybdenum. 


TABLE  1.  ROOM  TEMPERATURE  PROPERTIES 


r*  ■ 

k 

C 

P 

a 

E 

Oyp 

V 

BTU/#in“F 

BTU/#'’F 

#/ln3 

ln/ln*F 

Psl 

Psl 

Steel 

S.OlxlO"** 

.105 

.289 

6.2x10"^ 

30x10^ 

160x103 

.3 

TZM 

i.syxio"** 

.06 

.369 

3.0x10^ 

45x10^ 

130x103 

.314 

3 .  RESULTS .  The  interior  ballistic  code  was  first  run  to  set  up  the 
input  data  (heat  transfer  for  coefficients  and  gas  temperatures  during  firing 
cycle)  for  the  position  of  the  program  which  computes  the  transient  temperature 
distribution  and  pressure  time  curve  for  the  mechanical  load  contribution  to 
the  stress  part  of  the  program.  Tvo  data  sets  were  established,  one  for  steel 
at  the  bore  and  one  for  TZM  at  the  bore.  Figure  2  showed  the  results  for 
steel.  The  interior  ballistic  code  computes  these  results  at  several  stations 
along  the  tube,  but  only  the  section  at  which  the  maximum  pressure  was 
generated  was  considered  at  this  time.  The  temperature  portion  of  the  program 
serves  two  separate  purposes.  The  program  can  be  run  over  several  firing 
pulses  based  on  some  specific  firing  cycle.  This  will  show  the  buildup  in 
temperature  during  the  firing.  It  can  also  be  run  to  provide  input  data  in  the 
form  of  temperature  distributions  throughout  the  wall  of  the  tube  for  specific 
times  during  the  firing  cycle.  This  data  set  is  then  used  in  the  stress 
program  for  the  computation  of  thermal  stresses  or  thermo-mechanical  stresses 
when  the  pressure-time  curve  is  also  applied.  There  were  four  types  of 
material  problems  considered,  a  single  (monobloc)  steel  tube  with  constant 
properties,  a  TZM  liner/steel  jacket  with  constant  properties  in  each  cylinder 
and  a  TZM  liner/steel  jacket  with  temperature  dependent  properties.  Results 
from  some  of  these  cases  are  presented  below. 


Figure  3  shows  the  change  of  the  bore  temperature  with  time  over  four 
firing  cycles.  The  configuration  is  the  TZM  liner/steel  jacket  with 
temperature  dependent  properties.  The  firing  cycle  depicted  represents  a 
projectile  being  fired  at  the  rate  of  four  rounds  per  minute.  The  temperature 
buildup  at  the  bore  can  easily  be  seen.  Figure  4  shows  the  temperature 
response  at  the  bore  for  a  monobloc  steel  tube  with  temperature  dependent 
properties.  This  Is  shown  on  an  expanded  scale  and  represents  the  thermal 
response  used  on  one  of  the  data  sets  for  the  stresses.  When  these  data  sets 
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Figure  Bore  Temperature  vs  Time. 

Response  for  Input  to  Stress  Program. 


for  stresses  are  established,  a  finer  time  Increment  Is  used  over  that  which 
simply  computes  the  thermal  response  for  temperature  buildup.  The  finer  time 
Increment  decreases  the  temperature  difference,  AT,  from  time  step  to  time  step 
which  Is  used  in  the  stress  program.  This  helps  In  approaching  yield  In  the 
stress  program  even  though  the  temperature  difference  Is  further  di  Med  near 
yielding  and  after  yielding  has  begun.  When  only  the  temperatures  themselves 
are  desired.  It  was  previously  shown  (ref.  3}  that  larger  time  Increments  can 
be  used.  As  the  finite  difference  program  for  temperatures  is  Implicit,  the 
time  Increment  between  pulses  Is  Increased  at  a  rapid  rate  until  the  next 
firing  pulse  comes  along.  It  took  approximately  90  time  steps  to  complete  the 
tasperature  response  to  the  four  cycles. 

When  Investigating  the  effect  of  contact  resistance.  It  becomes  obvious 
why  many  papers  Ignore  It.  The  difficulty  Is  not  with  the  computation,  but 
rather  the  uncertainty  of  the  physical  constant  to  use  In  the  evaluation.  The 
property  h  described  earlier.  Is  treated  as  a  constant  here  but  In  reality 
would  be  a  function  of  pressure,  temperature,  the  roughness  of  the  surfaces  In 
contact,  the  hardness  of  the  materials  Involved,  etc.  One  would  actually  need 
the  true  area  of  contact  as  opposed  to  the  apparent  area  and  how  this  changed 
In  time.  Table  2  shows  the  effect  of  varying  h  on  the  bore  temperature  for 
five  firing  pulses.  The  h  Is  dimensionless.  The  table  shows  that  when  h  ■ 
1000,  the  system  Is  equivalent  to  having  no  resistance  to  heat  flow  and  when 
h  »  .00001,  the  effect  Is  equivalent  to  zero  heat  flow  at  the  Interface.  As 
can  be  seen  by  converting  some  of  the  values  from  reference  (4) ,  one  can  get 
coefficients  which  result  In  measurable  effects.  To  better  show  the  effect, 
the  resulting  temperature  distribution  as  a  function  of  radius  as  shown  In 
Figure  3  for  h  «  1.  The  second,  third,  and  fourth  pulse  are  displaced  from  the 
first  for  clarity  of  viewing.  The  bore  temperature  Increases  substantially 
compared  to  zero  contact  resistance  (as  can  also  be  seen  from  Table  2).  The 
temperature  Jump  also  Increases  substantially.  The  line  Indicating  the  Jump 
should  be  a  vertical  line  from  the  point  on  the  Inner  cylinder.  The  fact  that 
It  Is  not  Is  due  to  the  plotting  routine.  A  final  remark  on  this  section  would 
be  chat  with  Che  uncertainty  In  computing  or  experimentally  determining  an 
actual  h  for  a  system.  Table  2  shows  little  difference  between  an  h  ••  1000  and 
h  «  100  as  a  threshold  for  zero  contact  resistance  and  again  little  difference 
between  h  -  .1  and  h  ■  .00001  for  an  Insulating  barrier. 

TABLE  2.  EFFECT  OF  H  ON  BORE  TEMPERATURE 


1000 

100 

1 

.1 

.00001 

Pulse 

1 

0 

0 

0 

0 

0 

Pulse 

2 

.00352 

.00356 

.00837 

.00999 

.01021 

Temp 

Pulse 

3 

.00580 

.00582 

.01493 

.01952 

.02020 

Pulse 

4 

.00758 

.00756 

.02013 

.02861 

.02998 

Pulse 

5 

.00904 

.00901 

.02424 

.03728 

.03596 
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The  remaining  results  relate  to  the  output  from  the  stress  portion  of  the 
program.  Figure  6  shows  the  effect  of  Including  temperature  dependence  of 
material  properties  In  the  analysis.  The  variation  of  radial  stress  and 
tangential  stress  across  the  wall  thickness  are  shown.  There  Is  little  effect 
except  at  the  peak  tangential  stress  at  the  bore  which  Is  about  three  to  four 
percent  hl^^aer  for  a  tube  with  temperature  dependent  material  properties.  This 
r  '^resents  a  stress  difference  of  about  SOOO  psl. 

The  stress  results  being  shown  are  only  the  response  to  the  first  firing 
pulse.  Hence,  the  stresses  are  mainly  due  to  a  steep  thermal  gradient  at  the 
bore  of  the  tube.  If  Inelastic  response  does  not  occur,  the  stress  response 
would  not  change  significantly  from  pulse  to  pulse  as  the  mechanical  load 
vanishes  and  there  remains  only  a  slight  thermal  gradient  throughout  the  tube 
wall.  Depending  on  the  configuration  of  the  system,  the  firing  rate,  etc., 
the  rise  In  bore  temperature  before  the  next  round  Is  fired  Is  small,  ~  3‘F  to 
9*F. 


Figure  7  shows  the  variation  In  tangential  stress  versus  radius  for  the 
multi-cylinder  configuration,  TZM/steel,  with  the  temperature  dependent 
properties  at  the  time  when  the  Internal  pressure  peaks.  The  mechanical 
loading  due  to  the  pressure-time  curve  alone  Is  shown  as  Is  the  thermal  stress 
distribution  due  to  the  temperature  distribution.  The  combined  effects  are 
also  shown.  These  combined  effects  are  not  arrived  at  by  adding  the  separate 
ones  but  are  recomputed.  This  Is  important,  especially  In  the  case  shown, 
because  the  mechanical  load  alone  was  sufficient  to  cause  the  Inelastic 
deformation  at  the  bore.  While  this  Inelastic  zone  was  concentrated  at  the 
bore  and  there  was  little  depth  of  plastic  zone  penetration  Into  the  wall.  It 
Is  still  Incorrect  to  linearly  superimpose  solutions  by  adding  the  separate 
stress  distributions.  Under  the  combined  loads,  the  solution  remained  elastic 
throughout.  Figure  8  shows  the  results  from  the  same  problem  at  the  time  when 
the  thermal  stresses  peak. 

4.  SUMMARY.  The  computer  program  described  Is  capable  of  predicting  the 
thermal  response  and  the  thermo-elastlc-plastlc  response  of  liner /jacket  gun 
tube  designs  with  temperature  dependent  thermo-physical  properties.  Realistic 
Input  to  this  problem  Is  generated  using  an  Interior  ballistics  code.  While 
only  a  two  cylinder  system  Is  described,  allowance  Is  made  for  up  to  five 
cylinders . 

Improvements  can  always  be  made  and  In  this  case,  the  following  could  be 
Included.  By  using  a  variable  space  Increment  in  the  thermal  program,  the 
effect  of  a  deposited  thin  layer  on  the  bore  surface  can  be  Investigated. 
Initial  stresses  due  to  Interference  should  be  Incorporated  as  should  a 
temperature  dependent  yield  stress. 

ACKNOWLEDGEMENT .  The  author  would  like  to  thank  Pat  Vottis  for  allowing 
the  use  of  his  program  to  generate  proper  boundary  conditions. 
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ACCURATE  CXDMPOTER  ARITHMETIC  FOR  SCIENTIFIC  OOMPUTATIC»J 


L*  B*  Rcil* 

Mathematics  Reseaurch  Center 
University  of  Wisconsin-Madison 


ABSTRACT .  A  basic  requirement  of  scientific  and  engineering  computing  should 
be  that  the  numerical  results  are  obtained  as  accurately  as  possible.  On  existing 
computers,  however,  it  is  well-known  that  arithmetic  operations  are  not  always  per¬ 
formed  to  this  steuidard.  For  example,  the  UNIVAC  1100  series  execute  most  single 

-27 

precision  floating-point  operations  with  a  relative  error  of  2  ;  however,  one  gets 

134217728.0  -  134217727.0  =  2.0, 

a  result  which  is  in  error  by  100%,  even  though  the  arguments  aure  exactly  repre¬ 
sentable.  Similar  errors  are  made  by  other  machines  in  their  floating-point  opera¬ 
tions.  This  situation  can  be  avoided,  auid  high  accuracy  obtained  in  final  results, 
if  computer  arithmetic  is  done  according  to  the  general  theory  developed  over  the 
last  ten  years  by  U.  Kulisch  (working  at  MRC,  IBM,  auid  the  University  of  Karlsruhe) 
and  his  coworkers.  This  accurate  (or  controlled)  arithmetic  is  based  on  the  ordi¬ 
nary  operations  +,  -,  •,  /  augmented  by  V  (downward  rounding),  A  (upward  rounding), 

□  (antisymmetric  rounding) ,  and,  for  accurate  numerical  linear  algebra,  a  scalar 
product  *  of  maximum  precision.  The  operations  of  accurate  arithmetic  C£m  be  im¬ 
plemented  easily  on  a  microcomputer  or  a  computer  with  microprogrammable  arithmetic 
operations.  In  addition,  for  accurate  final  results,  a  compiler  is  necessary  which 
will  select  the  appropriate  operations.  A  language  of  this  type  (PASCAL-SC)  has 
been  developed  in  Germany.  Along  with  accurate  real  eurithmetic,  this  compiler  pro¬ 
vides  accurate  complex  arithmetic,  real  and  complex  interval  arithmetic,  and  vector 
and  matrix  arithmetic  over  these  data  types.  Some  features  of  PASCAL-SC  related  to 
scientific  and  engineering  computation  will  be  described.  In  most  cases,  the  opera¬ 
tions  of  accurate  arithmetic  are  performed  at  the  same  speed  as  ordinary  (uncontrol¬ 
led)  floating-point  arithmetic. 

1.  IMPORTANCE  OF  ACCURACY.  Scientific  computation,  in  contrast  to  other 
applications  of  electronic  digital  computers,  requires  the  performance  of  large 
numbers  of  arithmetic  operations  in  most  cases.  Although  computers  were  original¬ 
ly  brought  forth  to  do  "number  crunching"  on  scientific  and  engineering  problems , 
this  area  has  faded  in  importance,  so  that  most  computers  today  €o:e  used  to  manip¬ 
ulate  data  files  most  of  the  time,  with  only  the  most  elementary  arithmetic  being 
done,  such  as  for  payrolls  and  other  accounting  purposes.  The  evolution  of  compu¬ 
ters  has  followed,  by  emd  large,  adaptation  to  tasks  for  which  the  sales  of  machines 
are  the  greatest.  In  peurticular,  accuracy  has  been  a  minor  consideration  in  the 
design  of  eurithmetic  units,  and  present-day  machines  show  no  improvement  in  this 
area,  or  even  a  deficiency  as  compared  to  earlier  machines.  The  example  given  in 
the  Abstract  is  not  at  all  isolated;  similar  defects  can  be  found  in  other  models 
of  machines  in  wide  use  today.  While  such  "glitches"  are  extremely  rare,  and  can 
be  detected  by  programs  which  have  enough  internal  checking  of  consistency  of  re¬ 
sults,  it  is  probably  only  a  matter  of  time  until  some  disaster  is  trr'.ceable  to  an 
error  in  computer  arithmetic  inherent  in  the  design  of  the  machine.  In  addition  to 
the  scientific  and  engineering  computing  connunity,  it  would  appear  that  insurance 


Research  sponsored  by  the  U.  S.  Army  under  Contract  No.  DAAG29-80-C-0041 . 


343 


companies,  as  well  as  the  public  In  general,  should  be  Interested  in  Improvement 
of  the  accuracy  with  which  computers  perform  the  basic  arithmetic  operations. 

The  type  of  inaccuracy  considered  here  is  not  the  inevitable  error  in  using 
one  of  the  two  floating-point  neighbors  of  a  real  number  to  represent  it;  this 
error  is  usually  very  small.  What  is  under  discussion  is  the  unmcz^iOAy  ^cUX-UAZ 
of  a  computer  to  produce  such  a  neighboring  number  as  the  result  of  an  arithmetic 
operation,  amd  the  lack  of  controllability  of  the  rounding  of  results  to  the  de¬ 
sired  neighbor  (closest,  greater,  or  lesser] .  The  inaccurate,  uncontrolled  float¬ 
ing  point  arithmetic  one  finds  at  present  has  a  harmful  effect  on  the  reliability 
of  computed  results,  amd  it  should  be  replaced  by  accurate,  controlled  arithmetic. 

The  question  of  increase  of  accuracy  in  computer  arithmetic  is  more  subtle 
tham  may  appear  at  first  sight.  For  example,  the  arithmetic  unit  of  the  UNIVAC 
1100  could  have  been  designed  in  such  a  way  that  errors  of  the  type  cited  would 
not  occur  [29] ,  [31]  ,  and  the  resulting  change  in  price  of  the  machine  would  have 
been  negligible.  It  would  seem  then  that  if  users  set  standards  for  arithmetic 
accuracy,  then  the  manufacturers  could  respond  by  supplying  the  desired  product 
without  much  disruption  of  the  overall  architecture  of  the  machine,  whether  or  not 
number  crunching  is  viewed  as  its  primary  purpose.  However,  the  following  ques¬ 
tions  arise: 

1*.  What  are  explicit  standards  for  arithmetic  accuracy? 

2®.  How  does  one  build  an  aurithmetic  unit  to  implement  such  standards? 

There  is  even  a  further  question  which  must  be  addressed  in  scientific  and 
engineering  computation : 

3®.  How  can  one  develop  software  to  take  advantage  of  accurate  arithmetic 
to  prodU'C.e  results  which  are  as  accurate  as  possible,  and  give  a  reliable  indica¬ 
tion  of  their  acc-oracy? 

This  last  question  is  of  particul^  importance  at  the  present  time,  since 
most  people  use  software  developed  by  others ,  which  is  written  in  higher-level 
languages  amd  i.un  on  a  variety  of  computers  with  different  basic  accuracies.  The 
overall  problem  of  accuracy,  therefore,  involves  both  hardware  and  software,  and 
may  appear  to  be  intractable  in  general.  However,  a  fundamental  theory  of  compu¬ 
ter  arithmetic  has  recently  been  developed  by  u,  Kulisch  [9] ,  [10]  ,  [11] ,  [12] , 
and  his  coworkers,  and  is  described  in  detail  in  the  book  by  Kulisch  and  Mi  canker 
[13] .  This  theory  provides  a  guide  to  the  construction  of  accurate  hardware  and 
softwaure,  and  the  latter  has  been  implemented  for  a  microccxnputer  [14].  A  brief 
and  incomplete  discussion  of  these  developments  will  be  given  below;  the  book  [13] 
should  be  consulted  for  a  fuller  treatment.  The  main  point  is  that  it  is  possible 
to  answer  the  questions  posed  above  on  the  basis  of  a  rigorous  mathematical  theory 
instead  of  ad  hoc  reasoning  applied  to  special  cases. 

unfortunately,  there  is  an  attitude  of  satisfaction  with  the  itatui  quo  among 
certain  members  of  the  scientific  cUid  engineering  computing  ccsnmunity.  Since  compu¬ 
tations  cannot  be  performed  exactly  in  general,  a  tolerance  of  unnecessary  errors 
in  eurithmetic  has  developed.  One  hears  comments  such  as,  "My  data  aren't  very  good 
anyway,  euid  I  only  need  a  couple  of  decimal  places  in  the  results."  An  answer  to 
this  is  the  calculation  cited  above,  in  which  the  data  are  exact,  but  the  result 
does  not  contain  any  accurate  digits.  Another  widely  circulated  idea  is  that  higher 
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precision  is  a  solution  to  the  accuracy  problem.  One  ceui  compare  the  number  of 
digits  to  which  single  and  double  precision  computations  agree ,  for  excunple . 

(People  who  advocate  this  idea  seldom  carry  it  out:  They  simply  use  the  highest 
precision  available  at  low  cost.)  It  is  true  that  the  number  of  accurate  digits 
are  usually  increased  by  going  to  higher  precision,  but  usually  at  the  cost  of  an 
even  greater  increase  in  the  (unknown)  number  of  inaccurate  digits.  Poorly  de¬ 
signed  arithmetic  units  will  also  make  mistakes  in  double  or  higher  precision, 
thus  obviating  this  approach.  It  is  the  position  of  this  paper  that  confidence 
in  the  result  of  numerical  ccxnputations  should  be  based  on  reason,  not  faith. 
Furthermore ,  manufacturers  should  be  required  to  deliver  machines  capable  of  ac¬ 
curate  computer  arithmetic  in  the  sense  defined  below. 

2.  ERROR  ANALYSIS.  Recognition  and  euialysis  of  the  roundoff  error  inherent 
in  actual  computation  predates  the  computer  era.  Since  only  a  few  actual  calcula¬ 
tions  could  be  performed  by  heind  or  mechanically,  what  is  called  ^ofwxxAd  analysis 
[8] ,  in  which  the  propagation  of  the  errors  generated  at  each  step  was  followed 
into  the  result,  was  more  or  less  feasible.  The  introduction  of  electronic  machines, 
in  which  the  nimiber  of  operations  progressed  from  hundreds  to  thouseuids  to  millions , 
lead,  to  a  recognition  of  the  inadequacy  of  forward  error  analysis ,  and  the  develop¬ 
ment  of  other  methods  of  error  estimation  auid  control.  A  bibliography  published 
in  1965  [22]  already  contained  903  entries  relating  to  the  subject.  By  the  time 
conferences  were  held  on  error  in  digital  computation  at  the  Mathematics  Reseaurch 
Center  in  1964-65  [23]  ,  [24]  ,  the  basic  ideas  of  bcLckwcLfid  error  analysis  [1]  , 
iiyigni^-Lcancz  arithmetic  [3]  ,  and  XyitiXMoJi  arithmetic  [15]  ,  [16]  ,  had  already  been 
introduced.  However,  the  inaccurate,  erratic  arithmetic  performed  by  the  floating¬ 
point  units  of  most  available  computers  plays  havoc  with  the  CLnaZyA-ci  of  the  error 
of  results,  as  well  as  with  the  accuracy  of  the  results  themselves. 

Backward  error  analysis,  due  to  J.  H.  Wilkinson  [27]  ,  regards  the  solution 
obtained  by  the  computer  to  be  the  exact  solution  of  a  perturbed  version  of  the 
original  problem,  and  an  estimate  of  the  size  of  the  perturbation  is  made.  The 
basic  formulas  [1]  are: 

(2.1)  fl(xoy)  =  (xoy) (1  +  e) ,  »  e  {+,-,*,/}. 

In  (2.1),  fl(xoy)  denotes  the  floating-point  number  actually  computed  for  the 
exact  result  x°y,  and  e  is  a  machine-dependent  number  which  is  a  function  of  the 
base  in  which  floating-point  numbers  are  represented,  the  number  of  digits  in 
their  mcuitissas,  cuid  the  way  in  which  rounding  is  done.  According  to  the  example 
given  in  the  Abstract ,  one  has  to  take  | € |  =  1  for  the  UNIVAC  1100 ,  instead  of 
-27 

|e I  =  2  on  the  basis  of  the  base  b  -  2  and  the  number  of  mantissa  digits  n  = 

27.  The  error  bounds  one  gets  in  this  case  are  rigorous,  but  too  large  to  be 
useful.  The  fault  does  not  lie  with  the  theory,  but  the  way  the  arithmetic  unit 
of  this  particuleu:  machine  works.  Of  course,  (2.1)  can  be  used  to  formulate  a 
^tandoAd:  It  is  to  hold  for  all  defined  floating-point  operations  with  |e|  s 

b  over  the  entire  set  of  floating-point  numbers  x,y  available  on  the  machine. 

This  criterion ,  as  simple  as  it  is ,  is  not  met  by  many  machines  on  the  present 
market . 

Significance  arithmetic  attempts  to  model  the  degradation  of  accuracy  in 
a  calculation  by  reduction  of  the  number  of  digits  carried  as  significant.  In¬ 
terval  arithmetic,  on  the  other  hand,  traps  the  true  result  of  the  calculation 
between  two  machine  numbers,  and  thus  leads  to  guaranteed  lower  euid  upper  bounds 
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for  the  exact  answer.  These  types  of  arithmetic  carry  with  them  certain  aspects 
of  forward  amalysis.  They  are,  however,  useful  in  connection  with  the  accurate 
arithmetic  to  be  described  below,  and  interval  arithmetic  has  many  other  applica¬ 
tions  [17].  Interval  arithmetic  for  real  and  complex  numbers,  vectors,  2uid  matrices 
is  included  in  the  theory  of  compu+'er  arithmetic  given  by  Kulisch  and  Kiranker 
[13] ,  and  has  been  implemented  as  standard  in  the  language  PASCAL-SC  [28] ,  about 
which  more  will  be  said  later. 

The  above  considerations  are  concerned  mostly  with  computa.t<.onciZ  error ,  which 
is  produced  by  the  arithmetic  unit  of  the  computer,  sometimes  in  a  way  unknown  to 
the  user.  This  type  of  error  is  extremely  invidious,  like  undetected  cancer 
eating  away  at  the  guts  of  the  computation.  A  more  superficial  type  of  error  is 
COMueAA-C.on  error,  which  enters  into  consideration  if  b  ^  10.  As  in  the  case  of 
rounding,  methods  for  accurate  base  conversion  are  well -understood  [301  ,  eind  it 
is  not  too  much  to  require  that  the  machine  and  the  associated  input/output  soft¬ 
ware  perform  conversion  as  accurately  as  possible.  Once  again,  this  is  a  standard 
that  is  not  always  met.  For  example,  the  following  progreun  in  standard  PASCAL 
was  used  to  test  conversion  on  a  couple  of  machines. 


(2.2) 


program  rw (input,  output); 

var  X :  real ; 

begin  while  not  eof  do 

begin  readln(x);  writeln(x) 
end; 

end. 


The  results  using  a  VAX  11/780  at  the  University  of  Wisconsin-Madison  were: 


(2.3) 


Input 

Output 

1.1 

1.100000024E+00 

2.1 

2.099999905E+00 

3.1 

3 . 099999905E+00 

1.2 

1.200000048E+00 

2.2 

2 .200000048E+00 

Incorrect  digits  etre  underlined.  Thus,  the  number  of  correct  digits  produced 
varies  between  seven  and  eight  out  of  the  ten  printed,  according  to  a  pattern 
that  may  not  be  immediately  apparent.  An  analysis  of  the  representation  of 
single  precision  floating-point  nianbers  on  the  VAX  reveals  that  ten-digit  deci¬ 
mal  numbers  cannot  be  represented  exactly  in  general.  Thus,  some  of  the  digits 
of  the  ten  printed  will  be  fabrications  in  most  cases,  which  might  deceive  the 
uninitiated. 

The  same  program  (2.2)  was  also  run  on  the  UNIVAC  1100  system  at  the  Univer¬ 
sity  of  Wisconsin-Madison,  with  results  which  are  given  in  (2.4).  Here,  fewer 
digits  are  printed,  but  they  are  all  accurate.  This  is  more  in  the  spirit  of 
accurate  (emd  significance)  arithmetic.  Accuracy  is  obtained  here  at  the  price 
of  sacrifice  of  two  or  three  additional  accurate  digits  which  could  have  been 
printed.  Thus,  inaccurate  information  is  presented  in  (2.3),  emd  accurate  digits 
are  coyly  cmcealed  in  (2.4).  The  ideal  situation,  of  course,  is  for  the  input/ 
output  software  to  convert  as  accurately  as  possible,  and  if  desired,  print  all 


accurate  digits  of  the  output,  and  only  those. 


Input 

Output 

1.1 

l.lOOOE+00 

2.1 

2 . lOOOE+00 

3.1 

3 . lOOOE+00 

1.2 

1.2000E+00 

2.2 

2.2000E-i-00 

There  is  one  remedy  for  conversion  error  which  has  been  around  for  a  long 
time,  namely,  dzCMncUL  arithmetic.  (One  recalls  older  machines  such  as  the  IBM 
650  and  the  Burroughs  205.)  Decimal  arithmetic  has  also  been  implemented  in  the 
microcomputer  version  of  PASCAL-SC  [14]  ,  [28] :  The  standard  format  chosen  for 
floating-point  numbers  is  decimal  digits  for  the  mantissas,  with  two  deci¬ 

mal  digit  exponents.  The  digits  in  the  mantissas  are  packed  as  two  BCD  characters 
per  eight-bit  word.  In  this  era  of  large-scale  integration  of  computer  circuits, 
hardware  to  handle  longer  strings  of  decir  digits  should  be  simple  to  produce. 
(On  the  microcomputer ,  this  is  done  princ;  pally  by  software . ) 


Even  if  the  above  discussion  is  unconvincing  with  regard  for  the  need  to 
keep  arithmetic  computation  and  conversion  error  to  a  minimum,  consider  the  fol¬ 
lowing  situation;  Two  computations,  each  costing  the  same,  are  made  of  some 
quantities  of  interest.  Suppose  that  it  is  known  than  one  computation  is  performed 
with  more  accurate  arithmetic  than  the  other.  Which  is  preferable,  considering 
that  the  results  may  be  used  to  make  decisions  on  which  the  safety  of  life  emd  prop¬ 
erty  depend?  This  is  the  main  point  here;  Now  that  the  implementation  of  accurate 
arithmetic  is  known  to  be  relatively  simple,  why  not  insist  upon  it? 


3.  FLOATING-POINT  ARITHMETIC.  Here,  the  discussion  will  be  intuitive,  using 
concepts  familiar  to  most  users  of  digital  computers.  For  precise  definitions  and 
a  rigorously  structured  argument,  see  the  book  by  Kulisch  and  Miranker  [13].  The 
ingredients  needed  arc  the  set  of  floating-point  numbers,  the  arithmetic  operations, 
and  various  roundings.  The  set  of  floating-point  numbers  available  on  most  machines 
constitutes  what  will  be  called  a  4CAe.en  S;  it  is  linearly  ordered,  emd  contains  the 
identity  elements  of  addition  (0)  and  multiplication  (1) .  S  is  a  subset  of  the  real 
numbers  which  contains  -a  if  a  €  s,  and  a  maxAJnujn  element  s  »  max{a  |  a  £  s)  (and 
hence  the  miitonum  element  -s) .  There  are,  of  course,  only  a  finite  number  #S  of 
elements  of  s.  Excluding  division  by  zero,  the  beisic  OA^ImzJtyic.  OpZAaX^M  +,  -, 

•,  /  can  be  applied  to  pairs  of  elements  of  S  to  obtain  a  larger,  but  still  finite, 
set  of  real  numbers  AS  consisting  of  the  results.  Elements  x  £  AS  such  that  |x|  > 
s  will  be  said  to  have  ovtA^Zowed  S;  in  actual  practice,  the  attempt  to  form  such 
results  will  lead  to  an  error  indication.  The  remaining  elements  y  £  AS  such  that  ‘ 
ly I  ^  s  will  not,  in  general,  be  elements  of  S;  before  computation  can  proceed,  a 
mapping  y  a,  a  £  S  is  required.  More  generally,  we  want  to  consider  a  class  of 
mappings  from  the  real  numbers  contained  in  the  interval  [-s,s]  into  S;  such  mappings 
are  known  as  Kounding^. 

There  are  three  types  of  roundings  of  basic  importance  for  accurate  computer 
arithmetic  [13] :  There  is  upuxtAd  rounding  A,  defined  by 

(3.1)  Ar  ■=  min{a  |  a  2  r,  a  £  S},  r  €  [-s,s]. 


and  domiMAd  rounding  7,  for  which 

(3.2)  Vr  =  max{a  |  a  <r,  a^s},  r£  [-s,s], 

just  as  you  expected.  These  are  the  monotone  roundings.  Another  type  of  rounding, 
called  arvttiytmeXnUjC.  rounding,  is  denoted  by  □;  here  Qr  e  s  and 

(3.3)  0(-r)  =  -(Or) . 

Antisymmetric  rounding  is  probedsly  best  illustrated  by  examples.  One  way  to  de¬ 
fine  Dr  is  as  the  cZoAe^t  element  a  of  S  to  r,  with  a  tie-breaking  rule  satisfy¬ 
ing  (3.3)  if  r  is  equidistant  from  two  elements  of  S.  Thus,  if  S  consists  of  in¬ 
tegers,  then  r  =  1.6  would  be  roijinded  to  a  =  2,  and  r  =  -1.6  to  a  =  -2,  thus  sat¬ 
isfying  (3.3).  This  type  of  rounding  has  the  least  possible  absolute  error,  and 
Yohe  [29]  calls  Qr  in  this  case  the  Best  Possible  Answer  (BPA) .  There  are  other 
antisymmetric  roundings,  however,  simple  tn.unccution  rounds  r“1.6toa=l  (down- 
Weurd) ,  and  r  =  -1.6  to  a  =  -1  (upward),  and  (3.3)  thus  also  holds  in  this  case, 
sometimes  called  rounding  touxxAd  ZOAO .  Rounding  ouMLy  ^n.om  zen.0  (0(1.6)  =  2, 

□(-1.6)  =  -2)  is  also  em  antisymmetric  rounding,  but  is  less  frequently  encountered 
thcui  truncation. 

Rounded  computer  arithmetic,  then,  consists  of  arithmetic  operations  followed 
by  rounding.  For  accuracy,  the  antisymmetric  rounding  of  choice  is  the  BPA  round¬ 
ing  of  the  result  of  the  operation  to  the  closest  floating-point  number.  In  order 
to  implement  this  rounding  correctly  [13] ,  [29]  for  n-digit  mantissas ,  the  accumu¬ 
lator  has  to  be  extended  to  n  +  2  digits ,  preceded  and  followed  by  one  binary 
digit  (bit) .  The  detailed  algorithms  can  be  found  in  [13]  .  It  is  also  extremely 
helpful  to  have  a  -tong  accumulator  of  2n  +  1  digits  preceded  by  a  bit.  The  extra 
expense  of  providing  these  accumulators,  compared  to  the  usual  double-length  ac¬ 
cumulator  for  floating-point  arithmetic,  should  be  a  negligible  component  of  over¬ 
all  computer  cost.  In  addition,  the  short  and  long  accumulators  described  also 
permit  the  monotone  roundings  (3.1)  and  (3.2).  Actually,  only  one  monotone  round¬ 
ing  need  Jse  implemented,  the  other  can  be  obtained  from  it  by  sign  changes:  A (a) 

=  -7 (-a)  [13].  However  implemented,  both  monotone  roundings  cure  needed  for  inter¬ 
val  arithmetic  [13] ,  [17] ,  which  is  an  essential  component  of  accurate  computa¬ 
tion. 


A  nujumum  standard  for  floating-point  arithmetic,  not  met  by  present 
cial  units  in  general,  is 


ccanmer- 


(3.4) 


A  A 

°€{+, -,*,/}  a.bes 


aEb  =  □(aob) ,  (aob)  6  [-s,s] 


where  □  denotes  the  BPA  rounding  to  the  nearest  floating-point  number,  aob  is  the 
exact  KeoJi  Ke^att  of  the  operation  o,  and  agfc  is  the  compated  result  actually 
obtained.  In  words,  (3.4)  says  that  the  floating-point  number  produced  by  the 
rounded  floating-point  2u:ithmetic  operation  is  the  closest  floating-point  number 
to  the  exact  real  result,  if  defined.  Addition  of  the  monotone  roundings  to 

(3.4)  results  in  the  following  STANDARD  FOR  FLOATING-POINT  ARITHMETIC: 


(3.5) 


A 

ce{D,7,A} 


A 

a,b€s 


a^  =  o(aob) , 


(aob)  S  [-s,s]. 
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Again,  a©b  denotes  the  floating-point  number  produced  by  the  computer,  cind  a“b 
the  exact  real  result  of  performing  the  arithmetic  operation  “  with  the  floating¬ 
point  arguments  a  aind  b.  Furthermore,  the  user  should  be  able  to  select  the  par¬ 
ticular  rounding  desired.  This  leads  to  twelve  floating-point  arithmetic  opera¬ 
tions  followed  by  the  corresponding  rounding; 


/  t 

Best  possible  answer  (BPA)  rounding; 

(3.6) 

+>.  •>,  />/ 

Upward  (A)  rounding; 

+</  -<,  •<,  /<, 

Downward  (7)  rounding. 

All  of  these  correctly  rounded  arithmetic  operations  are  staindard  in  PASCAL- 
SC.  The  user  simply  employs  the  notation  on  the  left  side  of  (3.6)  (with  •  replaced 
by  *,  as  usual;  in  this  paper,  *  is  reserved  for  another  purpose,  namely,  the  scalar 
product  of  vectors) . 

4.  HARDWARE  vs.  SOFTWARE  IMPLEMENTATICM .  Generally  spea)cing,  operations 
which  are  not  providjd  by  the  hardware  of  a  computer  can  be  obtained  by  progreim- 
ming.  In  general,  -nen,  the  efficiency  of  a  computation  depends  on  the  ratio  of 
hardware  to  software  operations.  A  p/tuTLctiue  computer  will  be  defined  to  be  one 
in  which  only  (accurate)  integer  arithmetic  is  available  in  hardware.  Most  of  the 
8-bit  and  16-bit  microcomputers  fall  into  this  category,  as  well  as  some  32-bit 
processors.  On  primitive  machines,  all  floating-point  arithmetic  has  to  be  done 
by  software;  thus,  accurate  operations  (3.6)  can  be  performed  in  essentially  the 
same  time  as  the  usual  inaccurate  ones  with  uncontrolled  rounding.  The  details 
of  implementation  of  accurate  floating-point  arithmetic  on  primitive  computers 
are  given  in  [13],  Chapter  6.  There  is  no  reason  not  to  use  the  algoritlims  in 
this  source,  even  if  only  BPA  rounding  is  desired. 

Machines  with  built-in  floating-point  hardware  are  found  in  the  minicomputer, 
standard,  and  supercomputer  ranges.  The  arithmetic  units  of  these  machines  will 
be  said  to  be  a4cXC4<6  for  efficient  scientific  computation  unless  (3.5)  is  satis¬ 
fied.  On  this  basis,  almost  all  available  floating-point  arithmetic  units  are 
junk.  The  operations  in  (3.6)  which  are  not  provided  by  the  hardware  (this  often 
means  oXt  of  them)  must  be  implemented  by  resort  to  primitive  operations,  with  a 
dreadful  loss  in  efficiency.  This  is  well-documented  in  the  case  of  implementation 
of  interval  arithmetic  on  a  number  of  standard  computers  [2] ,  [7] ,  [21]  ,  [26] . 

These  studies  show  factors  of  50  to  300  in  time  between  wired-in  and  programmed 
operations.  On  a  primitive  computer  (the  DEC  10) ,  the  ratio  between  ordinary 
floating-point  arithmetic  and  interval  arithmetic  was  observed  to  be  2,  which  is 
to  be  expected,  since  the  calculation  of  an  interval  requires  computation  of  its 
two  real  endpoints. 

One  bright  note  is  now  the  most  modern  computers  have  or  allow  facilities 
for  microprogreunming  of  operations.  Thus,  it  is  possible  in  many  cases  to  obtain 
the  operations  in  (3.6)  with  little  or  no  increase  in  execution  time.  In  fact, 

Moore  [18]  reports  a  ration  of  1.8  of  microprogrammed  interval  arithmetic  to  real 
arithmetic  on  the  PDF  11/40E,  a  very  ordinary  minicomputer.  Here,  the  ratio  is 
less  than  2  because  of  capabilities  of  the  machine  for  overlapping  successive 
operations. 

To  summarize,  accurate  floating-point  arithmetic  on  microcomputers  or  micro- 
prograonmable  computers  is  at  present  competitive  with  the  uncontrolled,  inaccurate 
)cind.  If  appropriate  standards  are  set  by  purchasers,  then  this  should  lead  to 
machines  which  are  offered  with  built-in  floating-point  arithmetic  units  which 
are  specifically  designed  for  accuracy  and  implement  (3.6)  in  hardware.  Both 
short  and  long  accumulators  should  Ise  availed>le. 
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5.  STANDARD  FUNCTIONS.  In  addition  to  arithmetic,  scientific  computation 
of  course  requires  a  library  of  a  number  of  standard  functions,  and  the  specifi¬ 
cations  for  accuracy  and  rounding  have  to  be  consistent  with  those  for  floating¬ 
point  arithmetic.  If  f  is  such  a  standard  function  with  domain  D(f)  C  s  Hr,  then 
the  basic  requirement  is 


(5.1) 


/\  /\  (T)  (a) 

ce{n,7,A}  aeD(f)  — ^ 


Of(x)  , 


where  ©  (a)  is  the  result  actually  computed,  and  f(a)  is  the  zxcic.t  real  num¬ 
ber  defined  by  the  transformation  f  applied  to  a.  Equation  (5.1)  embodies  the 
goal  of  accurate  scientific  computation:  Obtain  as  the  result  a  floating-point 
number  which  is  closest  to  the  exact  result,  or  the  closest  larger  or  smaller 
element  of  S  to  f(a) ,  as  desired.  Most  software  for  scientific  computation  pro¬ 
vides  a  number  of  steuidard  functions  (square  root,  sine,  cosine,  exponential, 
logarittunic,  and  so  on)  which  appear  frequently  in  scientific  formulas,  although 
not  necessarily  with  the  accuracy  prescribed  by  (5.1).  Once  again,  since  the 
methods  for  accurate  computation  of  standard  functions  are  well  understood,  (5.1) 
should  be  adopted  as  a  ^tandoAd  requirement  for  accuracy  of  functions  provided 
by  compilers. 

One  way  to  meet  the  requirement  (5.1)  in  a  given  precision  is  to  calculate 
the  BPA  for  f  (a)  in  higher  (not  necessarily  double)  precision,  and  then  perf.'rm 
the  appropriate  rounding  to  the  shorter  length.  This  is  the  strategy  adopted  in 
the  PASCAL-SC  compiler  [28] ,  in  which  a  longer  real  number  with  20  decimal  digit 
mantissa  is  provided  in  addition  to  the  standard  12  digit  format.  Thus,  it  is 
also  possible  to  add  functions  for  special  computational  purposes  which  also  meet 
the  requirement  of  accuracy  (5.1),  providing  careful  error  analysis  and  program¬ 
ming  is  done. 

6.  VECTOR  AND  MATRIX  CALCULATIONS.  In  the  area  of  calculations  with  vec¬ 
tors  euid  matrices,  the  theory  of  computer  arithmetic  given  by  Kulisch  and  Miranker 
[13]  provides  a  significant  advamce  in  accuracy  over  previous  methods.  The  key 
to  this  improvement  is  the  accurate  computation  of  scalar  products  of  vectors , 
the  importance  of  which  was  recognized  early  by  Wilkinson  [1] ,  [27]  .  Instead 
of  arising  from  ad  hoc  considerations,  however,  the  necessity  of  this  accurate 
scalar  product  arises  from  the  simple  (but  deep)  concept  of  a  iCmimo^phiim, 
defined  in  [13] .  The  idea,  loosely  described,  is  to  represent  the  algebra  of 
the  entities  entering  into  the  calculation  as  acctirately  as  possible  by  floating¬ 
point  numbers.  In  particular,  if  A  is  cm  algebraic  system  in  which  the  operation 
o  is  defined,  one  requires  that 


(6.1)  /  \  aSb  =  □(aob)  , 

a,h€A 

where  □  is  jui  antisymmetric  rounding  which  preserves  the  (partial)  ordering  re¬ 
lation  in  A.  It  follows  that  floating-point  arithmetic  satisfying  (3.1)  consti¬ 
tutes  an  example  of  (6.1)  in  which  A  =  R,  the  set  of  real  numbers.  Such  computer 
arithmetic  is  called  iemcmo/LphCim-^duccd  arithmetic. 

For  A  *  VR,  the  set  of  vectors  of  some  given  finite  dimension  over  the  reals, 
the  operations  of  addition  and  subtraction  are  readily  seen  to  satisfy  (6.1)  if 
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done  componentwise  by  arithmetic  for  which  (3.4)  holds.  Similarly,  multiplication 
of  vectors  by  real  numbers  can  be  achieved  semimorphically  by  accurate  arithmetic 
done  componentwise.  Going  on  to  A  =  MR,  the  matrices  over  the  real  numbers,  there 
is  once  again  no  problem  with  addition,  subtraction,  or  multiplication  by  real 
numbers.  Vector-matrix,  matrix-matrix,  or  matrix-vector  products,  however,  re¬ 
quire  calculation  of  the  icaZoA  pfioduct 

m 

(6.2)  a*b  =  J  a.*b. 

i=l  "  ^ 

of  two  m-dimensional  vectors  a,b  G  VR  .  Simply  evaluating  the  right-hand  side 

m 

of  (6.2)  in  accurate  single  precision  floating-point  arithmetic  does  not  achieve 
(6.1)  with  o  =  *  in  general.  Calculation  of  the  sum  of  products  in  (6.2)  in 
double  precision,  as  recommended  by  Wilkinson  [1],  [27],  results  in  a  significant 
improvement  in  accuracy,  but  also  fails  to  achieve  a  semimorphism  in  general. 

What  is  needed  for  best  results  is  a  way  to  add  the  m  2n-digit  double  precision 
products  without  loss  of  accuracy.  This  is  provided  by  algorithms  due  to 

Bohlender  [5] ,  [26]  ,  described  in  [13] .  The  resulting  semimorphic  scalar  product 
is  implemented  in  PASCAL-SC. 

There  are  a  number  of  dramatic  illustrations  of  the  accuracy  with  which  tasks 
of  linear  algebra  can  be  performed  using  accurate  scalar  products.  For  example, 

the  segment  of  order  15,  =  ( (i  +  j  "•  1)  ^) ,  i, j  =  1,2,..., 15,  of  the  notorious 

Hilbert  matrix  can  be  inverted  on  a  microcomputer  with  the  result  guaranteed  to  be 
accurate  to  11  of  the  12  decimal  digits  of  the  mantissas.  This  is  in  spite  of  the 

52  5  23 

fact  that  the  condition  number  of  the  matrix  is  P(H^  )  s:  e  ’  *  10  ,  so  that,  by 

-12 

rule  of  thumb,  a  roundoff  error  of  10  should  correspond  to  a  £o44  of  11  signifi¬ 
cant  digits,  rather  than  the  observed  uncertainty  of  one.  (See  [1]  for  an  error 
analysis  of  matrix  inversion  based  on  condition  number;  a  table  of  test  matrices 
with  their  condition  numbers  is  given  in  [19],  for  example.) 


The  accuracy  cited  above  is  obtained  by  what  is  called  hoAA.zontaZ  ext&ni-ion 
of  matrix  arithmetic  into  the  floating-point  number  screen.  This  concept  is  il- 
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6.1.  A 

segment 

of 

the 

Kulisch  diagram. 

Interpretaticxi  of  this  diagram  can  be  made  on  the  basis  that  D  is  the  set 
of  double  precision  floating-point  monbers,  and  S  is  the'  screen  of  single  precision 
floating-point  numbers;  VD,  VS  are  the  corresponding  «^ctors,  and  MD,  MS  matrices 
over  D,S.  In  each  row,  the  defined  arithmetic  operations  are  given  in  column 
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V.  The  X  between  rows  indicates  that  multiplications  are  defined:  Vectors  and 
matrices  can  be  multiplied  by  numbers,  amd  matrices  can  be  multiplied  by  vectors. 

It  is  assumed,  of  course,  that  the  appropriate  dimensions  obtain. 

The  matrix  multiplication  based  on  (6.2)  satisfies  (6.1);  it  is  the  direct 
realization  of  multiplication  in  MR  in  MS.  The  product  built  up  from  evaluation 
of  (6.2)  using  operations  in  D  or  S,  shown  in  column  V,  results  in 

(6.3)  (a,b)  =  a.Eb,  S  a.Efc-  S  ...  0  a  Eb  , 

112  2  in  in 

where  the  rounding  □  has  been  indicated  for  the  operations  in  D  or  S.  This  pro¬ 
duct,  often  very  different  in  value  from  a*b,  is  the  result  of  moving  downward  in 
the  Kulisch  diagram,  hence,  it  is  said  to  be  obtained  by  vtfutic.aZ  dxieni-ion.  The 
product  (6.3)  is  the  one  calculated  by  ordinary  matrix/vector  software,  2md  leads 
to  the  inaccurate  results  customarily  obtained,  particularly  for  poorly  conditioned 
problems . 

The  basic  idea  above  also  comes  up  in  connection  with  st£uidard  functions , 
and  ceui  be  stated  loosely  as  follows:  One  must  distinguish  between  the  evaluation 
of  a  ^OfmuJta.  for  a  function  by  floating-point  arithmetic  (accurate  or  not)  ,  euid 
the  evaluation  of  the  ^uncHon  as  a  floating-point  number  adjacent  to  its  exact 
real  value.  In  the  latter  case,  implementation  of  the  operations  involved  have 
to  be  done  accurately  in  order  to  satisfy  the  standards  (5.1)  amd  (6.1).  This 
can  require  detailed  analysis;  the  softweire  used  and  the  hardweure  should  assist 
in  attaining  the  desired  goal.  Accurate  floating-point  arithmetic  and  the  features 
of  PASCAL-SC  constitute  significant  advances  in  this  direction. 

7.  OOMPLEX  ARITHMETIC.  Since  complex  nimibers,  vectors,  and  matrices  arise 

in  many  scientific  computations,  accurate  aurithmetic  for  these  data  types  is  also 
required.  Thus,  arithmetic  for  these  types  is  included  in  the  general  theory  3], 
and  implemented  in  PASCAL-SC  according  to  the  standards  (3.5)  for  arithm^tir  1) 

for  standard  functions  [28],  and  (6.1)  for  the  scalar  product  (6.2). 

8.  INTERVAL  ARITHMETIC  AND  INCLUSION  ALGORITHMS  Interval  analysis  [17]  has 
applications  to  many  important  problems,  and  is  based  ultimately  on  interval  arith¬ 
metic  and  interval  versions  of  standard  functions.  In  meuiy  cases,  intervals  can 

used  to  represent  guaranteed  lower  and  upper  bounds  ^or  exact  results  in  scien¬ 
tific  calculations,  and  also  to  guareuitee  the  zxA^iznce  cf  solutions  to  problems 
within  those  bounds.  In  order  to  have  computed  results  in  which  one  can  have  this 
kind  of  confidence,  monotone  rounding  has  to  be  made  to  S,  so  that  lower  endpoints 
will  be  rounded  downwcurd,  euid  upper  endpoints  upward.  As  noted  a]30ve,  the  simple 
provision  of  the  roundings  A,V  in  hardware  is  really  all  that  is  basically  re¬ 
quired  for  the  efficient  implementation  of  interval  arithmecic.  Even  Isetter,  the 
arithmetic  vinit  could  be  built  for  direct  execution  of  in^-  ' val  eurithmetic. 

Interval  algorithms  which  give  guaranteed  lower  and  up, -r  bounds  for  the 
results  of  exact  real  computations  will  be  called  -incZai^on  algorithms.  Such 
algorithms  are  known  for  a  wide  variety  of  computational  tasks:  Solutions  of 
linear  and  nonlinear  systems  of  equations ,  inverses  of  matrices ,  solutions  of 
ordinary  differential  and  integral  equations,  and  so  forth.  If  the  results  of 
an  inclusion  algorithm  are  intervals  in  which  the  lower  and  upper  endpoints  agree 
to  a  certain  nunber  of  places,  then  the  real  result  is  determined  to  that  accuracy. 
This  is  used  in  PASCAL-SC  as  a  significance  criterion  when  inclusion  algorithms 
are  employed;  only  significant  digits  are  printed,  so  the  guaranteed  accuracy  of 
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the  result  is  apparent  at  a  glance.  Thus,  one  obtains  not  only  a  result,  but  at 
the  same  time  the  accuracy  of  the  result.  This  is  in  stark  contrast  to  what  hap¬ 
pens  in  ordinary  computation,  in  which  a  fixed  number  of  digits  are  printed  in 
each  answer,  and  one  can  be  completely  in  the  dark  as  to  how  many  (if  any)  are 
accurate . 

In  many  cases ,  an  efficient  use  of  inclusion  algorithms  can  be  made  by  first 
computing  an  approximate  real  result,  using  accurate  arithmetic,  and  then  using 
this  result  to  construct  a  small  interval  to  test  for  inclusion  of  the  exact  an¬ 
swer  ,  For  an  example  connected  with  the  use  of  Newton ' s  method  for  the  solution  of 
nonlinear  systems  of  equations,  see  [25].  This  poAtappLixiation  of  interval  tech¬ 
nique  often  gives  guaranteed  existence  cmd  error  bounds  with  little  additional 
computation  time,  as  opposed  to  doing  the  entire  calculation  in  interval  arith¬ 
metic.  Of  course,  as  advances  in  hcurdware  result  in  higher  speed  for  interval 
arithmetic,  this  point  may  not  be  as  important  as  the  possibility,  in  scrnie  cases, 
that  smaller  intervals  can  be  obtained  by  postapplication. 

In  addition  to  arithmetic  for  real  intervals ,  interval  vectors ,  and  interval 
matrices ,  inclusion  algorithms  for  zeros  of  polynomials ,  eigenvalues  and  eigen¬ 
vectors  ,  cind  solutions  of  nonlinear  systems  of  equations  require  the  corresponding 
complex  arithmetics ,  since  the  numbers  which  will  arise  in  scientific  computation 
involving  these  problems  will  be  complex  in  general.  Thus,  a  further  requirement 
for  accurate  computation  is  that  the  hardware  and  software  provide  facilities  for 
six  additional  data  types: 

(1)  real  intervals;  (Ic)  ccanplex  intervals; 

(2)  real  interval  vectors;  {2c)  complex  interval  vectors; 

(3)  real  interval  matrices;  (3c)  cranplex  interval  matrices; 

all  with  imanofipkiAm  accuAacy. 

Including  the  real  and  complex  numbers ,  vectors ,  and  matrices ,  there  are 
thus  twelve  floating-point  data  types  which  should  be  considered  to  be  standard. 
(Of  course,  integer  arithmetic  is  also  essential.)  All  these  types  are  steuidard 
in  PASCAL-SC,  and  appear  in  the  complete  Kulisch  diagram  ([13],  p.  2),  [28].  It 
would  be  ideal  if  the  computer  heurdware  were  designed  according  to  the  general 
theory  of  computer  arithmetic  given  in  [13] ,  together  with  the  algorithms  for 
its  implementation  also  provided  there. 

9.  A  PPOGRAMMING  LANGUAGE  FOR  ACCURATE  SCIENTIFIC  OOMPUTATION .  Given  the 
operations  for  accurate  floating-point  arithmetic  with  controlled  rounding,  there 
remains  the  problem  of  software  which  will  enable  the  user  to  take  advantage  of 
the  available  accuracy,  euid  the  foinnation  of  a  library  of  programs  of  known  and 
guaranteed  accuracy  to  take  care  of  computational  tasks  frequently  encountered. 

It  is  possible,  of  course,  to  modify  an  unstructured  progreunming  language  such  as 
FORTRAN  [6]  in  this  way,  and  the  result  would  undoubtedly  be  an  improvement  over 
what  one  finds  at  present.  Structured  languages,  such  as  PASCAL,  however,  offer 
more  opportunities  because  of  the  ease  in  which  new  data  types  can  be  introduced. 
To  bring  in  complex  numbers,  for  example,  the  declaration 

(9.1)  type  complex  =  record  re,im  of  real  end; 
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does  the  job  in  PASCAL.  If  one  is  doing  a  lot  of  calculations  with  real  poly¬ 
nomials  of  degree  up  to  some  value,  then  one  could  declare 

(9.2)  const  deg  =  ;  (whatever  the  chosen  value) 

type  degree  =  0..deg; 

polynomial  =  array (degree)  of  real; 

and  so  on.  However,  operations  between  members  of  new  data  types  have  to  be  done 
by  functions  and  procedures,  as  usual.  PASCAL-SC  (14),  however,  allows  the  user 
to  introduce  OpeAatOfU:  The  arithmetic  symbols  +,  -,  *,  /,  if  appropriate,  can 
be  defined  for  new  data  types  by  the  user;  for  example,  for  fractions,  polynomials, 
and  so  forth.  In  addition,  operators  (unary  or  binary)  can  be  given  names  ^md 
priorities,  and  used  in  expressions  for  the  appropriate  data  type.  Thus,  addition 
of  complex  numbers  is  written  simply 

(9.3)  c  ;=  a  +  b; 

once  +  is  defined  for  complex  numbers  by  an  operator  subroutine,  standard  in 

PASCAL-SC;  (9.3)  also  applies  to  intervals,  vectors,  matrices,  polynomials,  etc., 

under  the  same  condition.  This  simplifies  programming  considerably  in  a  number 
of  cases.  Furthermore,  the  user  has  the  opportunity  of  achieving  semimorphism 
accuracy  in  certain  instances.  For  example,  in  the  multiplication  of  polynomials 

p(x)  =  Pq  +  Pj^x  +  ...  +  q(x)  =  +  q^^x  +  ...  +  ofie  could  write 

(9.4)  r  :=  p*q; 

in  the  definition  of  •  for  polynomials,  one  would  note  that  the  coefficients 

k 

(9.5)  r  =  1  P’qv._»  =  0,1,..., m+n, 

1=0 

of  the  product  polynomial  r(x)  =r„  +  r,x  +  ...  +  r  are  essentially  scalar 

0  1  m+n 

products,  and  thus  can  be  computed  accurately  as  described  in  §6. 

Thus,  the  rdle  of  software  in  accurate  scientific  computation  is  twofold; 

It  must  allow  the  user  to  take  advantage  of  whatever  accuracy  is  provided  by  the 
hardware,  and  to  achieve  accuracy  in  operations  which  must  be  programmed.  The 
version  of  PASCAL-SC  now  available  for  microccanputers  meets  these  conditions;  to 
move  in  the  direction  of  larger  machines  will  require  microprogramming  and  possible 
new  designs  for  arithmetic  units.  However,  these  can  be  based  on  the  available 
general  theory  of  computer  arithmetic  [13] ,  and  so  are  not  beyond  the  state  of 
the  art.  It  would  be  particularly  helpful  to  have  wired-in  interval  and  complex 
arithmetic,  and  accumulators  of  extended  length  (2n  +  2  digits  and  two  bits  and 
4n  +  1  digits  and  one  bit)  to  handle  the  double-length  products  encountered  in 
the  computation  of  scalar  products,  in  addition  to  the  short  and  long  accumula¬ 
tors  defined  in  §3.  Once  again,  there  is  precedent  for  extra-length  accumulators, 
the  electro-mechanical  IBM  602-a  Multiplying  Punch  provided  an  accumulator  of  120 
decimal  digits,  which  could  be  broken  into  smaller  units  for  accounting  purposes. 

Users  should  set  standards,  based  on  (3.5) ,  (5.1)  ,  and  (6.1)  for  hardweure  2uid 
softw£u:e  accuracy,  to  which  the  industry  can  respond.  An  economic  pay-off  to  more 
accuracy  with  fewer  digits  is  smaller,  faster,  and  cheaper  machines. 
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Mathematical  Software  and  Mathematical  Software 

Librar ies 


Alfred  H.  Morris,  Jr. 

Naval  Surface  Weapons  Center 
Dahlgren,  Virginia  22448 


ABSTRACT.  A  brief  summary  of  the  evolution  of  general-purpose 
mathematical  software  development  is  given.  The  NSWC  library  is 
then  introduced,  and  sources  of  high-quality  numerical  mathematical 
software  are  provided. 


1.  Background 

Attitudes  concerning  the  development  of  numerical  mathematical 
software  libraries  have  changed  considerably  in  the  last  20  years. 
In  the  early  and  middle  1960 's  most  organizations  that  had  a  com¬ 
puter  found  it  convenient  to  have  a  library  of  routines  which 
everyone  could  use.  Normally  the  library  was  just  a  repository  for 
commonly  used  software.  If  a  routine  was  found  to  be  particularly 
useful,  then  more  often  than  not  the  routine  was  blindly  dumped 
into  the  library.  As  a  result,  most  libraries  contained  a  mixture 
of  good,  mediocre,  and  unbelievably  bad  routines. 

In  the  latter  1960 's  and  early  1970 's,  because  of  the 
increased  cost  in  the  production  and  maintenance  of  software,  the 
increased  complexity  of  the  problems  being  considered,  ■'nd  the  gen¬ 
eral  unreliability  of  many  of  the  existing  codes,  the  relaxed  atti¬ 
tudes  concerning  the  formation  of  libraries  began  to  change.  By  now 
it  was  clear  that  any  laboratory  which  employed  computers  for  a 
variety  of  scientific  applications  should  contain  a  library  of 
accurate,  efficient,  general-purpose  subroutines.  It  was  also  clear 
that  the  formation  of  such  a  library  was  not  a  simple  task.  For 
example,  the  development  of  high-quality  software  frequently 
required  technical  expertise  that  was  not  available  in-house.  Also, 
it  frequently  required  the  development  of  new  mathematical  theory, 
which  could  be  an  arduous  and  expensive  process. 

In  1971  the  NATS  (National  Activity  to  Test  Software)  project 
began.  NATS  was  a  joint  effort  by  the  Atomic  Energy  Commission  and 
the  National  Science  Foundation  to  examine  the  problems,  costs,  and 
resources  involved  in  the  production,  certification,  dissemination, 
and  maintenance  of  high-quality  mathematical  software.  The  project 
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was  centered  at  Argonne  National  Laboratory,  and  involved  the  col¬ 
laborative  effort  of  individuals  at  some  two  dozen  university  and 
research  laboratories.  The  initial  product  of  NATS  was  EISPACK,  a 
comprehensive  package  of  FORTRAN  subroutines  for  eigenvalue/eigen¬ 
vector  computation.  Exceedingly  high  quality  control  was  maintained 
in  the  development  of  EISPACK.  This  package  has  had  considerable 
impact.  It  is  extensively  used,  and  it  helped  to  establish  the 
minimal  software  engineering  standards  that  currently  exist. 

In  1970  development  of  the  IMSL  and  NAG  libraries  began.  The 
IMSL  library  was  a  commercial  venture  by  the  International  Mathe¬ 
matical  and  Statistical  Libraries  corporation.  To  gain  acceptance, 
emphasis  was  placed  on  developing  a  quality  library  that  was 
comprehensive  in  both  mathematics  and  statistics,  thereby  providing 
greater  capability  than  most  laboratory  libraries  possessed.  The 
NAG  (Numerical  Algorithms  Group)  project  began  as  a  joint  effort  by 
British  universities  and  government  research  laboratories  to  pro¬ 
duce  a  comprehensive  numerical  library.  The  effort  is  now  esta¬ 
blished  as  a  non-profit  organization.  Part  of  NAG’s  income  is 
derived  from  renting  its  library,  which  places  it  in  direct  com¬ 
petition  with  IMSL.  The  IMSL  and  NAG  libraries  are  good  libraries. 
These  and  other  commercial  libraries  have  had  a  considerable  impact 
on  the  activities  of  many  organizations,  providing  a  broad  capabil¬ 
ity  for  a  variety  of  computers  at  an  economical  price. 

Since  the  late  1960 's  Sandia  Laboratories  and  several  other 
organizations  have  also  begun  a  methodical  development  of  high- 
quality  numerical  mathematical  libraries.  The  purpose  for  the  for¬ 
mation  of  these  libraries  was  not  to  lease  or  sell  software,  but  to 
provide  quality  software  for  in-house  use  and  for  general  use  by 
other  organizations.  The  development  of  these  libraries  represents 
a  significant  research  and  development  investment.  In  many  cases,  a 
laboratory  has  leased  a  commercial  library  while  developing  its  own 
library.  When  this  occurs,  normally  the  two  libraries  (the  leased 
library  and  the  in-house  library)  are  kept  separate  from  one 
another.  They  tend  to  provide  complementary  rather  than  duplicate 
capability.  Currently,  all  libraries  are  deficient  to  some  degree. 
Deficiencies  cannot  be  avoided,  since  there  are  possibly  more 
numerical  mathematical  questions  that  have  not  yet  been  answered 
than  have  been  answered. 


2.  Formation  of  the  NSV7C  Library 

In  1976  formation  of  the  NSWC  library  of  numerical  mathematics 
subroutines  began.  The  objective  was  to  form  a  high-quality  library 
of  general-purpose  subroutines  that  would  provide  a  basic  capabil¬ 
ity  in  a  variety  of  mathematical  activities.  The  routines  were  to 
be  written  in  FORTRAN.  Even  though  the  routines  were  intended  for 
use  on  the  CDC  6000  series  computers,  every  attempt  was  to  be  made 
to  ensure  their  transportability. 

The  routines  in  the  NSWC  library  are  selected  from  a  variety 
of  sources.  Obtaining  suitable  sources  is  a  difficult  task.  It  is 
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frequently  made  more  difficult  by  the  requirement  that  the  library 
routines  be  nonproprietary.  Proprietary  restrictions  can  severely 
inhibit  the  use  of  software,  and  the  subsequent  research  and 
development  that  the  software  can  generate. 

All  routines  are  subject  to  evaluation  and  possible  modifica¬ 
tion  before  being  accepted  for  the  NSWC  library.  Primary  considera¬ 
tions  include  the  reliability  and  transportability  of  the  routine, 
its  efficiency  and  ease  of  use,  and  the  generality  of  the  routine. 
In  regard  to  reliability,  the  major  concerns  are  accuracy,  the 
mathematical  stability  of  the  algorithm  being  employed,  and  the 
routine’s  robustness.  The  routine  is  tested,  portions  of  its  code 
are  examined,  and  an  assessment  is  made  of  the  utility  and  overall 
performance  of  the  routine.  All  routines  in  the  library  are  period¬ 
ically  reviewed  for  possible  improvement.  When  better  routines  are 
obtained  then  the  older  routines  are  eliminated. 

In  regard  to  transportability,  it  is  clear  that  machine  depen¬ 
dent  constants  and  precision  dependent  algorithms  cannot  be 
avoided.  However,  machine  dependent  code  is  not  permitted.  It  is 
assumed  that  the  FORTRAN  compiler  does  not  alter  arithmetic  expres¬ 
sions,  and  that  the  floating  point  arithmetic  being  employed  satis¬ 
fies  criteria  such  as; 

1)  Additive  symmetry;  i.e.,  -x  is  representable  as  a  floating  point 
number  if  x  is  a  floating  point  number. 

2)  All  small  integers  are  represented  exactly  in  the  floating  point 
arithmetic. 

To  date,  no  criteria  have  been  formulated  for  avoiding  the  problems 
that  can  arise  when  these  or  similar  conditions  are  violated.  Gen¬ 
erally,  the  policy  is  to  accept  code  only  if  it  is  transportable; 
i.e.,  only  if  its  transference  to  a  different  computer  environment 
requires  changes  which  are  capable  of  being  implemented  by  a  pre¬ 
processor.  Sufficient  documentation  must,  of  course,  be  supplied  to 
clarify  all  conversion  ambiguities. 

The  ease  of  use  criterion  for  the  NSWC  library  software  is  of 
considerable  importance.  The  main  purpose  of  the  library  is  to  pro¬ 
vide  a  service  to  as  broad  an  audience  as  possible.  Thus,  it  is 
important  that  duplicate  abilities  be  kept  to  a  minimum,  and  that 
the  routines  be  as  simple  to  use  and  as  comprehensive  in  scope  as 
is  practical.  To  meet  these  specifications,  many  specialized  sub¬ 
routines  are  incorporated  into  the  library  at  a  subordinate  level, 
being  referenced  by  simple-to-use  driver  routines.  The  driver  rou¬ 
tines  ate  fully  documented  in  the  NSWC  library  reference  manual 
[22] ,  but  the  supportive  routines  ate  only  referenced.  The  policy 
of  referencing  supportive  code,  thereby  inhibiting  its  use  except 
by  the  specialist,  makes  it  possible  to  replace  the  code  with 
minimal  impact  to  the  laboratory.  Also,  it  significantly  simplifies 
the  situation  for  the  novice  (and  most  users  at  NSWC) ,  thereby  pro¬ 
moting  greater  and  better  use  of  the  software  than  otherwise  could 
be  expected. 
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Development  of  software  that  satisfies  the  ease  of  use  cri¬ 
terion  can  be  characterized  as  a  packaging  problem,  the  objective 
being  to  package  mathematical  theory  and  formulae  into  comprehen¬ 
sive,  siraple-to-use  subroutines.  It  would  appear  that  the  impor¬ 
tance  of  this  objective  would  be  self-evident,  but  this  is  not 
always  the  case.  It  occasionally  occurs  that  a  researcher  will 
design  a  beautiful  algorithm.  He  will  exercise  great  care  in  the 
development  of  subroutines  which  compute  separate  portions  of  the 
algorithm,  and  then  he  will  link  the  subroutines  together  by  a 
poorly  conceived  driver  routine  that  is  difficult  or  almost  impos¬ 
sible  to  use.  V7hen  this  occurs,  the  evaluator  is  frequently  forced 
to  either  reject  the  software,  or  to  completely  repackage  the 
software. 

In  the  packaging  of  software,  extreme  caution  should  be  taken 
not  to  unnecessarily  restrict  the  scope  and  versatility  of  the 
code.  Currently  the  only  requirement  for  the  library  software  that 
has  a  direct  bearing  upon  this  issue  involves  the  use  of  I/O.  No 
print  statements  are  permitted  for  reporting  errors.  If  error 
detection  is  performed  in  a  routine,  then  it  is  required  that  the 
call  line  of  the  routine  contain  a  parameter  which  can  be  used  for 
reporting  the  error.  The  use  of  such  a  parameter  permits  the  user 
to  control  the  sequence  of  events  that  occur  when  an  error  arises. 

The  evaluation  of  software  for  the  NSWC  library  includes  exam¬ 
ination  of  the  algorithm  and  portions  of  the  code,  and  testing  the 
software.  The  testing  serves  many  purposes,  including  determination 
of  the  accuracy  and  efficiency  of  the  software,  checking  for 
defects  in  the  code,  and  searching  for  regions  of  instability. 
Because  of  the  theoretical  complexity  of  many  of  the  mathematical 
activities  being  computerized,  only  infrequently  can  the  testing  be 
complete.  Normally  the  testing  will  be  highly  selective,  being  used 
to  locate  and  examine  weaknesses  in  the  algorithm  and  code. 


3.  The  NSWC  Library  Software 

The  current  edition  of  the  NSWC  library  contains  343  routines, 
211  of  which  are  documented  in  the  library  reference  manual  [22] . 
The  remaining  routines  (the  supportive  routines)  are  referenced 
when  it  is  appropriate  to  do  so.  In  this  section  a  brief  outline  of 
the  major  library  routines  is  provided.  It  will  be  noted  that  cer¬ 
tain  sections  of  the  library  (e.g.,  the  Special  Function  section) 
are  unusually  comprehensive  in  scope,  whereas  other  sections  (e.g., 
the  Optimization  section)  are  still  in  their  infancy.  Approxi¬ 
mately  40%  of  the  routines  were  developed  at  NSWC,  the  remainder 
originating  from  a  variety  of  sources. 

Special  Functions 

Real  and  complex  routines  are  provided  for  computing  the  error 
and  Fresnel  integral  functions,  the  exponential  integral  function, 
the  gamma  and  digamma  functions,  and  the  ordinary  and  modified 
Bessel  functions  [2,3,15,16].  Also  real  routines  are  available  for 
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computing  the  incomplete  and  inverse  incomplete  gamma  ratio  func¬ 
tions,  the  complete  and  incomplete  elliptic  integrals  of  the  first, 
second,  and  third  kinds  [9,18],  the  Weierstrass  elliptic  function 
for  the  equianharmonic  and  lemniscatic  cases  [11] ,  and  the  circular 
and  elliptical  coverage  functions. 

Solutions  of  Nonlinear  Equations 

A  modified  form  of  the  ZEROIN  routine  by  Forsythe,  Malcolm, 
and  Moler  [12]  is  available  for  finding  zeros  of  functions  of  a 
single  variable.  The  code  is  an  adaptation  of  the  ALGOL  60  pro¬ 
cedure  ZERO  by  Brent  [5] .  Also  available  is  a  routine  by  Jenkins 
[17]  for  finding  the  roots  of  polynomials,  and  a  MlNPACK-1  routine 
[21]  for  solving  systems  of  nonlinear  equations. 

Vectors 


BLAS  routines  [20]  for  performing  elementary  vector  operations 
(such  as  scaling  and  adding)  are  provided. 

Matr ices 


Included  are  routines  for  performing  elementary  matrix  opera¬ 
tions,  both  in  the  standard  storage  format  and  in  sparse  form.  The 
routines  for  the  in-place  transposition  of  matrices  in  the  standard 
format  are  due  to  Brenner  [4] .  Also  included  are  LINPACK  routines 
[10]  for  inversion  and  singular  value  decomposition  of  matrices  in 
the  standard  storage  format,  and  code  by  Sherman  [26]  for  the  solu¬ 
tion  of  sparse  systems  of  linear  equations. 

Eigenvalues  and  Eigenvectors 

The  EISPACK  routines  [28]  for  computing  eigenvalues  and  eigen¬ 
vectors  appear  in  a  supportive  capacity. 

Least  Squares  Solutions  of  Linear  Equations 

Included  are  routines  for  finding  least  squares  solutions  for 
systems  of  linear  equations  with  linear  equality  and  inequality 
constraints.  Iterative  improvement  is  performed  in  several  of  the 
routines.  The  codes  were  written  by  Tsao  and  Nikolai  [29] ,  Lawson, 
Hanson,  and  Haskell  [13,19],  and  Wampler  [30]. 

Optimization 

A  MINPACK-1  routine  [21]  is  provided  for  computing  the  uncon¬ 
strained  minimum  of  the  sum  of  squares  of  nonlinear  functions.  Also 
included  are  routines  for  solving  linear  programming  problems.  In 
the  linear  programming  routines,  the  inverse  of  the  basis  matrix  is 
computed  and  stored  in  core. , 
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Transforms 


The  Fast  Fourier  transform  code  developed  by  Richard  Singleton 
[27]  is  provided. 


)roximations  of  Functions 


Rational  minimax  approximation  using  the  Remes-type  algorithm 
designed  by  Cody,  Fraser,  and  Hart  [8]  is  available.  Also  available 
is  a  modified  version  of  the  code  by  Rice  [24]  for  the  approxi¬ 
mation  of  functions. 


Curve  Fittinc 


Linear,  Lagrange,  Hermite,  and  cubic  spline  interpolation  rou¬ 
tines  are  provided.  Also  available  are  least  squares  polynomial 
approximation  routines,  and  the  Cline  routines  [7]  for  spline  under 
tension  interpolation. 


Surface  Fittinc 


Bi-spline  under  tension  interpolation  routines  are  provided. 
Also  Akima's  routines  [1]  are  available  for  surface  interpolation 
for  arbitrarily  positioned  data  points. 


Numerical  Integration 


Included  are  a  modified  version  of  Patterson's  routine  QSUBA 
[23]  and  an  adaptive  Romberg/Newton  Cotes  procedure  for  computing 
definite  integrals. 


Ordinary  Differential  Equations 


Represented  is  the  work  of  L.  Shampine  [12,14,25]  for  solving 
nonstiff  initial  value  problems,  and  a  modified  form  of  the  routine 
EPISODE  by  Byrne  and  Hindmarsh  [6]  for  solving  stiff  initial  value 
problems. 
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ABSTRACT .  In  order  to  study  the  dynamic  response  of  coastal  water 
to  tides  (astronomical  or  storm  incuded) ,  tsunamis,  and/or  meteorological 
forcing,  a  two-  or  three-dimensional  free-surface  time-dependent  model  is 
often  desired.  However,  most  such  models  require  an  exceedingly  small  time 
step  (associated  with  the  propagation  of  gravity  waves  over  the  distance  of 
a  horizo.  r.al  grid  spacing),  and  hence  their  applications  are  limited.  For 
model  efficiency  alternating  direction  implicit  (ADI)  procedures  are  used 
to  solve  the  vertically-integrated  equations  of  momentum  and  continuity  for 
the  two-dimensional  model  as  well  as  for  the  external  mode  of  the  three- 
dimensional  model.  A  major  advantage  of  the  subject  models  is  the  capability 
of  applying  a  horizontal  coordinate  transformation  in  the  form  of  a  piecewise 
exponential  stretch.  This  procedure  results  in  the  application  of  a  smoothly 
varying  grid  to  a  given  study  region  permitting  simulation  of  a  complex  land¬ 
scape  by  locally  increasing  grid  resolution  and/or  aligning  grid  coordinates 
along  physical  boundaries.  Reference  is  drawn  to  various  applications  of 
the  two-dimensional  model. 

1 .  INTRODUCTION .  Various  mathematical  models  have  been  developed  to 
Investigate  the  hydrodynamic  processes  of  large  bodies  of  water  including 
the  design,  operation,  and  maintenance  of  various  coastal  projects.  This 
paper  discusses  the  mathematical  development  of  a  two-dimensional  finite 
difference  model  (Butler,  1980)  as  well  as  treatment  of  the  external  mode 
of  a  three-dimensional  model  (Sheng,  1981).  Both  the  two-  and  the  three- 
dimensional  models  have  been,  and  are  being,  applied  to  a  variety  of  Corps 
of  Engineers  studies. 

A  two-dimensional  model  known  as  the  Waterways  Experiment  Station  (WES) 
Implicit  Flooding  Model  (WIFM) ,  was  first  devised  for  application  in  simu¬ 
lating  tidal  hydrodynamics  of  Great  Egg  Harbor  and  Corson  Inlets,  New 
Jersey  (Butler,  1978a).  Frogram  WIFM  originally  employed  an  implicit  solu¬ 
tion  scheme  similar  to  that  developed  by  Leendertse  (1970)  and  has  been 
applied  in  numerous  studies  where  tidal,  storm  surge,  and  tsunami  inundation 
phenomena  were  simulated.  Basic  features  of  the  model  include  flood  modeling 
of  low-lying  terrain,  treatment  of  subgrid  barrier  effects,  and  a  variable 
grid  option.  Included  in  the  model  are  actual  bathymetry  and  topography, 
time  and  spatially  variable  bottom  roughness,  inertial  forces  due  to  advective 
and  Coriolis  acceleration,  rainfall,  and  spatial  and  time-dependent  wind 
fields.  Horizontal  diffusion  terms  in  the  momentum  equations  are  optionally 
present  and  can  be  used,  if  desired,  for  aiding  stability  of  the  numerical 
solution. 
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In  a  three-dimensional  hydrodynamic  model  of  lake  currents,  Sheng  et  al. 
(1978)  separated  the  computation  of  three-dimensional  velocities  (Internal 
mode)  which  are  governed  by  slower  Internal  dynamics  from  the  computations 
of  water  level  and  mass  fluxes  (external  mode)  which  are  governed  by  fast 
surface  waves.  This  mode-splitting  technique  resulted  in  significant  improve¬ 
ment  in  numerical  efficiency  over  the  earlier  three-dimensional  model  of 
Sheng  (1975).  Recently,  in  developing  a  generalized  three-dimensional  model 
for  coastal  applications,  Sheng  (1981)  adopted  a  two  time  level  ADI  scheme 
for  computation  of  the  external  mode  (water  level  and  mass  fluxes) .  This 
ADI  scheme  is  discussed  here.  A  complete  description  of  the  three-dimensional 
model  is  found  in  Sheng  and  Butler  (1982)  In  these  same  proceedings. 


2.  GOVERNING  EQUATIONS.  The  basic  equations  used  in  modeling  hydro¬ 
dynamics  of  inland  and  coastal  waters  are  derived  from  the  classical  Navler- 
Stokes  equations  in  a  Cartesian  coordinate  system  (Figure  1) .  By  assuming 
(a)  the  pressure  varies  hydrostatically  in  the  vertical  direction;  (b)  density 
variations  are  negligible  except  in  the  buoyancy  term;  and  (c)  eddy  coefficients 
are  used  to  account  for  turbulent  diffusion  effects,  the  equations  of  conser¬ 
vation  of  mass  and  momentum  are: 
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"  P  ^  ■ 

((uv)  +  (v^)  + 

X  y 

(vw)^) 

-fu  +  (Ajj  v^)^  + 

“h  ''y’y 

(3) 

-  P8 

(4) 

where  u,  v,  and  w  are  the  three-dimensional  velocities  in  the  x,  y,  and  z 
directions;  t  is  time;  f  is  the  Coriolis  parameter;  g  is  the  acceleration 
of  gravity;  p  is  the  pressure;  p  is  the  fluid  density;  A^  and  A^  are  the 

horizontal  and  vertical  eddy  coefficients.  Omitted  for  brevity  are  equations 
for  conservation  of  salinity  and  temperature,  an  equation  of  state,  and 
appropriate  boundary  conditions. 

If  the  additional  assumption  of  fluid  homogeneity  is  made  and  a  depth¬ 
averaging  process  applied  one  can  derive  the  usual  two-dimensional  form  or 
external  mode  of  the  governing  equations,  namely: 


n..  +  U  +  V  »  0 
t  x  y 


(5) 
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(6) 


-  -gdn  -  ((u^)  +  (uv)  )  +  fv  +  E„  (u  +  u  )  + 

t  X  '•  'y'  H  xx  yy 

T  -  T  .  =  -gdn  +  M 

xs  xb  '*  X  X 

=  -gdn  -  ((UV)  +  (v^)  )  -  fu  +  E„  (V  +  V  ) 

t  y  X  '■'y'  H  xx  yy 

ys  yb  ®  y  y 

where  U  and  V  are  the  vertically-integrated  mass  fluxes;  n  is  the  water 

surface  elevation;  d  is  the  local  water  depth;  t  and  t  are  shear 

xs  ys 

stresses  at  the  free  surface;  and  t  ^  are  bottom  shear  stresses;  and 
Ejj  is  a  horizontal  eddy  coefficient. 

The  discussions  that  follow  will  concentrate  on  solving  the  vertically- 
integrated  equations  (5-7).  These  equations,  along  with  appropriate  boundary 
conditions,  completely  define  the  WIFM  model,  but  only  the  external  mode  of 
the  three-dimensional  model.  In  the  three-dimensional  model  the  internal 
mode  of  the  flow  as  described  by  the  three-dimensional  velocities  (u,  v,  w) 
is  governed  by  the  equations  for  the  perturbation  velocities  defined  as 
u'  =  a  -  U/d  and  v*  =*  v  -  V/d.  These  equations  and  their  computational 
algorithms  are  discussed  in  Sheng  and  Butler  (1982) . 


3.  ADI  FIMITE  DIFFERENCE  SCHEtffiS.  The  differential  equations  (5-7) 
are  to  be  approximated  by  difference  equations.  To  Illustrate  how  various 
implicit  schemes  can  be  derived  consider  the  simplified  linearized  matrix 
equation  for  these  equations: 

+  A  +  B  Wy  -  0  (8) 


where 


W 


/  ° 

1  o\ 

0 

0 

1\ 

gd 

0  oj  ; 

B  -  1  0  0 

°) 

\o 

0  0/ 

\gd  0 

Of 

It  will  be  convenient  to  Introduce  a  general  class  of  finite  difference 
schemes  as: 


^  (w^^  -  ^x  I7  +  (1  -  e)  w“)  -  0  (9) 


where  5^  and  are  central  spatial  difference  operators  and  9  is  a  weighting 

factor,  O<_0£l.  If  0*0  the  above  difference  equation  would  yield  the 
standard  two-level  explicit  scheme.  If  0  >  0  the  resulting  schemes  are 
implicit  in  that  more  Information  is  required  than  this  one  matrix  equation 
provides  to  solve  for  the  values  of  W  (resulting  from  the  spatial  difference 

operators  times  0  w“'*'^)  at  time  level,  n+1.  A  value  of  0  ■  1/2  yields  the 
well-known  Crank-Nlcholson  scheme  while  0  ■  1  yields  a  fully  implicit  scheme. 
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For  ease  of  analysis  equation  (9)  with  e  -  1/2  can  be  rewritten  as: 


(1  +  A  -r  A  )  -  (1  -  X  -  A  )  w" 

X  y  '  X 


where 

A  o  A  A  6  and  A  “  -  .  B  6 
X  2  Ax  X  y  2  Ay  y 

By  adding  the  quantity  A^  A^  -  W*')  to  permit  factorization,  the 

following  relation  Is  obtained: 

(1  +  A  )  (1  +  A  )  >  (1  -  A  )  (1  -  A^)  W"  (11 

*  y  *  y 

It  can  be  shown  that  the  addition  of  the  extra  term  Is  equivalent  to  the 
addition  of  the  truncation  error 


3t3x3y 


Thus,  the  factorized  finite  difference  equation  (11)  Is  still  a  second-order 
approximation  to  the  differential  equation  (8).  The  advantage  of  using 
equation  (11)  lies  In  the  fact  that  the  solution  of  the  factorized  form  can 
be  split  Into  two  separate  one-dlmenslonal  operations  (the  ADI  approach) . 

By  Introducing  an  Intermediate  value,  U*,  equation  (11)  can  be  split 
Into  various  two-step  operations.  The  most  widely  used  scheme  has  the 
following  structure: 


(1  +  A  )  w*  =  (1  -  X  )  (12) 

X  y 

(1  +  A  )  -  (1  -  X  )  W*  (13) 

y  X 

When  the  Intermledlate  level,  W*,  is  eliminated  between  equations  (12  and  13) 
the  factorized  form  (equation  11)  is  recovered.  The  solution  of  the  two-step 
operation  Is  apparent.  A  double-sweep  solution  technique  Is  used  to  solve 
e^jtion  (12)  for  W*  assuming  values  for  w”  are  known.  The  full  solution, 

W  ,  Is  obtained  from  equation  (13),  again  using  a  double-sweep  procedure. 

Other  splitting  methods  are  presented  in  a  later  section  on  the  discussion 
of  the  subject  models. 
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4.  COORDINATE  TRANSFORMATIONS.  A  major  advantage  of  the  subject  codes 
is  the  capability  of  applying  a  smoothly  varying  grid  to  a  given  study  region 
permitting  simulation  of  a  complex  landscape  by  locally  increasing  grid 
resolution  and/or  aligning  coordinates  along  physical  boundaries.  For  each 
direction,  a  piecewise  reversible  transformation,  which  takes  the  form: 


c 

X  =  a  +  b  a  * 

^  (14) 

y  =  a  +  b  Y  ^ 

y  y 


where  coefficients  a,a,b,b,c,c  are  arbitrary  and  to  be  determined, 

X  y  X  y  X  y 

is  Independently  used  to  map  prototype  or  real  space  into  computational  space. 
Variables  a  and  y  are  directions  in  computational  space.  This  procedure 


treats  the  computational  domain  as  consisting  of  a  number  of  regions  for 
which  different  sets  of  equations  (as  in  (14)  above)  apply.  The  mapping 
coefficients  are  determined  from  an  iterative  procedure  by  matching  the 
coordinates  and  stretching  rates,  dx/da  or  dy/dy,  at  boundaries  of  adjacent 


regions  (as  Illustrated  in  Figure  2) . 


The  stretching  does  not  Introduce  any  additional  terms  to  the  eqtuitlons,  but 
changes  the  horizontal  gradient  terms.  The  resulting  equations  are: 


+  ^  U 
Wy  y 


where  \i 


dx/da  and  u  »  dy/dy  and  represent  transformation  effects 


X  y  X  y 

on  remaining  components  of  the  momentum  equations.  Examples  of  the  stretching 
procedure  are  presented  in  a  later  section  on  model  application. 


The  bottom  topography  in  coastal  waters,  estuaries,  and  lakes  often 
exhibit  significant  variation  in  the  horizontal  directions.  When  computing 
three-dimensional  currents,  in  order  to  maintain  the  same  order  of  numerical 
accuracy  in  the  vertical  direction,  the  (x,  y,  z)  coordinate  system  (or 
(a,  Y,  z)  system)  is  stretched  in  the  vertical  direction  into  a  new  (x,  y,  o) 
system  (or  (a,  Yf  o)  system),  such  that  an  equal  number  of  grid  points  exist 
in  the  shallow  coastal  and  the  deep  offshore  areas.  The  transformation  takes 
the  form  a  ■  z/h(x,  y)  where  h(x,  y)  is  the  local  still  water  depth  of  the 
model  basin.  The  equations  resulting  from  this  transformation  are  presented 
by  Sheng,  et  al.  (1978).  Notice  that  for  the  external  mode  of  the  three- 
dimensional  model,  as  a  result  of  stretching  the  vertical  coordinate,  the 
and  terms  in  equations  (16  and  17)  will  contain  a  few  extra  terms  than 

in  the  two-dimensional  model. 
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5.  MODEL  ALGORITHMS 


5.1.  WIFM.  The  scheme  used  in  program  WIFM  Is  a  "leap-frog", 
three  time  level  scheme  which  can  be  derived  from  the  differential  equation 


W,.  +  AW  +  BW  +  M  =  0  (18) 

t  X  y  '  ' 

where  the  component  variables  of  W  are  expressed  In  velocity  form  and 


with  M  containing  the  velocity  form  of  the  nonlinear  terms  in  the  governing 
equations.  The  approximating  difference  equation  Is  written  as: 

(1  +  2A  +  2A  )  W^"^^  -  (1  _  2A  -  2A  )  -  2At  M*' 

X  y  X  y 

By  factorizing  equation  (19)  and  introducing  an  Intermediate  level,  W*  the 
structure  for  Will's  solution  algorithm  can  be  written  as; 


(1  +  2A^)  W*  «  (1  -  2A^  -  4Ay)  W“"^  -  2Lt  m“  (20) 

(1  +  2Ay)  W""^^  -  W*  +  2Ay  (21) 


The  double-sweep  solution  technique  Is  used  to  solve  each  operational  step. 
A  functional  representation  of  each  sweep  can  be  expressed  as: 


x-sweep 


*  _  ,  n  n-1  *  n  n-1  n-1, 

n*  -  [n  ,  n  ,  u  ,  u  ,  u  ,  v  ] 

*  „  r  *  n  n-1  *  n  n-1  n  n-1, 

u  ■F2[n,nfn  ,u,u,u  ,v,v  ] 


.  *  _  r  n  n-1  n  n-1  n  n-1, 

v-F^lhjn  ,u,u  ,v,v  ] 


(22) 

(23) 


(24) 


n+1  ^  r  *  n+l  n— 1-|  /9*;\ 

n  =  [n  ,  V  ,  V  1  (25) 

=  62  [u  ]  “  u  (26) 

n+l  _  r  n+l  n  n-1  n  n-1  .n+l  ..*  n  „n-l, 

V  =  Gj  In  ,n  tH  »  u  *  «  .V  ,  V  ,  V  ,  V  J  (27) 

Noting  that  v  la  an  explicit  expression,  a  substitution  of  (equation  (24)) 
Into  (equation  (27))  Is  made.  ThuSj^  each  sweep  consists  In  solving  a  one- 
dlmenslonal  problem  Involving  n*  and  u  In  the  x-sweep  and  n^^^  and  v*'^  In 
the  y-sweep. 

5.2.  External  Mode  of  3-D  Model.  Sheng  (1981)  Implemented  a  two 
time  level  fully  Implicit  ADI  scheme  In  computing  the  external  mode  of  the 
three-dimensional  model: 

(1  +  2X  )  W*  -  (1  -  2X  )  w”  +  At  (28) 

X  y 

(1  +  2Xy)  -  W*  +  2Xy  w”  (29) 

A  functional  representation  of  each  sweep  can  be  expressed  as: 


n  -  F^  (n*^,  U  ,  u",  v") 
u*  -  F2  (n*,  n”,  u",  v“) 
V*  »  F3  (n“,  u",  v") 


=  Gj^  (n*,  v”)  (33) 

=  U*  (34) 

-  G3  (n"'*'^.  n”,  V*)  (35) 

Again,  as  In  the  three  time  level  scheme,  only  n  and  U  are  solved  In  the 
x-sweep  and  only  and  are  solved  In  the  y-sweep. 


5.3.  Numerical  Stability.  Implicit  methods  are  characterized  by 
a  property  of  unconditional  stability  in  the  linear  sense.  The  scheme  used 
in  WIFM  as  well  as  the  fully  implicit  scheme  used  in  the  subject  three- 
dimensional  is  limited  by  a  weak  condition,  namely. 


_  ,  min  r  (Ax,  Ay)  , 


(36) 


This  same  criterion  can  be  expected  to  apply  to  the  Internal  mode  computations 
since  it  is  based  on  the  largest  horizontal  convection  speed.  In  general, 
this  limitation  on  At  is  at  least  two  orders  of  magnitude  larger  than  the 
limit  Imposed  on  an  explicit  scheme  by  the  surface  gravity  wave,  namely. 


min 

x.y 


r  Ay)  .  min  ,Ax,Ay. 


(37) 


6.  APPLICATIONS.  Program  WIFM  has  been  used  successfully  in  many 
applications  conducted  at  WES.  These  Include  tidal  circulation  studies  for 
Masonboro,  Inlet,  Worth  Carolina  (Butler  and  Raney,  1976),  Coos  Bay  Inlet- 
South  Slough,  Oregon  (Butler,  1978b);  storm  surge  applications  for  Hurricane 
Elolse,  Panama  City,  Florida  (Butler  and  Wanstrath,  1976),  Hurricane  Carla, 
Galveston,  Texas  (Butler,  1978c) ,  and  Hurricane  Betsy  and  Camille,  Lake 
Pontchar train,  Louisiana  (WES  Technical  Report  to  be  published) ;  tsunami 
inundation  simulations  for  Crescent  City,  California  (Houston  and  Butler, 

1979)  and  the  Hawaiian  Islands  (Houston,  et  al.,  1977).  A  recent  paper 
(Butler,  1980)  summarizes  these  applications. 

To  exemplify  use  of  the  model  a  brief  description  of  computational 
sensitivity  to  modeling  assumptions  for  a  Louisiana  coastal  storm  surge  inves¬ 
tigation  is  presented.  As  part  of  a  study  of  a  hurricane  barrier  protection 
plan  for  Lake  Pontchar train,  a  northern  boundary  for  the  city  of  New  Orleans, 
Louisiana,  an  open-coast  storm  surge  model  of  the  pertinent  coastal  region 
was  developed.  Figure  3  displays  the  computational  grid  used  in  the  investi¬ 
gation.  Still  water  depths  reach  3,000  m  in  the  south-eastern  comer  of  the 
grid. 


To  Insure  the  efficacy  of  all  model  assumptions  tests  were  made  with 
varying  grid  limits,  time  steps,  and  still-water  depth  limitations  (usually 
made  when  running  explicit  formulated  models  to  relax  stability  criterion 
restrictions  on  the  computational  time  step).  Six  grids  were  formed  by 
considering  two  seaward  boundaries  and  three  eastern  lateral  boundaries 
noted  in  Figure  3.  Five  separate  cutoff  depths  were  selected:  90,  240, 
400,  550,  and  3,000  m.  The  full  set  of  runs  was  thus  thirty  in  number. 
Various  time  steps  were  selected  for  a  limited  set  of  runs  and  the  only 
effect  noted  was  the  typical  erosion  of  numerical  accuracy  with  Increasing 
tlmestep.  Table  1  displays  peak  surge  elevation  results  for  eighteen  runs 
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and  two  selected  gages  (locations  shown  on  Figure  3) .  Hydrograph  comparison 
(observed  vs  largest  grid/actual  topography  and  smallest  grld/90  m  cutoff 
depth)  for  a  gage  at  Biloxi,  MS,  Is  shown  In  Figure  4.  Coastline  peak  surge 
behavior  for  largest  grid/actual  topography,  largest  grld/90  m  cutoff  depth 
and  smallest  grld/90  m  cutoff  depth  Is  compared  In  Figure  5. 

These  results  are  essentially  self-explanatory.  What  Is  demonstrated 
Is  that  model  users  must  assure  themselves  that  assumptions  made  In  model 
formulation  are  not  affecting  the  numerical  results.  The  model  region  must 
be  properly  selected  and  the  deep  shelf  southeast  of  the  Mississippi  River 
Delta  properly  simulated.  Inclusion  of  deep  water  In  the  topography 
suggests  the  appropriateness  of  an  Implicit  model,  particularly  If  fine 
resolution  Is  required. 

For  a  second  example  attention  Is  drawn  to  the  Investigation  of  the 
dynamic  response  of  coastal  waters  In  the  vicinity  of  Mississippi  Sound.  A 
current  WES  work  unit  calls  for  the  application  of  WIFM  to  study  the  hydro¬ 
dynamics  and  horizontal  salinity  gradient  In  the  Sound.  The  model  area  and 
grid  are  shown  In  Figure  6.  Seaward  boundary  conditions  are  provided  via  a 
Gulf  tide  model  (Reid  and  Whitaker,  1982).  This  same  grid  also  will  be  used 
for  a  realistic  test  of  the  subject  three-dimensional  model.  In  addition, 
to  Investigate  the  three-dimensional  hydrodynamics  on  the  model  grid,  the 
currents  will  be  used  as  Input  to  a  sediment  transport  model  to  study  the 
transport  of  sediments  In  the  vicinity  of  the  Sound.  Applications  of  the 
three-dimensional  model  are  described  In  Sheng  and  Butler  (1982) . 

7.  CONCLUSIONS  AND  RECOMMENDATIONS.  This  paper  presents  details  of 
the  development  of  a  two-dimensional  finite  difference  hydrodynamic  model.- 
Implementation  of  a  two  time  level  ADI  algorithm  to  treat  the  external  mode 
of  a  three-dimensional  model  Is  also  briefly  discussed.  Coordinate  trans¬ 
formations  are  used  to  obtain  finer  resolution  In  Important  local  areas 
without  sacrificing  economical  application  of  the  models.  References  are 
given  for  specific  Investigations  of  the  two-dimensional  model  along  with 
an  exami-le  of  model  sensitivity  to  parameterization.  An  obvious  extension 
of  the  models  discussed  herein  (as  demonstrated  by  the  conference  keynote 
speakers)  would  be  the  Implementation  of  boundary  fitted  coordinates  via 
the  use  of  elliptic  grid  generation  techniques. 
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Figure  1.  Cartesian  coordinate  system 


da 


Figure  2.  Illustration  of  coordinate  stretching  rates  along  a  region  axis 
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Computational  grid  for  hurricane  surge  simulation  in  the  vicinity  of 
Lake  Fontchartraln,  LA 


TABLE  J.  PEAK  SURGE  IN  METERS  FOR  MODEL  GAGES  AT 
BILOXI,  MS  AND  GRAND  ISLE,  LA 


1 - - - 

DEPTH 

GRID  DIMENSIONS 

(1) 

89,61 

12) 

89,46 

(31 

77,51 

(4) 

77,46 

15) 

65,61 

i6) 

65.46 

(7) 

(a)  BILOXI,  MS 

1 

90 

2.7 

2.7 

2.3 

2.3 

1.8 

n 

1.8 

240 

3.S 

2.S 

2.3 

2.3 

1.8 

1.8 

3000 

2.4 

2.4 

2.3 

2.3 

1.8 

1.8 

(b)  GRAND  ISLE,  MS 

90 

2.4 

1.9 

2.3 

1.9 

2.1 

1.8 

340 

3.2 

1.8 

2.1 

1.8 

2.0 

1.8 

3000 

1.8 

1.9 

3.0 

1.9 

1.8 

MODEL  TIME,  HR 

Figure  4.  Comparison  of  computer  water  levels  at 
Biloxi,  Mississippi  vs  observed  levels 
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Figure  6.  Computational  grid  for  two-  and  three-dimensional  hydrodynamic 
simulations  In  the  vicinity  of  Mississippi  Sound 
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ABSTRACT .  Procedures  are  developed  for  constructing  asymptotic  solutions 
for  certain  nonlinear  singularly-perturbed  vector  two-point  boundary  value 
problems  having  boundary  layers  at  one  or  both  end  points.  The  asymptotic 
approximations  are  generated  numerically  and  can  either  be  used  as  Is  or  to 
furnish  a  two-point  boundary  value  code  (e.g.  COLSYS)  with  an  Initial  approx¬ 
imation  and  a  nonuniform  computational  mesh.  The  procedures  are  applied  to 
several  examples  Involving  the  deformation  of  nonlinear  elastic  beams. 

1.  INTRODUCTION.  We  consider  singularly-perturbed  two-point  boundary  ' 

value  problems  for  nonlinear  vector  systems  of  the  form  ] 

X  -  f(x,y,t,e)  ,  ey  -  g(x,y,t,e)  ,  0  <  t  <  I  (la,b) 

a(x(0) ,y(0) ,e)  -  0  ,  b(x( 1) >y(l) ,e)  -  0  (lc,d) 

where  x,  y,  a,  and  b  are  vectors  of  dimension  m,  n,  q,  and  r  ■  m  n  -  q, 
respectively.  We  seek  to  find  limiting  solutions  of  problem  (1)  as  the  small 
positive  parameter  e  tends  to  zero;  however,  to  do  this  In  complete  generality 
Is  very  difficult  and  beyond  the  grasp  of  our  current  understanding.  Thus,  we 


^^Thls  research  was  partially  sponsored  by  the  U.S.  Air  Force  Office  of 
Scientific  Research,  Air  Force  Systems  Command,  USAF,  under  Grant  Nhmber 
AFOSR  80-0192  and  by  the  Office  of  Naval  Research  under  Contract  Number 
N00014-81K-056.  The  United  States  Government  Is  authorized  to  reproduce  and 
distribute  reprints  for  government  purposes  notwithstanding  any  copyright 
notation  thereon. 
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simplify  problem  (1)  considerably  by  assuming,  In  addition  to  natural 
smoothness  hypothesis,  that  (1)  g,  a,  and  b  are  linear  functions  of  the  fast 
variable  y,  l>e. 

g(x,y,t,e)  -  gi(x,t,e)  +  G2(x,t,e)y  (2a) 

a(x(0) ,y(0) ,€)  -  ai(x(0),e)  +  A2(x(0) ,e)y(0)  (2b) 

b(x(l) ,y(l) ,e)  «  bi(x(l),e)  +  B2(x( 1) , e)y( 1)  (2c) 

(11)  that  62(x,t,e)  has  a  hyperbolic  splitting  with  k  >  0  stable  eigenvalues 
and  n  -  k  >  0  unstable  eigenvalues  for  all  x  and  0  <  t  <  1,  and  (ill)  that  q  > 
k  and  r  >  n  -  k. 

With  the  assumed  hyperbolic  splitting,  we  would  expect  y  to  vary  rapidly 
relative  to  (the  slow  vector)  x  in  narrow  boundary  layer  regions  near  both  t  • 
0  and  1.  He  thus  seek  limiting  solutions  having  the  form 

x(t,e)  ■  X(t)  +  0(c)  ,  y(t,c)  -  Y(t)  +  u(t)  +  v(o)  +  0(c)  (3a, b) 

where  the  initial  layer  correction  u(t)  and  the  terminal  layer  correction 
v(o),  respectively,  decay  to  zero  as  the  stretched  variable 

T  ■  t/c  or  0  -  (l-t)/c  (4a, b) 

tend  to  Infinity.  The  limiting  solution  X(t),  Y(t)  within  0  <  t  <  1  must 
necessarily  satisfy  the  reduced  system 

X  -  f(X,Y,t,0)  ,  0  -  g(X,Y,t,0)  (5a,b) 

Because  62  Is  everywhere  nonsingular,  we  can  use  Bqs.  (2a)  and  (5b)  to 
determine 

Y(t)  -  -G2"^(X,t,0)gi(X,t,0)  (6) 

in  a  locally  unique  way,  and  there  remains  the  mth  order  nonlinear  differen¬ 
tial  system  (Eq.  (Sa))  for  determining  X(t). 

In  order  to  completely  specify  the  reduced  solution  we  must  prescribe  m 
boundary  conditions  for  equations  (5a) .  He  do  this  by  providing  a 
"cancellation  law"  which  selects  a  combination  of  q-k  Initial  conditions  (Eq. 
(2b))  and  of  r  -  n  4-  k  terminal  conditions  (Eq.  (2c))  to  be  satisfied  by  X  and 
Y.  In  Section  2  we  present  a  numerical  procedure  for  determining  the  boundary 
conditions  for  the  reduced  system  that  uses  an  orthogonal  matrix  E(x,t)  to 
reduce  the  matrix  62(X(t),t,0)  to  a  block  trldlagonal  form  so  that  the  stable 
and  unstable  elgenspaees  may  be  separated.  The  boundary  layer  corrections 
ii(t)  and  v(o)  In  Eqs.  (3)  compensate  for  the  cancelled  Initial  and  terminal 
conditions,  respectively,  and  they  can  be  determined  once  X(t)  has  been 
computed  (cf.  Section  2).  This  process  avoids  complicated  matching 
procedures. 
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In  Section  3  we  discuss  a  numerical  procedure  for  determining  the 
asymptotic  approximation  (Eq.  (3))  which  uses  the  general  purpose  two-point 
boundary  value  code  COLSYS  to  solve  the  reduced  problem  and  then  adds  numeri¬ 
cal  approximations  to  the  boundary  layer  corrections.  This  approximation  Is 
considerably  less  expensive  to  obtain  than  solving  the  full  stiff  problem 
numerically  and  it  has  the  advantage  of  improving  In  accuracy,  without  any 
additional  computational  cost,  as  the  small  parameter  e  tends  to  zero.  How¬ 
ever,  when  e  is  only  moderately  small  our  asymptotic  approximation  may  not  be 
sufficiently  accurate  for  some  purposes,  so  we  have  developed  a  procedure  (cf. 
Section  3)  that  generates  an  improved  solution  by  using  (X)LSYS  to  solve  the 
complete  problem  (Eqs.  (1)  and  (2))  with  our  asymptotic  approximation  as  an 
Initial  guess.  In  order  for  this  approach  to  succeed  we  must  also  provide 
COLSYS  with  an  Initial  nonuniform  mesh  that  Is  appropriately  graded  In  the 
boundary  layers  (cf.  Ascher  and  Weiss  (Ref.  2))  and  we  give  an  alg>rlthm  for 
constructing  such  a  mesh  In  Section  3.  While  our  procedure  does  not  appear  to 
be  optimal,  we  show  by  an  example  Involving  the  deformation  of  a  nonlinear 
elastic  bean  (cf.  Section  4)  that  it  does  offer  some  advantage  over  the  more 
standard  approach  of  continuation  In  e,  where  one  starts  with  a  large  value  of 
e  (e.g.  e  «  1)  and  a  crude  Initial  guess  and  reduces  e  in  steps  so  that  the 
mesh  Is  gradually  concentrated  Into  boundary  layer  regions. 

We  close  Section  4  with  a  second  nonlinear  beam  example  that  Is  beyond 
the  capabilities  of  our  present  methods  because  the  matrix  G2  Is  a  function  of 
y.  Flaherty  and  O'Malley  (Ref.  6)  analyzed  this  problem  and  showed  that  Its 
solution  becomes  unbounded  as  e  0.  We  Include  the  numerical  solution  of 
this  problem  in  this  paper  in  order  to  show  one  of  the  many  challenging 
effects  that  can  occur  with  singularly-perturbed  problems. 

Finally,  In  Section  5  we  discuss  our  results  and  present  some  suggestions 
for  future  Investigations. 

2.  ASYMPTOTIC  APPROXIMATION.  In  order  to  calculate  the  boundary 
conditions  for  the  reduced  probloa  (Eqs.  (5a)  and  (b))  and  the  boundary  layer 
corrections  u(t)  and  v(o)  we  calculate  the  Schur  decomposition  of  the  matrix 
G2  at  t  *  0  and  t  *  1.  In  particular,  at  t  >■  0  we  find  an  orthogonal  matrix 
E(x(0))  such  that  _  _ 

T_(x(0))  U(x(0)) 

G2(x(0),0,0)E(x(0))  -  E(x(0))  (7) 

0  T4.(x(0)) 


where  T.  Is  k  x  k  and  upper  triangular  with  the  stable  eigenvalues  of  G2,  end 
T^  Is  upper  triangular  with  the  n-k  unstable  eigenvalues  of  G2.  The 
decomposition  (Eq.  (7))  can  often  be  obtained  analytically;  however,  when  this 
Is  not  possible  or  practical  It  can  be  determined  numerically  by  using  the  QR 
algorithm  (cf.  Golub  and  Wilkinson  (Ref.  7}  and  Ruhe  (Ref.  9)  for  specific 
procedures) . 
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(8) 


U«  partition  E  after  Its  kth  column  as 

E  -  (E_  E_] 

and  note  that  spans  the  stable  elgenspace  of  G2  at  t  >  0  and 

P  -  E>  E-"*^  (9) 

Is  a  projection  onto  this  elgenspace. 

Hear  t  *  0,  we  assume  that  the  terminal  layer  correction  v  Is  negligible, 
substitute  the  asymptotic  approximation  (Eq.  (3))  Into  the  differential 
equations  (Eqs.  (la,b)),  use  the  reduced  system  (Eq.  (5)),  and  retain  only  the 
leading  order  terms  to  find  that  ii(t)  satisfies  the  condition,  lly  stable 
system 


dv/dr  •  62(0)11  (10) 

where  (here  and  below)  we  use  the  argument  t  to  denote  conditions  evaluated  at 
x(t)  •  X(t),  t,  and  e  -  0,  e.g.. 


62(0)  62(X(0),0,0) 


(11) 


Integrating  Eq.  (10) 


62(0) T 


m(t)  -  e  w(0)  (12) 

We  require  that  u(  )  decays  as  t  increases  and  this  will  be  the  case  provided 
that  p(0)  Is  In  th«  stable  elgenspace  of  62(0);  thus,  using  Eq.  (9)  we  require 

M(0)  -  P(0)u(0)  -  E-(0)E.T(0)p(0)  (13) 


Using  Eqs.  (3),  (13),  and  (2b)  In  Eq.  (lb)  we  find  that  the  limiting 
Initial  conditions  have  the  form 


«l(0)  +  A2(0)  [Y(0)  +  E.(0)E-T(0)w(0)1  -  0  (14) 


We  assume  that  A2(0)E_(0)  has  its  maximal  rank  k  and  construct  a  q  x  q  matrix 

(15a) 

that  reduces  It  to  row  echelon  form,  l.e.. 


U. 

L_ 


A2(0)E-(0) 


(15b) 


where  V.  is  k  x  k  and  nonsingular.  Multiplying  Eq.  (14)  by  L  and  using  Eqs. 
(13)  and  (15)  gives  the  Initial  layer  Jump  and  the  q-k  Initial  conditions  for 
the  reduced  problem,  respectively,  as 
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U(0)  -  -E_(0)V-"^L-lai(X(0),0)  +  A2(X(0) ,0)Y(0) J  (16a) 

and  _ 

*(X(0))  U.tai(X(0),0)  +  A2(X(0) ,0)Y(0) ]  -  0  .  (16b) 


We  find  the  terminal  layer  jump  and  the  r  -  (n-k)  terminal  conditions  for 
the  reduced  problem  In  an  analogous  fashion  with  the  exception  that  we  define 
E(x(l))  such  that 


G2(x(1),1,0)E(x(1)) 


E(x(l)) 


'4(x(l)) 

0 


U(x(l)) 

T-(x(l)) 


:i7) 


which  we  partition  after  Its  (n-k)th  column  as 

E  -  IE,.  E+]  (18) 

^  A 

In  parallel  with  Eqs.  (7)  and  (8),  the  matrices  T.,  Tf,  and  E(.  contain  the  k 
stable  eigenvalues,  the  n-*k  unstable  eigenvalues,  and  span  the  unstable  eigen- 
space,  respectively,  of  G2  at  t  *  1.  Our  reasons  for  switching  the  positions 
of  the  matrices  containing  the  stable  and  unstable  eigenvalues  of  G2  Is  that 
there  Is  no  simple  and  stable  computational  procedure  for  finding  a  set  of 
vectors  that  span  a  given  subspace  and  are  not  In  the  leading  columns  of  an 
orthogonal  matrix  like  E  (cf,  Golub  and  Wilkinson  (Ref.  7)). 

Now,  following  the  procedure  that  we  used  for  the  Initial  layer,  we  find 
that  the  terminal  layer  correction  satisfies 

C2(l)o 

v(a)  -  e  v(0)  (19) 

In  order  for  v(a)  to  decay  as  a  Increases  we  require  v(o)  to  be  In  the 
unstable  elgenspace  of  G2(l)i  thus,  we  take 

v(0)  -  Q(l)v(0)  -  Ef(l)Ef'>^(l)v(0)  (20) 

where  Q  is  a  projection  onto  the  (n-k)  dimensional  unstable  elgenspace  of 

G2(1). 

We  assume  that  B2(l)Ef(l)  has  Its  maximal  rank  n-k  and  find  a  r  x  r 
matrix 


RT  -  IR^T  ^Tj 

that  reduces  It  to  the  row  echelon  form 


(2  la) 


B2(l)E4.(l)  - 

v+ 

0 

(21b) 
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where  V^.  Is  (n-k)  x  (n-k)  and  nonsingular.  Multiplying  Eq.  (Id)  by  R,  using 
Eqs.  {2c),  (3),  (20),  and  (21),  and  retaining  only  the  leading  order  terms  we 
find  the  terminal  layer  jump  and  the  r  ->(n-k)  terminal  conditions  for  the 
reduced  problem,  respectively,  as 

v(0)  -  -E+(l)V+-lR4.[bi(X(l),0)  +  B2(X(1),0)Y(1)1  (22a) 

and 

»(X(1))  RfIbi(X(l),0)  +  B2(X(1),0)Y(1)1  -  0  (22b) 

In  the  Interest  of  brevity,  we  have  omitted  several  details  of  our 
construction  and  have  not  attempted  to  justify  the  asymptotic  validity  of  our 
procedure.  These  topics  will  be  the  subject  of  a  forthcoming  paper  by 
O'Malley  and  Flaherty  (Ref.  8). 

3.  NUMERICAL  PROCEDURE.  Our  computational  procedure  consists  of  first 
solving  the  reduced  problem  (cf.  Eqs.  (Sa),  (6),  (16b),  and  (22b))  numerically 
and  then  adding  any  boundary  layer  corrections.  Since  the  reduced  problem  Is 
not  stiff  we  can  use  any  good  code  for  two^polnt  boundary  value  problems  (cf. 
Childs  et  al.  (Ref.  3))  and  we  have  chosen  to  use  the  collocation  code  COLSYS 
of  Ascher,  Christiansen,  and  Russell  (Ref.  1). 


Since  the  reduced  problem  Is  generally  nonlinear  and  since  COLSYS  solves 
nonlinear  problems  using  a  damped  Newton  method  we  have  to  supply  formulas  for 
evaluating  the  Jacoblans  of  f,  Y,  9,  and  f  with  respect  to  X.  We  do  this  by 
providing  analytical  formulas  for  these  Jacoblans  that  neglect  the  Influence 
of  the  derivatives  of  E,  L,  R,  and  G2.  This  procedure  has  not  failed  on  any 
of  our  examples;  however,  an  alternate  possibility  would  be  to  approximate  the 
Jacoblans  by  finite  differences. 


We  start  the  Newton  Iteration  with  a  uniform  mesh  and  the  default  Initial 
guess  X^^Ht)  for  X(t)  that  Is  provided  by  (X)LSYS  and  calculate  successive 
approximations  x(p)(t)  until  convergence  Is  attained.  At  each  Iteration  step 
we  calculate  an  approximation  E^P^t)  to  E(t)  for  t  ■  0  and  1  as  the  Schur 
decomposition  of  G2(X^P^(t) ,t,0) .  In  the  examples  of  Section  4  we  used 
analytical  formulas  for  E  rather  than  the  numerical  procedures  of  Golub  and 
Wilkinson  (Ref.  7)  or  Ruhe  (Ref.  9).  Finally.  L^P^  and  R^P)  are  obtained 
using  Gaussian  elimination  to  row  reduce  A2(X^pHo)  ,0)E_^pHo)  and 
B2(X'P)(  1)  ,0)Ef^Pni)  ,  respectively. 


When  the  above  procedure  converges  we  calculate  boundary  layer 
corrections  ii(t)  and  v(o),  for  a  given  value  of  e,  using  Eqs.  (12),  (16a), 
(19),  and  (22a),  and  add  these  to  the  reduced  solution  In  order  to  get  the 
0(e)  asymptotic  approximation  (Eq.  (3)).  For  moderately  small  values  of  e 
this  approximation  may  not  provide  a  sufficiently  accurate  representation  of 
the  solution  and.  In  this  case,  we  use  It  as  an  Initial  guess  to  COLSYS  and 
solve  the  complete  problem  (Eq.  (1)).  Unfortunately,  this  procedure  will  fall 
unless  we  also  provide  COLSYS  with  an  Initial  nonuniform  partition 

X  {0  -  to  <  ti  <  ...  <  tu  ■  1}  (23) 
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that  is  appropriately  graded  within  the  boundary  layers.  We  seek  to  find  v  so 
that  the  polntwise  error  satisfies 

l|e(ti)l|  <  6(1  +  l|u(ti)||)  ,  i  -  1,2,...,N-1  (24) 

where  6  is  a  prescribed  tolerance,  :>•  [x^.y*^] ,  e  is  the  difference  between 
u  and  its  collocation  approximation,  and 

:«  max  luj(ti)|  (25) 

l<j  <iiH-n 

We  have  based  our  condition  for  determining  x  on  a  polntwise  error  criteria 
since  this  seemed  to  work  better  in  practice  than  a  global  criteria.  This  is 
somewhat  surprising  since  COLSYS  uses  a  global  error  criteria  to  select  a 
mesh. 


We  assume  that  the  final  partition  selected  by  COLSYS  to  solve  the 
reduced  problem  satisfies  equation  (24)  outside  of  boundary  layer  regions  and 
we  seek  to  refine  it  within  the  boundary  layers.  We  further  assume  that 
derivatives  of  u  can  adequately  be  replaced  by  either  )j(t)  or  v(a)  in  the  left 
or  right  boundary  layer,  respectively. 


This  problem  was  studied  by  Ascher  and  Weiss  (Ref.  2)  who  showed  that 
Eq.  (24)  could  be  approximately  satisfied  in  the  left  boundary  layer  by 
choosing  subinterval  lengths  as 

6(1+1  lu(ti-i)  11) 


tl  -  ti-i 


(-)I- 

ou 


c|l»(ti-i)ll 


-1 


(26) 


for  collocation  at  the  Image  of  k  Gauss-Legendre  points  per  subinterval.  Here 
c  is  a  numerical  constant  and  a-  is  the  magnitude  of  the  largest  diagonal 
element  of  T-(X(0)).  A  similar  formula  can  be  obtained  for  selecting 
subinterval  lengths  in  the  right  boundary  layer. 

Starting  with  i  «  1  we  use  Eq.  (26)  to  generate  a  partition  until  we 
either  reach  t  «  1/2  or  a  point  where  a  subinterval  length  selected  by  Eq. 

(26)  is  larger  than  that  used  by  COLSYS  to  solve  the  reduced  problem.  We  then 
repeat  the  procedure  in  the  right  boundary  layer. 

We  nave  written  a  computer  code  called  SPOOL  that  Implements  the 
algorithms  that  are  described  in  this  section;  thus,  it  (1)  uses  COLSYS  to 
solve  the  reduced  problem,  (11)  calculates  and  adds  appropriate  boundary  layer 
corrections  to  the  reduced  problem,  and  (ill)  (optionally)  suggests  a  mesh 
that  can  be  used  by  COLSYS  to  solve  the  complete  problem. 

4.  EXAMPLES.  In  order  to  appraise  the  performance  of  SPOOL  we  have 
applied  it  to  several  examples  involving  the  deformation  of  a  nonlinear 
elastic  beam  which  is  resting  on  a  nonlinear  elastic  foundation  and  is 
subjected  to  the  combined  action  of  a  horizontal  end  thrust  P  and  a  lateral 
load  p(x,t)  per  unit  length  (cf.  Figure  1).  This  problem  is  discussed  and 
analyzed  in  detail  in  Flaherty  and  O'Malley  (Ref.  6)  and  herein  we  only 
present  the  governing  equations,  which  in  dimensionless  form  are 


387 


•  •  • 

xi  -  cos  X  ,  X2  “  sin  X3  ,  X3  ■  (27a, b,c) 

^yi  “  “72  t  ey2  “  (X^2“P)  cos  X3  -  lyi  ,  (27d,e) 

where 

T  ■  sec  X3  +  ey2  tan  X3  (27f) 

The  slow  variables  (xi,x2)  and  X3  represent  the  Cartesian  coordinates  and  the 
tangent  angle  of  a  material  particle  on  the  centerline  of  the  beam  that  was  at 
the  Cartesian  location  (t,0)  In  the  undeformed  state.  The  fast  variables 
and  y2  are  the  Internal  bending  moment  and  transverse  shear  force, 
respectively  (cf.  Figure  1).  Finally,  the  small  parameter  Is 

e2  -  EI/PL^  ,  (28) 


where  El  Is  the  flexural  rigidity  and  L  Is  the  length  of  the  beam;  thus,  our 
beam  Is  much  stronger  In  extension  than  It  Is  In  bending. 

This  exsmple  does  not  precisely  fit  out  hypotheses  since  the  axial  force 
T  Is  a  function  of  the  fast  variable  y2  and,  thus,  62  also  depends  on  y. 
However,  our  theory  and  methods  will  still  apply  as  long  as  y  remains  bounded 
and  |x3|  <  v/2  aa  e  >  0.  In  order  to  Illustrate  the  diverse  behaviors  that 
can  occur  when  y  either  does  or  does  not  renaln  bounded  as  e  >  0  we  present 
solutions  for  two  problems  both  having  X  >  p  >  1  and  which  differ  only  In 
their  boundary  conditions.  Some  additional  examples  are  presented  In  Flaherty 
and  O'Malley  (Refs.  6  and  8). 

In  our  first  example  we  take  the  boundary  conditions  as 


xi(0)  -  0  ,  -10x2(0)  +  y2(0)  -  0  ,  -X3(0)  +  lOyi(O) 

10x2(1)  +  y2(l)  ■  0  ,  10x3(1)  +  yi(l)  <•  0 


0 

(29) 


These  supports  correspond  the  a  beam  that  Is  almost  simply  supported  at  t  -  0 
and  almost  clamped  at  t  -  1.  However,  perhaps  due  to  friction,  there  Is  some 
coupling  between  lateral  and  rotational  effects  at  the  supports. 


As  we  shall  see,  y  remains  bounded  In  this  example  so  our  methods  are 
applicable.  The  orthogonal  matrix 


E(x(0))  -  (l+o2)“l 


(30a) 


where 


■  sec  X3(0) 


(30b) 
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reduces 


G2(x(0),0,0) 


-o^ 


-1 

0 


(31) 


to  the  Schur  form  given  by  equation  (7)  at  t  >  0  and  will  reduce 
G2(x(1),1,0)  to  the  form  given  by  Eq.  (17)  at  t  «  1. 

We  solved  this  problem  In  two  ways:  (1)  using  COLSYS  to  solve  the 
complete  problem  (Eqs.  (27)  and  (29))  with  continuation  from  a  large  to  a 
small  value  of  e  and  (11)  using  our  code  SPCOL  to  compute  an  Initial 
asymptotic  approximation  and  to  recommend  a  nonuniform  mesh  and  using  this 
with  COLSYS  to  calculate  an  Improved  solution.  All  calculations  were 
performed  In  double  precision  on  an  IBM  3033  computer,  iwed  two  collocation 
points  per  subinterval,  and  set  the  error  tolerance  d  (cf.  Eq.  (24))  at  10~ 
for  slow  variables  and  for  fast  variables. 

Our  results  for  the  normalized  CP  times  and  the  number  of  subintervals 
(NSUB)  that  are  either  used  by  COLSYS  or  recommended  by  SPCOL  are  shown  In 
Tables  1  and  2  for  continuation  In  e  and  our  methods,  respectively.  Differ¬ 
ences  between  our  Initial  asymptotic  approximation  and  the  final  solution 
obtained  by  COLSYS  are  shown  for  X3  and  y2  at  t  *  0  and  1  In  Table  3.  We  see 
that  the  differences  decrease  like  0(e)  as  expected.  Differences  that  are 
recorded  as  zero  are  less  than  10~^.  Finally,  we  exhibit  solutions  for  X2, 

*3»  71 »  72  I-*'  Figure  2. 

The  results  reported  In  Tables  1  and  2  need  some  additional  explanation. 
The  number  of  subintervals  and  CP  times  used  with  continuation  depended  heav¬ 
ily  on  the  e  sequence  that  was  used.  The  results  In  Table  1  are  about  the 
best  Insofar  as  they  gave  the  smallest  total  CP  time  for  the  sequence.  In 
addition,  COLSYS  relies  on  the  difference  between  solutions  that  are  computed 
on  two  different  partitions  In  order  to  estimate  local  errors.  Thus,  at  a 
minimum,  COLSYS  would  always  double  our  suggested  mesh.  This  Is  apparent  In 
the  results  listed  under  the  heading  of  "COLSYS  Correction  No.  1"  In  Table  2. 
In  some  sense  these  results  are  encouraging  Insofar  as  they  Indicate  that  our 
mesh  selection  strategy  Is  doing  about  as  well  as  It  can,  at  least  for 
e  <  10~^.  However,  It  seems  that  fewer  points  should  be  necessary,  so  we 
tried  giving  COLSYS  an  Initial  mesh  that  consisted  of  every  other  point  of  our 
recommended  mesh.  This  Is  clearly  a  risky  strategy  since  collocation  at  the 
Gauss-Legendre  points  la  known  to  be  unstable  unless  the  mesh  is  sufficiently 
fine  In  the  boundary  layers  (cf.  Ascher  and  Weiss  (Ref.  2)).  Our  results 
using  this  are  reported  under  the  heading  of  "COLSYS  Correction  No.  2"  In 
Table  2.  Some  Improvement  Is  noted  for  e  >  however,  COLSYS  failed  to 

find  a  solution  (within  our  prescribed  limitations)  when  e  ••  lO**^. 

In  our  second  example  we  use  the  boundary  conditions 

*1(0)  -  0  ,  -X2(0)  +  ey2(0)-  0  ,  -X3(0)  +  c2yi(0)  -  0 

(32) 

*2(1)  £72(1)  “0  t  *3(1)  +  e^7l(l)  *  0 
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If  e  were  set  to  zero  then  these  boundary  conditions  would  correspond  to 
clamped  supports  at  t  *  0  and  1.  Since  the  limiting  boundary  conditions  only 
involve  the  slow  variables  and  since  the  slow  vector  x  cannot  generally 
satisfy  all  of  them  as  e  +  0  we  would  expect  the  solution  to  have  boundary 
layers  in  these  components.  This  in  turn  will  force  the  fast  vector  y  to 
become  unbounded  like  0(l/e)  at  the  endpoints!  Thus,  this  problem  does  not 
have  an  asymptotic  expansion  having  the  form  of  Eq.  (3);  however,  an 
appropriate  asymptotic  representation  of  a  solution  has  been  obtained  by 
Flaherty  and  O'Malley  (Ref.  6).  We  shall  not  repeat  those  results  here,  but 
in  order  to  emphasize  the  diverse  behavior  that  can  occur  in  nonlinear 
singularly-perturbed  problems,  we  present  solutions  for  X2,  X3,  ey^,  and  ey2 
in  Figure  3.  These  solutions  were  computed  using  COLSYS  with  continuation  in 
e. 


5.  DISCUSSION.  We  have  obtained  asymptotic  approximations  for  a 
restricted  class  of  nonlinear  singularly-perturbed  boundary  value  problems  and 
have  shown  how  to  construct  them  numerically  and  use  them  to  suggest  a  nonuni¬ 
form  mesh  that  may  be  used  as  input  to  a  two-point  boundary  value  code  in 
order  to  calculate  Improved  solutions.  Clearly  this  approach  offers  some 
advantages  over  the  more  standard  technique  of  continuation  in  e  steps;  how¬ 
ever,  the  picture  is  far  from  clear  and  several  questions  still  remain  as  to 
how  best  to  use  asymptotic  analysis  in  conjunction  with  numerical  analysis. 

As  we  have  shown  in  our  second  example  of  Section  4,  very  diverse 
behavior  in  the  solution  of  singularly-perturbed  problems  can  result  from 
seemingly  minor  changes  in  boundary  conditions.  Some  phenomena  cannot  easily 
be  predicted,  so  perhaps  a  sensible  course  to  follow  is  to  use  asymptotic  and 
numerical  methods  in  tandem.  For  example,  a  rough  numerical  solution  could  be 
obtained  for  several  values  of  e  which  could  then  be  used  to  suggest  the  form 
of  an  asymptotic  solution.  The  asymptotic  approximation  could  then  be  used  to 
refine  the  numerical  solution,  and  so  on.  It  is  also  possible  that  singular 
perturbation  theory  could  be  used  to  construct  special  methods  that  are 
appropriate  for  specific  problems  as  e.g.,  in  Flaherty  and  Mathon  (Ref.  4)  and 
Ascher  and  Weiss  (Ref.  2). 

Throughout  our  discussion  we  have  ignored  the  question  of  uniqueness.  In 
general,  multiple  solutions  can  be  expected  and  they  must  be  coped  with 
numerically.  In  Reference  (5)  we  showed  how  asymptotic  methods  may  be  used  to 
distinguish  the  different  solutions  and  to  provide  initial  guesses  for  a 
two-point  boundary  value  code. 
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TABLE  1.  NONLINEAR  ELASTICALLY  SUPPORTED  BEAM.  NUMBER  OF  SUBINTERVALS  (NSUB) 
AND  CP  TIMES  USED  TO  SOLVE  THE  PROBLEM  COLSYS  WITH  CONTINUATION 
IN  e.  THE  TOTAL  CP  IS  THE  ACCUMULATED  TIME  FOR  THE  e  SEQUENCE. 


c 

NSUB 

CP 

Total  CP 

10“^ 

80 

8.0 

8.0 

10"2 

78 

9.0 

17.0 

10-** 

78 

19.5 

36.5 

10“^ 

156 

44.5 

81.0 

10-® 

100 

19.0 

100.0 

TABLE  2.  NONLINEAR  ELASTICALLY  SUPPORTED  BEAM.  NUMBER  OF  SUBINTERVALS  (NSUB) 
AND  CP  TIMES  TO  SOLVE  THE  PROBLEM  BY  SPOOL  AND  OBTAIN  AN  IMPROVEMENT 
BY  COLSYS.  THE  CP  TIMES  FOR  SPOOL  INCLUDE  THE  TIME  TO  CALCULATE  THE 
REDUCED  SOLUTION  WHICH  WAS  4.8  TIME  UNITS.  CORRECTION  NO.  1  USES 
THE  MESH  THAT  WAS  RECOMMENDED  BY  SPCOL.  CORRECTION  NO.  2  USES  A 
MESH  THAT  IS  TWICE  AS  COARSE.  THE  TOTAL  CP  IS  THE  SUM  OF  THE  TIMES 
FOR  THE  SPCOL  AND  COLSYS  SOLUTIONS. 


SPCOL 

COLSYS 

Correction  No.  1 

COLSYS 

Correction  No.  2 

Rec.  No. 

NSUB  ^ 

e 

of  NSUB 

CP  j 

CP 

Total  CP 

NSUB 

CP 

Total  CP 

10"^ 

40 

Bl 

100 

12.0 

16.9 

80 

12.1 

mm 

10"2 

45 

WSm 

90 

12.0 

16.9 

78 

8.1 

mssm 

10"** 

54 

mam 

108 

16.9 

21.8 

66 

9.2 

14.1 

10"® 

55 

ra 

110 

22.3 

Failed 

TABLE  3.  NONLINEAR  ELASTICALLY  SUPPORTED  BEAM.  DIFFERENCES  BETWEEN  SPCOL 
AND  COLSYS  SOLUTIONS,  WHERE  A(  )  ;-  [(  )spCOL  "  ^  )C0LSYsl 


e 

6x3(0) 

672(0) 

6x3(1) 

672(1) 

10"  1 

3.3x10"^ 

5.1x10"2 

6.8x10"! 

3.6x10"! 

10"2 

2.8x10"2 

6.6x10"® 

€.1x10"2 

3.9x10"^ 

2.7X10"** 

6.8x10"® 

6.1x10"'* 

3.9x10"** 

10"® 

0 

1.3x10"^ 

O 

0 
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Figure  2.  Numerical  solution  of  elastically  supported  beam  with 
boundary  conditions  given  by  Equations  (29) . 
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Figure  3.  Numerical  solution  of  elastically  supported  beam  with 

boundary  conditions  given  by  Equations  (32).  Note  that 
y^^  and  are  multiplied  by  e. 
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AN  INTEGRAL  EQUATION  FOR  THE  DESIGN  OF  MAGNETIC  FIELD  COILS 
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Corporate  Research  and  Development 
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INTRODUCTION 

We  have  investigated  the  use  of  the  calculus  of  variations  to  design  magnet  coils  that 
have  a  minimum  stored  energy.  In  particular,  wc  have  considered  the  problem  of  computing 
the  winding  density  along  a  cylindrical  surface  that  will  minimize  the  stored  energy,  while  at 
the  same  time  prepuce  a  magnetic  held  with  certain  desired  characteristics.  These  desired 
characteristics  are  prescribed  as  constraints  on  various  coefficients  in  the  spherical  harmonic 
expansion  of  the  magnetic  field.  They  are  introduced  into  the  minimization  problem  by  the 
use  of  Lagrange  multipliers. 

This  process  leads  to  a  linear  integral  equation  of  the  form; 

-7.m 

with 


/(Z«)  -  £x,a(z«) 

If 

where  a  is  the  radius  of  the  cylinder,  Za-^Zal  a  is  the  normalized  position  of  the  winding  ele* 
ment  along  the  cylindrical  axis,  o*(Za)  is  the  unknown  winding  density,  Z^  is  the  half-length 
of  the  coil,  the  are  Lagrange  multipliers,  and  the  /„{Z„)  are  prescribed  functions. 

The  kernel  Q{ZcrZ\)  is  symmetric  and  has  a  logarithmic  singularity  at  Zo-Z'„;  it  can 
be  represented  in  terms  of  complete  elliptic  integrals: 


with 


QiZo-Z\) 


Kik)  -  Eik) 


k^ 


4 

4  +  (Z„-Z'„)^ 


A  numerical  method  using  discretization  at  half-integer  points  and  using  exact  integration  of 
the  logarithmic  singularity  has  been  used.  This  method  converts  the  problem  of  solving  the 
integral  equation  to  the  problem  of  inverting  a  Toeplitz  matrix.  Results  are  presented  and 
discussed. 
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1.  REPRESENTATION  OF  THE  MAGNETIC  FIELD 

In  this  section  we  briefly  outline  the  derivation  of  magnetic  fleld  representation  in 
terms  of  spherical  harmonics.  Consider  a  single  coil  on  a  cylindrical  surface,  as  shown  in  Fig¬ 
ure  1.  From  the  Biot-Savart  Law  we  have: 


Mo 

4ir 


dA 


(1) 


(x-x„)^+  (y-yo)^+  (z-2o)^  (2) 

dA  —  d^o  dZo 


where  B  is  the  magnetic  field,  X  is  the  surface  current-density  vector  and  has  the  dimensions 
of  amperes/meter.  R  is  the  distance  between  field  (x,y,r)  and  source  (x,„y„,z„)  points.  The 
z-component  of  Eq.  1  can  be  represented  in  the  differential  form  as: 


dB, 


(  J _ i  A- 

P'  dy„  R]  Bx„ 


(3) 


In  Eq.  3  we  have  taken  the  derivatives  with  respect  to  source  rather  than  field  variables. 
Hence  the  change  in  sign.  Using  the  notation  of  Figure  1,  R  may  be  expanded  in  terms  of 
Legendre  polynomials  (Ref.  1,  p.  173): 


R  (r^+r^~-2rraCOsB*y^ 


yi  y 

'n  n-0  '^o 


F„(cosP*),  r<r„ 


-f  —  F,(cosP«),  r>r„ 

K-O  ’’ 


(4) 


In  Eq.  4  the  argument  of  the  Legendre  polynomials  is  9  *,  the  angle  between  the  field  and 
source  points.  It  is  useful  to  use  the  biaxial  harmonic  expansion  (Ref.  2,  p.  164)  to  write 
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these  functions  in  terms  of  (9,^)  and  (9o,^„),  the  angles  in  the  spherical  coordinate  represen¬ 
tation  of  the  field  and  source  points. 

i*„(cos9 •)  -  X  (2-8®)  P^(coiB„)  P^icotiB)  cos  m (^ -  ^„)  (5) 

Here  is  the  Kronecker  delta.  It  is  equal  to  one  when  m*0  and  is  equal  to  zero  otherwise. 
Substituting  Eq.  5  into  Eq.  4,  we  have: 

~  Z  Z  r<2-8")  PTicosB)  /»,r(cosO„)cosm(<fr-<^„).  r<r„ 

.  fo  H-0  m-0 1  ^0  j  Kn+m). 

^  '  (6) 

^  t)  ^r(cos9)  /»r(cos9„)cosm(«-^„),  r>r„ 

It  can  be  seen  from  Eq.  3  that  we  need  the  cartesian  derivatives  of  this  representation.  The 
necessary  formulas  can  be  derived  from  the  integral  representation  of  the  solid  spherical  har¬ 
monics  (Ref.  4,  p.  1270).  These  harmonic  functions  are  given  by  (Ref.  3,  p.  369): 

r "  -  r"P!!'(cos  9)cos 

r"S„„^  r"P!!'{cosB)sinm<l> 

f-""’ C„„  -  r""“'P;7’(cos 9)cos 

•  r~''~^Pl!'(coaB)sinm<f> 

Using  the  integral  representation  given  in  Ref.  4  (p.  1270),  and  after  some  algebraic  manipu¬ 
lation,  it  can  be  shown  that: 

^  (r-»-'C,J  -  (1+8°)  |-  \  (/»-m+1)(n~m+2)r-"-2C„+,.„,_,] 

(8) 

('’■"■'CJ  -  (1+8°)  |-  y  -  y  («-m+2)(n-m+l)r-''-'S„+,.„,-,j 


Additional  expressions  for  the  cartesian  derivatives  of  these  functions  are  given  in  Ref.  S. 
Substituting  Eq.  8  into  Eq.  3  we  have: 


V"'"  (n-m+\)(n-m+2)  C„+i.„_i|  cosm^ 


+  M5„+i.«+i  +  (n-m+2)(n-m+\)  5,+i.„_i|  sinw0 


./n-l  »» 


Similar  expansions  can  be  derived  for  the  other  cartesian  components  of  the  magnetic  field, 
and  for  r>  r„.  Apparently  these  expansions  have  not  been  previously  published. 

Equation  9  represents  an  expansion  of  the  z-component  of  the  incremental  magnetic 
field  produced  by  an  arbitrary  element  of  surface  current.  It  will  converge  for  any  origin  such 
that  r<r„.  Each  term  is  the  product  of  a  factor  (r'’P^(cos0)cosm^  or  r"/’"(cos®)sin  m^) 
that  depends  only  on  the  field  coordinates  and  of  a  factor  that  depends  only  on  the  source 
coordinates. 


400 


2.  THE  CLASSICAL  APPROACH  TO  COIL  DESIGN 

For  illustrative  purposes  consider  a  cyiindricaliy  symmetric  case,  with  a  circular  surface 
current  density  which  is  a  function  only  of  Z„ 

X.jt  “  “Cir^ (Zo) sin0„  c (10) 

«  CO- 4 (2„) cos (11) 

The  function  (r^(Zo)  is  a  dimensionless  “shape  function*'.  The  constant  c  is  determined 
from  the  total  number  of  ampere-turns,  A^,/,  on  the  coil  and  by  the  normalization  of  o-^(Z„). 

-  MW,  f  w,  -  J  I  or^(Z„) I  dZ, 

-aZ«  -Z* 

With  dA  —  a^d^„dZo,  integration  of  Eq.  9  over  the  variable  gives  zero  for  those  terms 
with  m^O.  We  are  left  with: 


n-O 


U-C  ••  I  /•  ^»  “* 

a,- =|- Z  1/  Z 


-  P,V,(cosP„) 


-0 


_»+2 

’0 


dZ. 


r"P,(cosP) 


Substituting  r}la^  <■  (l+Z,^,  we  have 


Rt 

An 


X  d,r"P,(cosfl) 
»-o 


P,Vl  (cosfl,) 

w+31 

(1+Z,^  ^ 


dZn 


\t-oCy„ 

la¬ 


in) 


(13) 

(14) 


Now,  consider  a  pair  of  discrete  coils  which  can  be  represented  by 

<r^iZ„)  -  8(Z,-Z,)  +  8(Z„+Zo).  (15) 

We  are  not,  at  the  moment,  concerned  about  the  normalization  of  er*(Z„).  From  Eq.  14  we 
have 


H+Z 

2«''(1+Zr^  ^ 


P,V|  (cosd.)  -I-  P„Vj  (-cos8,.)}  ff-0,2,4. 


(16) 


A„^0  /f-1,3,5,  •  •  • 

A  first  attempt  at  achieving  a  uniform  field  is  to  pick  Zf  such  that  the  coefficient  of  the 
second  order  (n»2)  term  in  the  expansion  vanishes.  That  is 

PI  (cos8(.)  +  Pi  (-cosP,)  —  -3(sin8<.)  (5cos*8,-l)  -  0  (17) 

This  gives  9f  -■  cos~'  (>/T7s) .  This  result  implies  that  the  coils  should  be  separated  by  a  dis¬ 
tance  of  one  radius  from  one  another. 

A  gradient  field  can  be  produced  by  using  a  discrete  pair  with  the  current  reversed  in 
one  coil.  Then 


<r*(Z,)  -  8(Z,-Z,)  -  8(Z,-Zr) 


Using  Eq.  14  we  obtain 

^»+'  (cosdr)  -  /»J+|  (-cos«f)[  ,  rt-1,3,5,  •  •  «  (18) 

A„~0  «-0,2,4  •  •  • 

To  obtain  a  gradient  coil  corrected  through  the  third  term  in  the  expansion  we  need 

P}  (cos®,)  -  /»4  (-cosflf)  —  5(sinfl,)(7cos^®,-  3cos0c.)  -  0.  (19) 

The  useful  root  of  Eq.  19  is  given  by  0f  —  cos"'  i-JWj)-  This  implies  that  the  coils  should  be 
separated  by  a  distance  of  -n/3  times  the  radius  of  the  coil.  Note  that  these  two  solutions  are 
given  by  the  zeroes  of  the  functions  gj  and  gj  in  Appendix  1. 


Helmholtz  Pair  Maxwell  Pair 

Figure  2. 

The  two  coils  discusssed  above  arc  referred  to  respectively  as  ihe  Helmholtz  pair  (used 
for  uniform  fields)  and  the  Maxwell  pair  (used  for  linear  gradients).  Both  these  designs  were 
discovered  in  the  nineteenth  century  (Ref.  6,  pp.  356-359). 

In  this  century  the  technique  outlined  above  has  been  refined  by  several  authors  (e.g., 
Ref.  8).  The  greatest  advances  have  been  accomplished  by  M.W.  Garrett  (Ref.  7),  who  pro¬ 
vided  algorithms  for  correcting  the  fields  of  t^lindrically  symmetric  coil  systems  through  arbi¬ 
trarily  high  orders.  He  also  described  methods  for  designing  such  coils  with  arbitrary  rec¬ 
tangular  cross  sections,  thereby  removing  the  restriction  to  discrete  filaments. 

The  requirement  that  a  given  coefficient  or  coefficients  in  the  expansion  of  Eq.  13  be 
zero  does  not,  however,  uniquely  specify  a  coil  design.  In  fact,  it  is  easy  to  see  that,  if  we 
permit  the  use  of  multiple  pairs  of  coils,  there  are  an  infinite  number  of  designs  that  will,  for 
example,  make  the  coefficient  A  2  equal  to  zero.  In  the  next  section  we  outline  a  method  for 
choosing  among  the  large  set  of  coils  that  meet  a  given  requirement  on  the  expansion 
coefficients. 
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3.  THE  DERIVATION  OF  THE  INTEGRAL  EQUATION 

A  common  design  problem  is  to  find  a  coil  that  will  produce  a  field  that  meets  certain 
homogeneity  criteria  over  a  prescribed  region  of  space.  This  requirement  is  usually  given  in 
terms  of  the  expansion  coefficients  using  an  origin  at  the  center  of  the  region  of  interest. 
However,  the  coil  will  necessarily  create  fields  in  regions  of  space  other  than  the  region  of  in¬ 
terest.  It  is  often  desirable  to  keep  the  energy  in  this  unused  region  to  a  minimum.  This  is 
particularly  true  when  it  is  necessary  to  pulse  the  field  on  and  off  rapidly.  Therefore  we  have 
investigated  the  problem  of  designing  coils  that  will  meet  certain  prescribed  field  characteris¬ 
tics  and,  at  the  same  time,  minimis  the  total  stored  energy  in  the  magnetic  field.  In  free 
space  each  cartesian  component  of  B  can  be  shown  to  satisfy  Laplace’s  equation  and,  there¬ 
fore,  can  be  written  as  a  sum  of  solid  spherical  harmonics  (Ref.  4,  p.  1271).  Although  the 
method  can  be  applied  to  more  general  situations,  because  of  their  technical  and  historical  im¬ 
portance,  we  will  consider,  for  the  rest  of  this  paper,  coils  wound  on  the  surface  of  a  cylinder 
and  required  to  produce  a  z-component,  R,,  of  a  prescribed  character.  The  energy  (in  terms 
of  inductance,  L,  and  current,  I)  is  given  by  (Ref.  2,  p.  332): 

IF  -  y  L  /^  -  -j/  X  •  7  d/t  (20) 

where  A  is  the  vector  potential.  From  Poisson’s  solution  to  Laplace’s  equation  (Ref.  1, 
pp.  167,  230) 


Consider  a  circular  surface  current  with  cylindrical  symmetry 

X  —  c<r^iZ„)  {— sin^fl/  +  cos^„j)  —  c<r^(Z„)0  (22) 

Substituting  from  Eqs.  22  and  21  into  Eq.  20,  and  carrying  out  two  integrations  over  angular 
variables  (see  Ref.  2,  p.  290  and  Appendix  2),  we  have  (using  the  notation  of  the  previous 
sections) 


ji/  -CM.«  J  J  - j - 


*-T 


K(k)  -  E{k)\  dZ„dZ\  (23) 


where  Kik)  and  Eik)  are  the  complete  elliptic  integrals  of  the  first  and  second  kind,  respec¬ 
tively,  and 

4 


*  ”  4+(Z„-Z'„)^ 

The  magnetic  field  along  the  axis  is  given  by  Eqs.  13  and  14  as; 

-  £  A«r''/»„(cos9) 

ii“0 


with 


(cosd„)</z„ 
(i+z/)  ' 


(24) 


(25) 


(26) 
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Using  Lagrange  multipliers,  we  construct  the  functional  as 

f  "f  \^iZo)cr^(Z'„)Q(Z„-r„)dZodZ\ 

-Z^-Zm  7 
H 


with  the  kernel 


QiZo-Z'o) 


K(k)-  Eik)\ 


/,(Z«)  - 


P,Vi  (cos«„)  g„(Z„) 


(l+Zr?) 


2n+3 

(1  +  Z,?)  ^ 


The  gff(Z„)  are  polynomials  that  can  be  used  to  express  the  associated  Legendre  functions  in 
cylindrical  coordinates  (Ref.  2,  p.  215).  They  are  listed  in  Appendix  1.  To  make  Eq.  27  sta¬ 
tionary  near  the  exact  solution,  <r^(Za),  let  the  trial  function,  tr^*iZo)t  vary  in  the  neighbor¬ 
hood  of  the  exact  solution,  i.e., 

a**(Z„)  -  a^(Z„)  +  €f,(Zo)  (30) 

where  e  is  a  small  parameter  and  v^Zg)  is  an  arbitrary  function.  Substituting  Eq.  30  into 
Eq.  27,  we  have 


/(<r^*)  —  /(<r^)  +  e 


+  0(«^ 


<r*(Z„)  Q(Z„-r„)  dZ„  +  £  X,/, 


,(Z'„)  dZ\ 


Equation  31  will  be  stationary  around  the  exact  solution  if  the  coefficient  of  e  vanishes. 


r  "<r«(Z„)  Q(Z-Z'„)  dZ„  +  1  X„/„(Z'„)  -  0 
*» 


Equation  32  is  a  linear  Fredholm  integral  equation  of  the  first  kind.  It  is  to  be  solved  for  the 
unknown  function,  <r^,{Z„),  which  will  minimixe  the  energy.  The  X„  are  to  be  determined 
from  the  prescribed  constraints.  For  example,  if  we  wish  to  create  a  uniform  field  with  zero 
coefficients  for  the  quadratic  and  quartic  errors,  three  constraints  are  required 


J''<r^(Zo)MZ,)dZ„~\ 

J  <r^{Zo)  fiiZ„)dZo  -  0  (2"*'  order  correction) 
J  or*(Zo)  fi,{Zo)dZo  -  0  (4*"  order  correction). 


The  first  of  these  constraints  serves  to  normalize  o-^CZo).  An  arbitrarily  high  degree  of 
homogeneity  can  be  achieved  by  requiring  any  desired  number  of  additional  coefficients, 
to  be  zero.  It  is  noted  that  the  kernel  has  a  logarithmic  singularity  at  Zg^Z'o,  i.e.,  by  using 
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the  expansions  for  Kik)  and  E(k)  near  /ic-l  (Ref.  11,  p.  73),  we  have 


Q{Z)  -  Y  W-2)  +  -^  (3t/  -  1)  -  (30(7-311 


196608 


£7-  In 


(210  £7-247]  +  0(Z*) 


Z«1 


(34) 


It  has  not  been  possible  to  obtain  the  solution  of  the  integral  equation  in  closed  form. 
However,  an  approximate  numerical  solution  may  be  found  by  disCTetizing  Eq.  32  (Ref.  13). 
We  divide  the  region  from  —Z„  to  Z„  into  2N  subunits  of  width  hZ„^ZjN.  We  construct 
an  array  of  linear  equations 

2/V 

l.Auaj^fr  (33') 

y-l 

where 


%  (/  -  1/2  -  N) 
n 


Here  <r j  and  //  are  the  values  of  the  associated  functions  at  the  half-integer  points  and 
Z_  f  Z_  I  I ) 


h. 

2N 


In 


JM 

2m 


-1 


The  desired  solution  is  found  by  the  inversion  of  the  matrix  A,j.  We  have  used  the  IMSL 
routine  LEQTIF  (Ref.  12).  The  linearity  of  the  system  permits  us  to  solve  Eq.  33'  for  an  ar¬ 
bitrary  /„(Z„),  and  then  to  use  superposition  to  meet  the  constraints  and  determine  the 
Lagrange  multipliers.  We  thereoy  produce  an  approximate  numerical  solution  to  the  system 
of  equations  32  and  33. 

The  matrix  Aij  is  seen  to  have  the  Toeplitz  property.  That  is  A)j  is  a  function  of  |  i—j  | 
only.  Because  Q{Z)  is  singular  at  Z«*0,  A,j  for  is  computed  by  integrating  the  first  term 
in  the  expansion  in  Eq.  34  across  the  appropriate  interval. 


We  have  used  this  method  to  solve  for  the  cr^(Z„)  that  minimize  the  total  energy  and 
provide  for  field  uniformity  by  eliminating  coefficients  through  the  18th  order  for  various 
values  of  Z„.  We  have  also  applied  the  method  to  the  design  of  gradient  coils  required  to 
achieve  a  high  order  of  linearity  by  eliminating  coefficients  through  the  ninth  order.  These 
results  will  be  given  in  a  forthcoming  report. 

Figures  3  and  4  illustrate  the  solutions  obtained  for  zero  order  and  second  order  con¬ 
straints  on  the  homogeneity,  respectively.  In  these  examples  Z^— 3  and  90.  Note  that 
the  solution  with  no  homogeneity  constraint  can  be  approximated  by  a  single  short,  uniform 
solenoid  centered  on  Z«*0.  Also  the  solution  where  the  second  order  term  is  zero  can  be  ap¬ 
proximated  by  a  pair  of  short  solenoids  approximately  centered  at  the  location  of  the 
Helmholtz  pair.  In  general  it  appears  that  although  (r^(Z„),  the  solution  that  actually  mini- 


- 2--  --‘..•iHi'iii.*** 
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rr(Z„) 


mizes  the  stored  energy,  will  vary  continuously  with  position,  there  will  always  be  designs 
with  only  slightly  increased  stored  energy  that  are  a  series  of  short  uniform  solenoids  centered 
at  the  maxima  of  o-^(Z„). 


Figure  3.  No  corrections.  Figure  4.  Second  order  correction. 


The  solutions  obtained  for  the  values  of  Z„  not  close  to  ±  Z„  have  been  sufficiently 
accurate  for  practical  purposes  for  /V>S0.  Increasing  N  from  50  to  90  changed  these  values 
only  by  a  few  percent.  However,  the  solutions  contain  a  singularity  as  Zo  approaches  Z„. 
This  singularity  is  sufficiently  weak  for  large  Z«,  that  it  is  not  apparent  in  Figures  3  and  4. 
The  singularity  is  apparent  in  all  solutions  obtained  for  Z„<  l.S  or  so,  and  is  discussed  in  the 
next  section. 
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4.  ANALYSIS  OF  THE  EDGE  SINGULARITY 

The  logarithmic  singularity  in  the  kernel  appears  to  force  the  solution  to  have  a  singu¬ 
larity  of  the  form 

i=T  (340 

as  Zo  approaches  ±.Z„  (Refs.  10;  16,  p.  536#;  17,  p.  AAlff).  Here  C  is  a  constant  deter¬ 
mined  by  the  details  of  the  problem.  This  integrable  singularity  is  sufficiently  weak  that  it  or¬ 
dinarily  will  have  no  practical  effect  on  coil  design.  However,  it  places  in  question  the  validity 
of  approximating  by  its  value  at  the  half  integer  points  for  the  points  nearest  the 

edges  at  Zg  —  ±  Z„. 

This  edge  effect  can  be  investigated  by  using  the  discretization  process  developed  in  the 
previous  section  to  solve  an  analogous  integral  equation  which  has  a  known  closed  form  solu¬ 
tion  (Ref.  9,  p.  143).  Consider  the  integral  equation 

f  ln| s  j/(s)</j  In 

-7m 

-Z„<  t<  Z„.  (35) 

This  equation  resembles  Eq.  32  in  that  it  is  a  linear  Fredholm  equation  of  the  Rrst  kind  and 
the  kernel  has  a  logarithmic  singularity  at  5->/.  However,  the  exact  solution  to  Eq.  35  is 
known  to  be 


/(s)- 


1 


We  convert,  as  before,  from  integral  equation  (35)  to  a  system  of  linear  algebraic  equations 


(36) 


j/v 


X  ■<4  'ufj  “"w  In 

/-I  \^m 

by  taking 


(37) 


(38) 


for  l-J,  A'jiia  computed,  as  before,  by  integrating  across  the  singularity. 
,ZJ2N 


J'V*"  I  I 


-7JiN 

Consider  /|  and  /j/v,  the  approximations  to  f{s)  at  the  extreme  edge  positions  ob- 
Uined  by  inverting  the  Toeplitz  matrix  in  Eq.  37.  By  symmetry  /,  -  The  exact  value  of 
/(j)  at  midpoint  of  the  edge  interval  is 

_ 1 _ 
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where  S2n~ 


Tabic  I  illustrates,  for  several  values  of  N  (for  —  1),  the  ratio  of  fw/f*  and  the  as¬ 
sociated  correction  factor  discussed  below.  The  third  column  of  Table  I  shows  that,  despite 
the  presence  of  the  edge  singularity,  the  numerical  method  provides  an  estimate  which  is  only 
about  33  percent  too  high.  This  estimate  can  be  further  improved  in  a  second  approximation 
by  dividing  f\  and  /2/v  by  a  correction  factor,  cy 


f/ 


■Jl  In 


2>/A(  in  ^  -  1 


(39) 


Z)  -  In 


V2+I 

-h-\ 


2V2- -1.0657 


This  factor  is  obtained  by  integrating  exactly  the  known  form  of  the  solution  (containing  the 
square  root  singularity)  multiplied  by  the  kernel  (containing  the  logarithmic  singularity)  over 
the  intervals  at  the  edges.  It  does  not  depend  on  the  value  of  C  in  Fq.  34'. 


Table  I 

EDGE  EFFECTS  FOR  Z„  -  1 
AND  SEVERAL  VALUES  OF  N 


N 

fiNir 

10 

1.3103 

1.3161 

20 

1.3315 

1.3276 

30 

1.3402 

1.3314 

40 

1.3452 

1.333 

50 

1.3486 

1.3341 

00 

JtT 

— 

The  important  feature  of  the  correction  factor  in  Eq.  39  is  that  it  is  independent  of  the 
details  of  the  numerical  solution  and  depends  only  on  the  form  of  the  singularity  at  the  edges. 
The  apparent  convergence  of  the  two  columns  in  Table  I  as  N  increases  suggests  that  the  er¬ 
ror  in  the  values  of  f\  and  /2/v  can  be  substantially  improved  by  simply  dividing  them  by  the 
factor  Cf  without  further  modification  of  the  matrix  equation. 

Although  we  have  not  investigated  the  matter  thoroughly,  the  results  described  above 
indicate  that  the  presence  of  the  edge  singularity  does  not  appreciably  affect  the  accuracy  of 
the  method  for  interior  points.  Furthermore,  if  it  is  desired  to  obtain  a  more  accurate  value 
for  the  points  at  the  edges  (ordinarily  this  is  not  of  practical  importance),  the  simple  pro¬ 
cedure  outlined  above  is  available. 

CONCLUSIONS 

We  have  shown  that  a  method  is  available  for  designing  coils  that  meet  prescribed 
homogeneity  requirements  and  that  minimize  a  particular  figure  of  merit,  the  stored  energy. 
This  permits  us  to  make  a  rational  choice  between  the  infinite  number  of  possible  coils  that 


will  meet  the  homogeneity  requirements  if  no  constraints  are  applied.  Interestingly,  although 
the  solutions  vary  continuously  with  Zo%  they  can  be  closely  approximated  by  discrete  uni¬ 
form  coils  which  have  only  slightly  greater  values  of  stored  energy  and  are  much  easier  to 
build.  The  method  has  b^n  illustrated  for  two-dimensional  windings  on  the  surface  of  a 
cylinder  because  of  the  great  technical  importance  of  this  case.  However,  it  is  probable  that 
the  method  can  be  readily  generalized  to  other  geometries  and  to  different  figures  of  merit. 
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Appendix  1 

TABULATION  OF  THE  FUNCTIONS  f .  (Z) 


3Z 


y  (2Z-1)(2Z+1) 


(4Z2-3) 

^  (8Z^-  12Z^+  1) 

O 

(8Z^-20Z^+5) 

O 


(64Z‘“240Z^+120Z^-5) 

lo 

■7?  (64Z‘-336Z^+280Z2-35) 
lo 

(128Z*-896Z*+1120Z^-280Z*+7) 

1 2o 

^  (I28Z''- 1152Z'‘+2016Z^-840Z^+63) 

1 2o 

(512Z'"-5760Z'*+  13440Z‘‘-8400Z^+  1260Z^-21) 

2S6 

41?  (snz'”-  7040Z*+  21 120Z®-  18480Z*+  4620Z*-  231) 

256 

-r|4r  (1024Z'^-  16896Z"’+  63360Z"-  73920Z‘+  27720Z^-  2772Z*+  33) 
1024 

4?^  (1024Z’^-  19968Z'°+91520Z*-  137280Z‘+72072Z^-  12012Z^+429) 
1024 


Appendix  1  (Cont'd) 


*14-  (16384Z‘^- 3727362*^  + 2050048Z'®-3843840Z*+2690688Z‘ 

2u4o 

-  6126nz^+  480482^-  429) 

*«J“  (163842'^- 4300802'^+ 2795520Z'®- 64064002*+ 5765760Z‘ 

2U4o 

-  20180162^+2402402^-  6435) 

*16-  (327682“- 9830402'^+ 74547202'^- 205004802*®+ 230630402* 

J276o 

-  107627522'’+  19219202^-  1029602^+715) 

*17-  (327682“- 11 141 122*^97484802*^- 316825602“*+ 435635202* 

327oo 

-  261381 122*+  65345282*-  5834402^+  12155) 

*11-  (1310722**- 50135042**+ 501350402**- 1900953602**+ 3136573442 

03^30 

-  2352430082*+  784143362*-  105019202*+  4375802*-  2431) 

*19  -  (1310722**-  56033282'*+  635043842**-  2778316802**+  5417717762*** 

-  4966241282*+  2128389122*-  399072962*+  27713402*-  46189) 

*20-  (2621442***- 124518402**+ 1587609602'*- 7938048002'*+ 18059059202** 

202144 

-  19864965122“*  +  10641945602*-  2660486402*+  277134002* 
-9237802*+ 4199) 
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A*2 
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Appendix  2 


DERIVATION  OF  THE  STORED  ENERGY 
AS  A  QUADRATIC  INTEGRAL  FORM 


Equation  27  can  be  derived  from  Eq.  20  as  follows, 
ff  ^^dAdA‘ 

turf  act  tmct 

X  -  C-  cr^(Z„) 0  X'  -  c  d' 

^  —  —sin^l  +  cos^y  Z„  -  zja 
d  -  sin^osin^'o  +  cos^ocos^'o  -  cosf^'o  - 
dA  -  </do  d!<4 '  -  a^d^\ dr„ 

_ 1 _ 

R  [2a^-  2a^cos(«^'„-^,.)  +  (r„— 


_1__  J_ _ 1 _ 

R  “  a  [2-2cos(d'„-^«)+  (Z„-Z'*)^l'^ 

...  MocV  cosfA' -A„ 


f  r  f  cos(^*o  -  g,^(Zo)  o-»(Z  y) 


Jr*’  COS(^'o-^o)  .,,, 

1,  [2  -  2cos(^'.- d.)  +  (Z'a-  Zo)^'*  " 

I 

with  00,  Zo.  Z'o  held  constant,  substitute  -  0'«-  do 

_  f  COS0"„d0"o 

'  "  J-e.  [2  -  2cos0"„  +  (Zo-  Z'„)^l'^ 


Let  0"„  -  20  +  w 
</0"„  -  2(/0 
cos0"o  —  2sin^—  I 


/.-2/ 


~-h*i 


(28in^l>-  \)dif 
[4  -  4sin^  +  (Zo  -  Z'„)*l'* 


^4  ^ 


4+(Z.-Z'o)2 

and  note  that,  because  sinV  is  periodic  with  a  period  equal  to  w, 

/A*a  ^11 

/(sinV)  <f0  -  2/  /(sinV)  «f0 

A  0 

and  is  independent  of  A  for  any  function,  /. 


A-3 
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(1  -  khin^y^ 

These  integrals  can  be  expressed  in  terms  of  K{k)  and  Eik),  the  complete  elliptic  in¬ 
tegrals  of  the  first  and  second  kinds  (Ref.  11,  p.  162). 


X 


ir/2 


2sinV 


0  (1  -  khm^ifi) 


</«!»  -  2  ~  iKik)-  E(k)] 


X 


1 


r  ,  ,  -  f-r.A 

0  (1  -  kWtl,)'^ 


Therefore, 


1- 


Kik)-  Eik)\ 


and 


The  integrand  is  independent  of  therefore. 


Kik)-  E(k)\  a(Z„)(7(Z'„)d<t,„dZ'„dZn. 


S  S  '  V  ^  “  T  ~  o-(Z„)  (r(Z'„)  dZ'„  dZp 


Define  5  by 


7  .. 


Jsl 

2 


Ar(*)-  £(/t) 


>r{Zj<r(Z'„)dZ'„dZ,. 


This  yields, 

W  -  . 

N,l  1  , 

Using  c  — - and  W  ^  —  LI  we  have 

aw„  2 

ftoN^I^a  „  ^  ,  2n„N,^a  ^ 

W  - ; —  S  and  L  - ? —  , 


w* 


2-« 

From  Eq.  14  we  may  also  take  c  • - -  yielding 

Mo  y» 

j_2(i+3  P 

Mo  y;| 

Note  that  5  is  a  quadratic  integral  form  in  the  sense  discussed  by  Courant  and  Hilbert 
(Ref.  15,  p.  122). 
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ELEMENT  TYPE  COMPARISON  IN  BASIN  OSCILLATION  ANALYSIS 


Mark  D.  Prater 

U.  S.  Army  Engineer  Waterways  Experiment  Station 
Vicksburg,  Mississippi  39180 

Keith  W.  Bedford 
Department  of  Civil  Engineering 
The  Ohio  State  University 
Columbus,  Ohio  43210 


ABSTRACT .  A  comparison  of  finite  element  types  in  the  solution  of  basin 
oscillations  is  presented.  A  two-dimensional  finite  model  is  used  to  obtain  a 
harmonic  solution  to  the  linearized  velocity  potential  formulation  of  the  shallow 
water  wave  equation.  The  influence  of  three  types  of  elements,  linear  triangles 
(LT),  linear  isoparametric  quadrilaterals  (LIQ) ,  and  quadratic  isoparametric  quad¬ 
rilaterals  (QIQ)  on  the  computation  of  periods  of  oscillation  and  normalized  dis¬ 
placement  fields  of  basins  is  tested. 

/ 

A  brief  description  of  the  solution  technique  is  given  along  with  the  results 
and  conclusions  of  two  model  applications.  The  first  employs  a  rectangular  basin 
with  uniform  depth  and  the  second  a  natural  basin.  Lake  Erie,  with  varied  geometry 
and  bathymetry. 

1.  INTRODUCTION.  Oscillations  in  enclosed  basins  are  a  phenomena  which  have 
been  studied  for  many  years.  Analytical  solutions  for  the  partial  differential 
equations  which  govern  oscillatory  behavior  have  been  found  for  various  mathemati¬ 
cally  defined  basins.  Numerical  solutions  have  also  been  found  by  assuming  that  a 
natural  basin  can  be  approximated  is  a  one-dimensional  form,  or  that  the  depth  is 
uniform  throughout.  Only  since  the  late  1960's  have  approximate  solutions  been 
sought  in  basins  of  arbitrary  geometry  and  bathymetry.  This  paper  presents  a 
simple,  quick,  and  accurate  method  to  determine  periods  of  oscillations  and  nor¬ 
malized  displacement  fields  for  completely  arbitrary  enclosed  basins. 

2.  DEVELOPMENT  OF  FINITE  ELEMENT  EQUATIONS.  The  equation  governing  oscilla¬ 
tory  motion  for  a  basin  of  arbitrary  shape  is 

where  h  is  still-water  depth  and  is  velocity  potential.  Assuming  a  harmonic 
solution  to  remove  time  dependency,  let 

♦(x.y.t)  =  ♦(x,y)e’^‘“^ 


where  u)  is  the  oscillation  frequency. 
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Substituting  into  Equation  1  gives 


or  in  vector  notation 


(2) 


V  •  (hV<|i)  =  -A(|» 

where  X  =  uj^/g  ,  which  is  the  form  for  the  eigenvalue  problem.  The  equation  es¬ 
sentially  states  that  =  -X{(t)}  where  [M]  contains  information  about  the 

bathymetry  and  geometry  of  the  basin.  In  solving  this,  the  periods  of  oscillation 

can  be  determined  from  the  eigenvalue  X  by  1/T  =  |3600(gX) /2n  ,  and  the  cor¬ 
responding  displacement  field  from  the  eigenvector  {4*}  by  elevation  =  (|>(X/g)^^^ 


To  discretize  the  equations  over  the  domain  of  the  problem,  the  finite  element 
method  is  used,  primarily  for  the  flexibility  in  fitting  the  elements  to  irregular 
boundaries.  The  solution  technique  assumes  that  the  unknown  quantity  ,  can  be 
approximated  by 

_  n 

(0=1  N.<|>.  =  <N>  {$} 
i=l 

where  (b.  =  value  of  the  variable  at  node  i 
n  =  number  of  nodes  per  element 
N.  =  value  of  the  shape  function  at  node  i 

Given  a  differential  equation  such  that  L(4>)  =  0  where_  L  is  a  differential 
operator,  and  substitute  the  approximate  variable,  yields  L(0)  =  R  ^  0  ,  where  R 
is  a  residual  value  or  error  between  the  true  and  approximate  solutions.  One  pro¬ 
cedure  used  to  reduce  R  to  a  minimum  is  to  set  J.W.RdA  =  0  where  W.  is  a 

X  X 

weighting  function  evaluated  at  point  i  .  This  relationship  means  that  the  resid¬ 
ual  value  is  zero  when  averaged  over  the  domain  of  the  problem.  Substituting  for  R 
gives  /.W.L($)dA  =  0  ,  or  substituting  further  J.W.L(<N>  {(|>})  dA  =  0  .  The  Galer- 

kin  Method  of  determining  the  weighting  functions  assumes  that  Wi  is  equal  to  Ni 
for  all  i  .  This  gives  the  final  formulation  of  J^N^L(<N>  {0})  dA  =  0  .  A  simi¬ 
lar  procedure  is  done  with  our  governing  equation. 


Expanding  Equation  2  so  that 


3h  3^ 
ax  ax 


ah  a$ 

ay  ay 


-X(t» 


(3) 


and  multiply  through  by  Ni  and  integrate  over  the  domain  gives 


^  ah  3*1. 

3x  3x 


ah  a$ 

3y  3y 


dA  =  - 


N^X(l>dA 


(4) 
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To  simplify  the  above,  the  first  terms  are  separated  and  integrated  part  by 
part.  Since 


N  h  ^  /^N  h  -  h  ^  ^  -  N  ^ 

"i"  g^2  ax  V  i  ax/  3x  ax  "i  ax 


aN. 


a$ 

ax 


(5) 


integrating  over  the  domain  yields 

.2 


ff^i^  ^  If  ■  //*‘  ar  If  ■  ffh  If  If 


where  C  denotes  integration  along  the  boundary.  Doing  the  same  for  the  y- 
direction  terms  and  substituting  back  into  Equation  4  gives 

{/“  M  * U)  { "1“  If  '*'■  =  <’> 

where  n  is  a  direction  normal,  and  F  is  a  direction  tangential  to  a  boundary. 
For  an  enclosed  basin  with  solid  boundaries,  the  term  a<|)/an  is  zero.  The  above 
then  becomes 

(ar  If  aT  If).  ‘^y  =  ‘^y 


3 .  ELEMENT  DEVELOPMENT .  Two  types  of  elements  are  used  to  discretize  the  equation 
over  the  domain  (Figure  1).  The  arbitrary  shape  of  the  element  in  the  x-y  global 
plane  is  transformed  into  a  square  in  the  local  ^-n  plane.  Since  the  elements 
cannot  be  integrated  over  analytically,  the  coordinate  mapping  is  done  for  ease  of 
numerical  integration.  The  two  coordinate  systems  are  related  by 


3Ni 

9H. 

1 

3n 


dx  8 

8f  a 


3x  52 

8n  3n 


(9) 


where  J  is  the  Jacobian  matrix.  Using  the  shape  function,  the  directional  vari¬ 
ables  can  be  approximated  by 


*  =  2  ”i*i  y  =  S  ”iyi 


i=l 


i=l 
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..  1^ 


Therefore, 


J 


3(N.x.) 
1  1 

~^r~ 


3(N.x.) 

“9n 


3(N.y.)- 


3(N.y.) 

~3n 


(10) 


The  global  derivatives  of  the  shape  functions  can  be  solved  for,  such  that 

iSNf  \ 

^  ( 

}  (11) 

3Ni  I 

3?r  / 

The  inverse  of  the  Jacobian  is  easily  found  by  Cramer's  rule. 

■’  The  shape  function  is  defined  as  the  function  which  is  equal  to  one  when 

evaluated  at  node  i  and  is  equal  to  zero  at  all  other  nodes  of  the  element.  Shape 
functions  which  satisfy  this  are 

N.  =  ^  (1  +  U.)(l  +  HHi)  ,  i  =  1,2, 3, 4 

for  the  LIQ  element  and 

Ni  =  I  (1  +  44.)(1  +  nrii)(Ui  +  HHi)  ,  i  =  1,3, 5, 7 

N.  =  ^  (1  -  4^)(1  +  riHi)  ,  and  i  =  2,6 

N.  =  I  (1  +  Ui)(i  -  n^)  .  i  =  ^,8 

for  the  QIQ  element  where  4  and  q  are  directional  variables  and  4^  and 
are  coordinate  values  at  node  1  . 

To  complete  the  transformation  of  coordinate  systems,  the  determinant  of  the 
Jacobian  matrix  (det  J)  is  defined  as 

dx  dy  =  det  J  d4  dt} 

This  coordinate  mapping  makes  the  relation 


I 


i- 
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(12) 


f  f(x,y)  dx  dy  =  f  f  fii,f))det  J  d^  dq 
A  -1  -1 


possible.  The  right-hand  side  of  Equation  12  can  now  be  solved  by  numerical 
integration. 

The  integration  technique  chosen  in  Gaussian  Quadrature,  sine:  a  2K-1  degree 
polynomial  can  be  integrated  exactly  with  only  K  points,  thus  reducing 
computation. 

Gaussian  Quadrature  assumes  that 

11  k  k 

If  f(C,n)  d4  dn  =  ^  ^  w.Wjf(4.nj) 

-1  -1  i=i  j=i 

where  and  are  weighting  factors  at  an  integration  point  (i,j)  within  the 

element.  Positions  of  these  integration  points  are  found  in  Figure  2  and  Table  1. 

’•  Returning  to  Equation  8,  and  assuming  that 

h  =  <N  >{h^}  and  (fr  =  <N  >{$}  , 

c  c  c  e 

where  the  subscript  e  denotes  values  for  a  specific  element,  and  applying  Gaussian 
Quadrature  yields 


(13) 


A19 


In  the  above  equation  (ji  is  no  longer  of  function  of  space  and  is  removed 

®  _  2 

from  the  integration.  Also,  J  (1,1)  represents  the  value  at  location  (1,1)  of 
the  inverted  Jacobian  matrix. 

The  equation  can  now  be  considered  as 

where  S  and  R  are  n  by  n  matrices  and  n  is  the  number  of  nodes  per  ele¬ 
ment.  After  assembling  the  element  matrices  over  the  entire  domain, 'the  full  equa¬ 
tion  becomes 


lS]{(li}  =  \lRl{(t>} 


where  S  and  R  are  m  by  m  matrices,  where  m  is  the  number  of  nodes  in  the 
domain.  Both  S  and  R  are  symmetric,  banded  matrices,  the  bandwidth  dependent 
on  how  the  nodes  were  numbered.  The  eigenvlaue  solution  scheme  used  here  was  dis¬ 
cussed  by  Jennings,  where  iterations  are  carried  out  simultaneously  with  several 
trial  vectors.  Once  the  dominant  eigenvalue  and  eigenvector  have  been  found,  they 
are, removed  from  the  set  of  trial  vectors.  This  process  of  iteration  and  elimina¬ 
tion  is  continued  until  all  of  the  required  values  have  been  obtained.'  This  pro¬ 
cess  is  quick  and  efficient  when  only  a  small  number  of  the  eigenvalues  and  vectors 
are  needed. 

4.  TEST  BASIN  RESULTS.  To  effectively  test  the  solution  procedure,  the  gov¬ 
erning  equations  are  solved  analytically  for  a  rectangular  basin  with  uniform  ba¬ 
thymetry.  The  numerical  solution  is  then  calculated  for  the  LIQ  and  QIQ  element 
representations  and  compared  to  the  analytical  results  to  determine  the  correctness 
of  the  periods  and  displacement  fields. 

The  analytical  solution  for  the  eigenvalues  of  the  governing  equation  is  given 
by  Lamb  as 


where  a  and  b  are  the  x  and  y  dimensions  of  a  unit  depth  rectangle,  and  m 
and  n  are  the  modes  of  oscillation  in  each  directions.  Values  of  V\  are  given 
in  Table  2  for  a  basin  of  size  1.00  by  1.01  feet. 

A  previous  study  by  Valizadeh-Alavi  used  a  grid  of  200  equally  sized  linear 
triangles  (LT),  shown  in  Figure  3.  As  compared  in  Table  2,  the  roots  of  the  eigen¬ 
values  from  the  LT  elements  differ  slightly  from  the  analytical  results,  the  error 
ranging  up  to  over  4  percent.  A  study  of  the  generated  displacement  fields  show 
that  for  oscillations  in  one  direction  the  LT  elements  give  good  results.  However, 
for  two  dimension  oscillations,  tie  displacement  fields  are  greatly  distorted. 
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The  first  test  of  the  new  procedure  used  the  LIQ  element.  The  representation 
used  in  this  trial  was  100  rectangular  elements,  each  one  having  the  area  of  two 
triangular  elements.  Again,  from  Table  2  the  eigenvalues  differ  slightly  from  the 
analytical  values,  not  as  much  of  the  LT  elements  did,  but  by  the  same  magnitude  of 
error.  Yet,  the  displacements  given  by  these  elements  are  identical  with  what  is 
expected  from  theory.  No  distortion  is  noticeable. 

The  final  element  tested  was  the  QIQ  element.  The  test  basin  was  divided  into 
25  elements,  each  one  having  the  same  area  as  four  LIQ  or  eight  LT  elements.  This 
procedure  showed  considerable  reduction  of  the  error  between  the  numerical  and 
analytical  results,  with  the  first  eight  eigenvalues  having  percentage  errors  of 
less  than  two  tenths  of  one  percent.  The  displacement  fields  had  no  noticeable 
distortion. 

The  test  basin  results  show  that  for  solving  for  eigenvalues,  the  QIQ  repre¬ 
sentation  is  far  better  with  much  fewer  elements. 

The  LIQ  and  QIQ  elements  do  equally  well  for  determining  displacement  fields. 
The  LT  element,  for  this  study,  is  not  a  reliable  method  to  use  in  solving 
displacements . 

The  QIQ  test  case  was  run  on  a  Cray-1,  using  about  10,000  words  of  array  stor¬ 
age  and  taking  one  second  of  computation  time. 

''  5.  APPLICATION  OF  MODEL  TO  LAKE  ERIE.  Lake  Erie  is  the  shallowest  of  the 
Great  Lakes,  with  an  average  depth  of  60  feet.  The  lake  can  be  divided  into  three 
basins  (Figure  7)  by  reason  of  geometry  and  bathymetry.  The  entire  lake  is 
240  miles  long  with  an  average  width  of  40  miles.  The  longitudinal  axis  of  the 
lake  is  roughly  23  degrees  north  of  east. 

Lake  Erie,  being  a  basin  of  varied  geometry  and  bathymetry,  does  not  have 
analytical  solutions  for  its  periods  of  oscillation.  However,  spectral  analysis  of 
hourly  water  levels  from  selected  NOAA  gages  around  the  lake  gives  a  good  indica¬ 
tion  of  how  the  lake  oscillates.  For  this  study,  18  sets  of  approximately  15-day 
strings  of  hourly  water  levels  from  Toledo,  Marblehead,  and  Cleveland,  Ohio;  Erie 
Pennsylvania;  and  Buffalo,  New  York,  were  analyzed  with  a  resolution  of  100  lags 
and  then  ensemble  averaging  by  station.  Results  of  this  procedure,  when  the  mean 
lake  level  was  572.3  feet  IGLD  (International  Great  Lakes  Datum),  are  shown  in 
Table  10  along  with  the  results  of  an  earlier  study  by  Platzman  and  Rao. 

Two  finite  element  representations  of  Lake  Erie  are  used.  First  the  lake  is 
segmented  into  92  QIQ  elements  having  a  total  of  337  nodal  points.  Next  a  grid  of 
368  LIQ  elements  with  429  nodal  points  is  generated  by  dividing  each  QIQ  element 
into  fourths.  The  element  representations  were  done  with  the  major  concerns  being 
to  adequately  resolve  the  shape  of  the  lake  and  to  increase  the  density  of  elements 
as  the  bathymetry  becomes  more  varied. 

Water  depths  were  digitized  at  a  mean^,  level  of  571.0  feet  IGLD  from  the 
Canadian  Hydrographic  Service  Bathymetric  Chart  of  Lake  Erie  No.  882  (1971). 

Changes  in  the  water  level  from  the  mean  are  accounted  for  by  adding  or  subtracting 
the  difference  form  the  mean  at  all  the  nodal  points  except  those  along  the  shore, 
which  are  taken  to  be  zero  depth  at  all  times. 
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Results  from  both  element  types  are  shown  In  Table  3.  All  the  periods  com¬ 
puted  by  the  LIQ  representation  overestimate  the  averaged  lake  spectra  periods  by 
3  to  9  percent.  Better  agree^nent  is  reached  with  the  QIQ  approach,  with  errors 
ranging  from  -2  to  4  percent  difference  for  the  first  nine  modes  of  oscillation. 

An  examination  of  the  results  shows  that  several  periods  computed  spectrally 
do  not  appear  In  the  model  results,  while  some  modes  predicted  by  the  model  do  not 
show  up  at  all  the  stations.  The  7.7-hour  period  at  Marblehead  and  the  4.0-hour 
period  at  Cleveland  are  due  to  the  failure  of  ensemble  averaging  to  suppress  all  of 
the  molse  found  In  the  individual  spectra.  Both  modes  were  found  to  have  very  low 
energy.  The  5.13— hour  modes  at  Toledo  and  Erie  and  the  5.00— hour  mode  at  Cleveland 
may  be  due  to  a  combined  central  and  western  basin  oscillation.  The  failure  of  the 
9.1-hour  mode  to  appear  at  Marblehead  and  Erie  can  be  explained  by  referring  to  tlu.* 
displacement  plot  of  Lake  Erie's  second  mode.  Figure  11.  A  nodal  line  appears  at 
the  American  shore  at  Marblehead  and  near  Erie.  This  is  a  line  of  zero  oscillation, 
thus  damping  out  this  mode  in  the  spectral  results.  The  20-  to  25— hour  mode  found 
at  all  of  the  stations  is  due  to  tidal  effects  and  is  not  a  free  basin  oscillation. 

Displacement  fields  from  both  elements  are  very  similar,  with  the  first  five 
modes  all  longitudinal  oscillations,  while  the  sixth  is  transverse  in  nature. 

The  QIQ  representative  of  Lake  Erie  required  around  40,000  words  of  array 
space  and  took  six  seconds  of  execution  time  on  a  Cray— 1. 

•  6.  CONCLUSIONS.  A  simple,  quick,  and  accurate  method  for  determining  the  pe¬ 
riods  of  oscillation  and  relative  displacement  fields  for  basins  of  arbitrary  shape 
and  bathymetry  has  been  presented.  Comparisons  among  three  types  of  elements,  the 
LT,  LIQ,  and  QIQ,  on  a  test  basin  and  of  two  of  those  elements,  the  LIQ  and  QIQ,  on 
Lake  Erie  show  the  QIQ  element  to  be  superior  in  representing  the  domain.  Agreement 
between  analytical  or  statistical  and  numerical  results  from  a  QIQ  clement  represen¬ 
tation  was  shown  to  be  very  good.  If  further  work  is  to  be  done  with  this  approach, 
areas  of  research  might  Include  the  addition  of  Coriolis,  friction,  and  nonlinear 
terms  to  the  equations  of  motion,  along  with  a  suitable  boundary  condition  for 
forcing  oscillations. 
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Figure  1.  LIQ  and  QIQ  Representations  in  Local  and 
Global  Coordinates 
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Figure  2.  Locations  of  Gaussian  Quadrature  Points  for 
Integrating  the  LIQ  and  QIQ  Elements 


Number  of 
Integration 
Points 

Degree  of 
Polynomial 

Coordinate  Location 

Weighting 

Factor 

1 

1 

Xl 

0.0 

“i 

=  2.0 

2 

3 

« 

-  0.5773S03... 

“l 

=  1  00 

« 

0.5773503... 

W2 

JO 

3 

5 

9 

-  0.7745967... 

W] 

=  0.5555 

» 

0.0 

W? 

«  0.8888 

*3 

X 

0.7745967... 

W3 

=  0.5555 

Table  1.  Coefficients 

of  Gaussian  Quadrature 
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Mode 

Humber 

(m.  n) 

Analytical 

LT 

V 

>a 

Error 

UQ 

Error 

QIQ 

Error 

I 

(0,1) 

3.110 

3.121 

0.35 

3.121 

0.35 

3.111 

0.03 

2 

(I.O) 

3.142 

3.152 

0.31 

3.152 

0.31 

3.142 

0.00 

3 

(1.1) 

4.421 

4.471 

1.13 

4.437 

0.36 

4.421 

0.00 

4 

(0,2) 

6.221 

6.320 

1.59 

6.322 

1.62 

6.231 

0.16 

5 

(2.0) 

6.283 

6.384 

1.61 

6.385 

1.62 

6.293 

0.16 

6 

(1.2) 

6.969 

7.125 

2.25 

7.065 

1.38 

6.979 

0.15 

7 

(2.1) 

7.011 

7.222 

3.01 

7.108 

1.38 

7.020 

0.13 

8 

(2.2) 

8.842 

9.246 

4.57 

8.986 

1.63 

8.859 

0.19 

9 

(0.3) 

9.331 

9.671 

3.64 

9.677 

3.71 

9.401 

0.75 

10 

(3,0) 

9.425 

9.767 

3.64 

9.774 

3.71 

9.495 

0.75 

Table  2.  Comparison  of  Analytical  and  Numerical  Results  for 
A  1.00  X  Foot  Test  Basin 


Mode 

Platzman 

569.9 

Toledo 

Marble 

Cl  eve. 

Erie 

Buffalo 

Average 

excluding 

Platzman 

LIQ  f.E 

QIQ 

%i 

25.0 

25.0 

25.0 

22.0 

25.0 

1 

14.35 

14.3 

14.3 

14.3 

14.3 

14.3 

14.3 

14.80  3.5 

14.25 

-0.3 

2 

9.14 

9.1 

- 

9.1 

- 

9.5 

9.2 

9.50  3.3 

9.09 

-1.2 

- 

7.7 

- 

- 

- 

3 

5.93 

5.88 

5.70 

5.88 

5.41 

5.88 

5.75 

6.25  8.9 

6.00 

4.3 

5.13 

- 

5.00 

5.13 

- 

4 

4,15 

4.08 

4.17 

4.25 

4.08 

4.08 

4.13 

4.44  7.5 

4.25 

2.9 

- 

- 

4.00 

- 

- 

5 

3.64 

3.85 

3.64 

3.70 

3,77 

3.72 

3.86  3.8 

3.70 

-0.5 

6 

3.39 

3.51 

- 

- 

- 

3.45 

3.59  4.1 

3.41 

-1.2 

7 

3.33 

3.33 

3.28 

- 

3.31 

3.40  2.7 

3.24 

-2.1 

8 

3.23 

3.23 

3.13 

- 

3.13 

3.18 

3.32  4.4 

3.17 

-0.3 

9 

2.99 

3.03 

3.03 

3.03 

- 

3.02 

3.18  5.3 

3.04 

0.7 

Table  3.  Comparison  of  Spectra  and  Model  Results  at  572.3  Feet  IGLD 
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A  TSUNAMI  GENERATION  AND  PROPAGATION  MODEL 
DRIVEN  BY  VERTICAL  SEABED  MOVEMENTS 

Jeff  Earickson 

U.  S.  Army  Engineer  Waterways  Experiment  Station 
Vicksburg,  Mississippi  39180 


Abstract.  The  generation  and  propagation  of  tsunamis  by  vertical 
motions  of  an  Impermeable  seabed  is  examined  in  one  dimension.  Perturba¬ 
tion  techniques  are  used  to  solve  the  general  equations  of  fluid  motion, 
and  the  resulting  two  nonlinear  differential  equations  describe  the 
effects  of  seabed  motion  on  the  fluid.  Near-  and  fur-field  wave  forms 
are  computed  from  a  finite-difference  approximation  (FDA)  of  the  differ¬ 
ential  eq'atlons  to  show  possible  generation  and  propagation  modes  of 
tsunamis. 

The  FDA  Is  verified  by  examining  the  problems  of  a  solitary  wave 
moving  In  a  uniform  depth  of  fluid,  and  a  solitary  wave  shoaling  upon 
a  plane  beach.  The  computations  are  shown  to  agree  with  analytic  solu¬ 
tions  and  the  experiments  of  others.  Results  from  the  numerical  model 
are  compared  with  J.  L.  Hammack's  experiments  (1972)  with  a  long  wave 
tank  containing  a  movable  bottom  section  at  one  end.  This  comparison 
shows  chut  Che  FDA  gives  uniformly  valid  results  In  both  the  generation 
region  and  In  the  far  field. 

Introduction.  Methods  of  modeling  a  tsunami's  generation  and 
propagation  characteristics  have  been  attempted  since  Che  beginning  of 
this  century.  Due  to  Che  repeated  destruction  of  their  coastlines  by 
tsunamis,  Che  Japanese  proposed  some  of  the  earliest  generation  models. 
Sano  and  Hasegawa  (1913)  studied  the  simple  problem  of  an  instantaneous 
point  disturbance  in  a  three-dimensional  fluid  of  uniform  depth,  and  they 
used  linear  wave  theory  to  predict  distant  wave  forms.  Syono  (1936)  con¬ 
sidered  a  finite  bottom  disturbance  in  a  cylindrical  coordinate  system. 

By  assuming  idealized  bottom  movement  functions,  he  could  predict  free- 
surface  wave  forms  to  a  limited  extent. 

The  invention  of  the  digital  computer,  and  the  1960  Chilean  and 
1964  Alaskan  earthquakes.  Induced  researchers  to  develop  more  sophisti¬ 
cated  models.  These  two  earthquakes  produced  significant  tsunamis 
throughout  the  Pacific  Ocean,  giving  scientists  the  first  good  field  data 
on  wave  forms  and  bottom  topography  changes.  L.  S.  Hwang,  David  Dlvoky, 
and  H.  L.  Butler .used  two-dimensional  finite-difference  models  of  the 
Pacific  Ocean  basin  to  simulate  the  Alaskan  earthquake.  In  a  series  of 
papers  (1970,  1972,  1973),  they  modeled  the  generation  region  of  the 
quake  with  Cartesian  coordinates,  and  the  far-fleld  regions  with  spheri¬ 
cal  coordinates.  The  generation  model  used  observed  bathymetry  changes 
In  the  Gulf  of  Alaska  to  approximate  the  disturbance  area.  Rates  of 
movement  were  Inferred  from  seismic  records.  The  wave  forms  created  in 
the  generation  region  model  were  then  used  as  input  to  the  transoceanic 
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propagation  model.  The  far-field  actions  of  the  wave  could  then  be  ob¬ 
served,  and  the  results  of  the  work  Indicate  that  the  form  of  a  tsunami 
In  the  far  field  Is  largely  Independent  of  the  generation  mechanism. 

Their  models  cannot  simulate  a  tsunami  over  the  generation,  transition, 
and  far-fleld  regions  without  approximate  matching  methods  between  dif¬ 
ferent  models.  Their  results  also  do  not  address  higher  order  disper¬ 
sive  effects. 

J.  L.  Hammack  (1972)  studied  tsunami  generation  and  propagation 
mechanisms  both  cheoretlcally  and  experimentally.  He  derived  an  analytic 
solution  fur  seabed  generated  waves  by  using  linear  approximations  to 
the  Incompressible,  Invlscld  equations  of  motlon>  His  solution  Is  only 
valid  In  the  wave  generation  region  witere  .nonlinear  effects  can  be  con¬ 
sidered  negligible  over  certain  ranges  of  bed  motion  parameters,  such  as 
the  maximum  bottom  displacement  and  the  rate  of  motion.  Hammack  notes 
that  the  wave's  nonllnearltles  grow  until  the  ratio  of  nonlinear  to 
linear  effects  approaches  unity.  This  ratio,  known  as  the  Ursell  (1953) 
number,  defines  the  far-fleld  or  the  propagation  region.  Korteweg  and 
de  Vries  (1895)  derived  an  equation  for  this  type  of  wave  motion,  and 
Hammack  uses  solutions  to  the  KdV  equation  to  predict  tsunami  propaga¬ 
tion  modes.  His  analytic  solutions  indicate  that  for  any  Initial  wave 
profile  whose  net  volume  Is  finite  and  positive,  a  train  of  solitary 
waves  (first  described  by  Boussinesq  1872)  will  evolve  in  the  far  field. 
Hammack's  analytical  method  Involves  asymptotic  matching  from  the  linear 
theory  to  the  KdV  equation,  and  he  notes  the  method's  failure  to  explain 
the  wave's  transition  region. 

Hammack  also  performed  experimental  work  on  wave  generation  and 
propagation  with  a  long  narrow  wave  tank.  One  end  of  the  tank  contained 
a  movable  block  in  the  bottom,  which  could  be  upthrust  or  downthrown  by 
a  servomotor.  The  motor  could  be  programmed,  and  Hammack  studied  two 
types  of  block  movement.  The  first  was  exponential,  where  the  bottom 
displacement  Is  given  by: 

5(x,t)  -  C^(l  -  e”“‘^)H(b^  -  x^)  ,  t  0  (1) 

The  constant  is  the  maximum  (asymptotic)  block  displacement,  H  is 

the  Heaviside  function,  b  is  the  length  of  the  block,  and  o  deter¬ 
mines  the  rate  of  bloc'x  motion.  For  this  function,  the  quantity  (1/a)  , 
known  as  the  characteristic  time  t^.  ,  is  the  time  required  for  the 
motion  to  be  two-thirds  complete.  The  second  type  of  block  motion  was 
transcendental:  . 


5(x,t)  -  Co[l/2(l  -  cos  iit/T)H(T  -  t) 

+  H(t  -  T))H(b^  -  x^) 


(2) 

t  >  0 


For  this  case,  all  of  the  motion  is  completed  in  time  T  .  Hammack 
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recorded  wave  profiles  generated  by  these  two  types  of  block  motion  along 
the  length  of  the  wave  tank.  He  studied  the  characteristics  of  the  waves 
for  different  rates  of  motion,  different  block  lengths,  and  different 
total  displacements,  and  he  compared  his  data  with  his  analytic  work. 

The  results  of  his  experimental  work  are  used  in  the  present  study  to 
verify  the  numerical  calculations  and  to  show  how  the  nonlinear  equations 
presented  below  give  uniformly  valid  results  in  both  the  near  and  far 
fields. 

Problem  Formulation.  Recently,  researchers  such  as  Hwang  and 
Uivoky  (1970)  have  initiated  the  study  of  tsunami  generation  and  propa¬ 
gation  over  uneven  sea  bottoms  with  nonlinear  theory.  However,  this 
work  has  mostly  used  Airy  theory,  and  dlsp.ersive  effects  have  been 
Ignored.  In  the  related  problem  of  wave' generation  due  to  ground  move¬ 
ment,  nonlinearities  have  been  avoided  and  work  has  centered  on  either 
constant  depth  situations  (Braddock  et  al.  1973)  or  constant  slope 
beaches  (Tuck  and  Hwang  1972).  In  the  following  section,  the  governing 
equations  for  long  waves  generated  by  ground  motion  are  derived  to  in¬ 
clude  effects  of  dispersion  and  higher  order  nonlinearities. 

Figure  1  shows  an  Incompressible,  Inviscid,  and  irrotational  fluid 
in  a  constant  gravitational  field,  bounded  by  a  free  surface  and  an  im¬ 
permeable  bottom  which  may  change  in  space  and  time.  Cartesian  coordi¬ 
nates  are  fixed  on  the  quiescent  free  surface  defined  by  z  =  0  ,  where 
z  is  positive  upwards.  Laplace's  equation  governs  the  fluid  motion. 

If  a  typical  vertical  length  scale  h*  and  a  typical  horizontal  length 
scale  L*  are  chosen  for  the  fluid  domain,  a  nondimensional  length 
parameter  e  ■  h*/L*  can  be  defined.  For  long-wave  problems,  e  is 
assumed  to  be  small.  By  scaling  all  of  the  problem  variables  to  the 
horizontal  length  scale  L*  ,  the  governing  equation  can  be  written  in 
nondimensional  form  as: 


^  ^ 
2  2  ^  2 
3x^  3y  3z^ 


-^  +  •2-^-0,  -h^z^n 


(3) 


The  free  surface  kinematic  boundary  condition  can  be  expressed  as: 


3n  .  3#  3n  .  3n  3^  , 


(«) 


The  bottom  kinematic  boundary  condition  is: 


3h  .  3*  3h  .  3*  3h  .  3*  _  -  ,  _ 

s--h(x,y,t) 


(5) 


The  free-surface  dynamic  boundary  condition  contains  the  parameter 
in  nondimensional  form: 


II  +  |(V2**V2*)  +  -  0  ,  z  -  n(x,y,t) 


(6) 
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Figure  1 

Definition  Sketch  of  the  Physical  Probl 


For  long  waves,  and  moderate  variations  in  the  bottom  profile,  the 
following  perturbation  solutions  can  be  sought  to  eliminate  the  verti¬ 
cal  dependency  in  the  velocity  potential: 


♦(x,y,a,t)  ■  ^  +  h)“*^“^(x,y,t) 


This  method  of  pertucbutiun  solution  was  first  introduced  by  Lin  and 
Clark  (1959).  By  substituting  the  expansion  surles  into  Lapluuu's 
Equation  3  Che  following  recursive  relation  in  can  be  found; 


,(n+2) 


+  2(n  +  l)Vh«V«t>^"^^^  +  (n  l)V^h 
(n  +  l)(n  +  2)t(7h)^  +  1] 


Substitution  of  the  series  into  Equation  5  yields  the  starting  term  in 
the  recursive  relation: 

♦<!)  -  -  [ah/ at  -I-  vh.v_/^^l 
[(Vh)^  +  11 

Following  Lin  and  Clark's  argument,  Che  linear  terms  in  Equations  4 
and  6  should  be  comparable  in  magnitude  in  order  to  obtain  nontrivial 
results.  Assumptions  can  be  made  for  the  orders  of  magnitude  of  the 
various  in  terms  of  the  powers  of  e  to  satisfy  the  requirements 

of  long-wave  theory  and  to  make  Che  rate  of  free-surface  movement  com¬ 
parable  to  Che  rate  of  bottom  motion. 

By  substituting  the  perturbation  series  into  Equation  4,  and  by 
neglecting  terms  beyond  O(c^)  ,  one  obtains: 

1^  +  +  2(n  +  +  3h^9^^^  +  4h^9^^^  +  O(c^)  (10) 

Likewise,  by  substituting  the  series  into  Equation  6  and  collecting  terms 
to  O(e^)  yields: 


1  (0)  n  2 


O(c^) 


One  can  use  the  recursive  relations  (Equations  B  and  9)  to  express 

,  and  in  terms  of  9^®^  ,  so  that  Equations  10 

and  11  can  be  expressed  entirely  in  terms  of  the  free-surface  profile 
n  and  Che  depth-averaged  horizontal  water  voloclties.  Denoting  chat: 


u  «  V9' 


(u,v) 
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where 


3^h  .,  2  5^h  3h 

71  7T 

3x  dx 


(21) 


The  Finite-Difference  Approximation  (FDA).  The  approximation  to 
Equations  19  and  20,  as  well  as  the  computational  method  used  here,  fol¬ 
lows  the  scheme  developed  by  D.  H.  Peregrine  (1967)  for  a  somewhat 
simpler  set  of  equations.  Peregrine  addresses  the  problem  of  long  waves 
shoaling  on  a  plane  beach  where  no  bottom  motion  occurs.  His  solution 
scheme  uses  forward  time  differences  for  the  continuity  equation  and 
backward  time  differences  for  the  momentum  equation.  Both  central  and 
Crank-Nlcholson  spatial  differences  are  employed.  His  computational 
method  calculates  a  provisional  free-surface  profile  at  the  advanced 
time  level  with  the  continuity  approximation  (which  is  explicit  in  n  ) • 
The  provisional  n  ia  then  used  to  calculate  the  horizontal  water  veloc¬ 
ities  at  the  advanced  time  level.  The  water  velocities  are  then  averaged 
over  the  present  and  advanced  time  levels,  and  this  information  is  used 
to  calculate  the  final  wave  profile  at  the  advanced  time  level.  Then 
the  time-step  advances,  and  the  process  repeats.  Peregrine  had  shown 
the  stability  and  accuracy  of  this  method  in  an  earlier  paper  (1966)  by 
simulating  the  movement  of  a  solitary  wave  along  a  constant  depth  channel 
and  noting  the  wdve's  degradation  due  to  numerical  error. 

When  Peregrine's  method  of  finite-differencing  is  applied  to  the 
continuity  Equation  19,  one  obtains: 


n(i,j  +  1)  -  n(i,j)  +-At 


^|u(i.j; 


In(iJ)  -^h)  4(^) 


1^  I'X^- 


u(i  -  l,j) 


[il  U/“<‘  -  *  <=) 


The  momentum  equation  (20)  becomea: 

+  M(i,4)]u(i  +  l,j  +  1)  +  N(i,j)u(i,j  +  1) 

+  [P(i.j)  -  l.J  +  1) 

-  [m<1.J)  -  +  N(i.j)u(i,j)  +  [P(i,j) 

t  [n(i  -  I.j  -n)  -  n(i  I.j  +  1)  +  n(i  -  i.j)  -  nd  •»•  i.Dl 

4eAx 


where 


M(i,J)  - 


(25) 


(26) 


(27) 
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N(i,j) 


(28) 


^<M)  -  [(i)(S)^_^  -  ¥£f 

Here,  1  denotes  the  location  of  the  space  grldpolnt,  while  j  denotes 
the  time  level.  The  variables  A  ,  B  ,  C  ,  D  ,  and  h  are  always 
evaluated  at  (l.j)  ,  and  from  a  programming  standpoint  they  can  be 
viewed  as  "constants."  In  FORTRAN  code,  these  five  variables  can  be 
represented  as  FUNCTION  subprograms  to  simplify  program  writing.  Equa¬ 
tion  23  is  explicit  in  n  ,  while  the  form  of  Equation  26  yields  a 
trldlagonal  matrix  for  the  advanced  time  level  of  u  . 

Results.  After  Equations  25  through  29  were  coded  Into  FORTRAN, 
the  stability  and  accuracy  of  the  FDA  was  tested  with  two  simple  bottom 
profiles.  The  movement  of  a  solitary  wave  over  a  region  of  uniform  depth 
was  studied,  since  an  analytic  solution  to  this  case  Is  known.  The  case 
of  a  solitary  wave  shoaling  upon  a  plane  beach  was  also  examined  and 
computations  were  compared  with  the  work  of  others.  No  bottom  motion 
was  considered  In  either  test. 


_1 

At 


(29) 


Laltone  (1963)  has  shown  that  the  solitary  wave  solution  of 
Bousslnesq  (1872)  Is  an  approximate  solution  to  higher  order  long-wave 
theories,  and  It  Is  known  that  a  solitary  wave  Is  a  limiting  case  to 
cnoldal  wave  solutions.  This  wave,  also  called  a  sollton,  retains  a 
permanant  shape  in  a  Lagranglan  coordinate  system.  In  nondlmenslonal 
form  the  free-surface  profile  of  a  sollton  can  be  expressed  as: 


n(x,t)  •  H  seen 


3H  (x  -  Ct) 
4e  e 


(30) 


where  H  is  the  wave  amplitude  and  C  is  the  wave  speed,  given  as: 


1/2 


(31) 


The  depth-averaged  horizontal  water  velocity  Is 


u(x,t) 


Cn(x,t) 
e  +  n(x,t) 


(32) 


These  equations  were  put  Into  the  computer  code  as  initial  conditions, 
and  the  amount  of  wave  degradation  over  time  was  noted  for  changes  In 
the  FDA's  spatial  resolution  and  time-step. 


Two  points  must  be  noted  about  the  use  of  a  sollton  in  the 
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calculation  scheme.  Due  to  the  infinite  wavelength  of  a  soliton  and  the 
uniform  depth  in  this 'problem,  no  horizontal  length  scale  L*  exists. 

The  use  of  the  parameter  t  in  Equations  30  through  32  must  be  ex¬ 
plained  for  the  solitary  wave  problem.  Following  Peregrine's  scaling 
methods  (1966),  the  dimensional  form  of  Equations  19  and  20  can  be 
scaled  in  terms  of  the  constant  depth.  For  the  case  of  a  uniform  depth, 
it  can  be  shown  that  this  scaling  gives  Equations  19  and  20  when  c 
equals  one.  The  infinite  wavelength  of  Equation  30  must  also  be  made 
to.,  fit  into  a  computational  grid  of  finite  length.  Madsen  and  Mel's 
work  (1969)  suggests  setting  the  free-surface  elevation  to  zero  when 
it  falls  bulow  some  small  fraction  of  thu  wave  amplitude  li  .  The  ap¬ 
proach,  in  effect,  chops  off  the  leading  and  trailing  edges  of  the  wave. 
The  mass  and  momentum  lust  by  this  approximation  degrades  the  solution, 
however,  and  the  discontinuities  at  the  "ends"  of  the  wave  emit  noise 
spikes  of  2Ax  width.  The  ratio  of  the  cutoff  height  to  the  wave 
amplitude  plays  as  Important  a  part  in  the  stability  tests  as  the 
spatial  resolution  and  time-step.  Madsen  and  Mel  use  a  cutoff  ratio  of 
0.001  for  their  computations,  a  ratio  which  gives  satisfactory  results 
for  the  present  computational  scheme,  but  smaller  ratios  give  even 
better  results. 

Figure  2  Illustrates  the  accuracy  of  the  computational  method  for 
a  small  cutoff  ratio  c  and  moderate  values  of  Ax  and  At  .  This 
calculation  advances  1000  time-steps  with  a  minimum  of  numerical  degrada¬ 
tion.  A  series  of  computations  with  a  constant  cutoff  ratio  confirmed 
Peregrine's  (1966)  claim  that  the  computational  method  remains  stable 
and  accurate  for  At/Ax  ratios  up  to  one. 

Figures  3  and  4  IDustrate  the  FDA's  ability  to  model  wave  shoal¬ 
ing  upon  a  plane  beach.  Figure  3  shows  a  time  series  of  free-surface 
profiles  for  a  shoaling  wave.  Both  Peregrine  (1967)  and  Madsen  and  Mel 
(1969)  perform  calculations  for  a  soliton  shoaling  on  a  plane  beach, 
and  their  results  are  compared  with  the  present  computations  in  Figure  4. 
While  the  changes  in  wave  amplitude  over  depth  agree  for  the  three 
computations,  some  differences  exist  in  initial  and  boundary  conditions. 
Madsen  and  Mel  use  the  bottom  profile  illustrated  in  Figure  3,  but  their 
initial  condition  places  the  leading  edge  of  the  soliton  over  the  toe 
of  the  beach.  Peregrine  does  not  use  a  uniform  depth  region  to  begin 
his  computation  but  places  his  Initial  wave  over  the  beach  slope.  He 
then  scales  his  problem  according  to  the  depth  beneath  the  initial  wave, 
so  that  e  ■  1  at  zero  time.  In  the  present  computations,  the  wave 
starts  entirely  in  a  uniform  depth  region.  These  differences  in  Initial 
conditions  explain  the  variations  in  shoaling  rate  at  the  toe  of  the 
beach  in  Figure  4. 

For  the  simulation  of  Hanmack's  wave  tank  experiments  with  the  FDA, 
the  bottom  motion  functions  (Equations  1  and  2)  are  nondlmensionallzed 
with  the  block  length  b  as  the  horizontal  length  scale.  In  this  form, 
the  block  length  becomes  one,  and  the  parameter  e  expresses  the  ratio 
of  the  water  depth  to  the  block  length.  Hannack  studied  the  waves 
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resulting  from  three  rates  of  block  motion  vhich  he  termed  "impulsive," 
"transitional,"  and  "creeping"  motion.  Impulsive  motion  occurs  when  the 
block  rises  rapidly  enough  to  cause  the  fluid  above  it  to  rise  as  a 
solid  body  during  the  block  motion.  Creeping  motion  allows  the  dis¬ 
placed  fluid  to  flow  off  of  the  block  during  the  time  of  motion,  while 
transitional  motion  lies  between  these  extremes.  The  use  of  the  FDA  in 
simulating  Hammack's  results  is  constrained  by  the  condition  that 
e  «  1  .  Hammack  performed  all  three  rates  of  motion  for  Equation  1 
with  a  small  c  ,  while  only  the  impulsive  rate  experiment  for  Equation  2 
used  a  small  e  .  These  four  cases  are  simulated  with  the  FDA,  and  the 
calculations  are  compared  with  Che  experimental  results  in  Che  genera¬ 
tion  region.  For  these  four  calculations,  a  Ax-  of  0.02  is  used,  which 
models  the  block  in  50  space  steps.  This  meshwidth  proves  to  give  a 
fine  numerical  resolution  at  a  reasonable  computer  cost. 

The  simulation  of  Hammack's  experiments  requires  the  use  of  the 
bottom  motion  functions  (Equations  1  and  2)  in  the  computer  code,  as 
well  as  higher  derivitives  in  space  and  time.  The  depth  functions  and 
its  derivitives  appear  in  Equations  19  through  2A  and  appear  in  the 
computer  code  as  FUNCTION  subprograms.  Due  to  the  Heaviside  functions 
in  Equations  1  and  2  (or  due  to  Che  leading  vertical  edge  of  the  block, 
from  a  physical  point  of  view)  many  of  the  bottom  function  derivitives 
cannot  be  evaluated  at  x  “  1  .  This  difficulty  required  the  placement 
of  an  internal  boundary  condition  into  the  code  to  evaluate  n  and  u 
at  this  point.  Initial  simplistic  attempts  Co  evaluate  this  boundary 
condition  by  setting  the  higher  derivitives  to  zero  caused  a  numerical 
"smearing"  at  the  discontinuity,  which  generated  numerical  noise.  The 
internal  boundary  condition  problem  wrs  finally  resolved  by  considering 
mass  and  iBomentum  conservation  in  a  jAx  region  about  the  edge  point. 
Values  for  n  and  u  at  x  •»  1  were  derived  from  information  at  the 
nearest  meshpolnts  by  using  conservation  principles.  When  this  internal 
boundary  condition  was  used,  the  numerical  noise  ceased. 

Figures  5,  6,  and  7  illustrate  the  agreement  between  the  computa¬ 
tions  and  Hammack's  results  in  the  generation  region  for  the  three  rates 
of  experid^rntal  block  upthrust.  The  figures  show  the  change  in  the  free 
surface  over  time  at  the  block  edge  abutting  the  end  of-  the  wave  tank 
(x  -  0)  and  at  the  leading  edge  (x  -  1)  .  The  largest  differences  in 
results  appear  in  the  impulsive  motion,  which  can  be  considered  the 
worst  case  numerically.  Figures  8,  9,  and  10  present  time  series  of  the 
wave  shapes  from  tue  three  rates  of  bottom  motion.  In  the  impulsive 
case,  the  body  of  water  displaced  by  the  block  begins  to  break  Into  a 
propagating  wave. train  fairly  close  to  the  block,  while  the  wave  from 
Che  creeping  motion  appears  as  an  undular  bore  in  the  generation  region. 
Peregrine  (1966)  shows  how  an  undular  bore  forms  Into  a  solitary  wave 
train  as  it  propagates. 

Figures  11  and  12  show  motion  histories  and  a  time  series  of  wave 
profiles  for  Impulsive  motion  with  Equation  2.  As  with  the  case  of 
Figure  5,  Figure  11  illustrates  that  the  water  above  the  block  moves  as 
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a  solid  body  at  the  beginning  of  motion.  The  calculated  curve  at  x  ■  0 
attains  a  height  of  n/c  ^  1  ,  where  (  is  the  maximum  block  displace¬ 
ment.  Hammack's  results  indicate  an  even  higher  elevation  at  the  center 
of  the  block,  which  Is  not  physically  possible  from  momentum  considera¬ 
tions.  Hammack  notes  that  his  high  values  are  caused  by  air  entrainment 
into  the  water  from  a  faulty  seal  at  the  edge  of  the  block.  Figure  12 
illustrates  how  the  displaced  water  mass  begins  to  form  an  undulating 
wave  train  as  it  moves  away  from  the  block. 

The  FDA's  ability  to  model  both  the  wave  generation  near  the  block, 
and  its  propagation  into  the  far  field  where  nonlinear  behavior  pre¬ 
dominates,  is  Illustrated  in  Figures  13  through  15.  While  the  generation 
region  caicuiutlons  of  Figures  5  through  IZ  use  u  nieshwidth  of  Ax  »  0.02  , 
computer  costs  require  a  Ax  of  0.1  for' the  calculations  in  Figures  13 
through  15.  This  increase  in  step  size  is  due  to  the  large  propagation 
distances  and  wave  travel  times  needed  to  model  far-fleld  propagation. 

This  coarse  step  size  causes  the  periodic  oscillations  at  x  ■  0  and 
X  °  1  in  the  numerical  results.  As  the  wave  moves  into  the  propagation 
region,  however,  its  shape  agrees  with  Hammack's  measurements.  The 
calculations  at  x  «  2.6A  match  closely,  and  a  solitary  wave  train 
evolves  in  the  far  field  (Figure  14). 

A  comparison  of  computational  and  experimental  results  In  the  far 
field  shows  an  increasing  divergence  In  wave  speeds  and  amplitudes. 

By  X  ■■  33.8  ,  the  leading  computed  soliton  stands  approximately  40  per¬ 
cent  taller  than  its  physical  counterpart,  and  in  accordance  with  the 
Bousslnesq  celerity  Equation  31  the  numerical  waves  outrun  the  experi¬ 
mental  results.  These  differences  in  wave  height  can  be  attributed  to 
viscous  energy  dissipation  along  the  tank  walls  and  at  the  free  surface. 
Hammack  cites  the  study  by  Keulegan  (1948)  in  his  analysis  of  wave  decay 
along  the  length  of  the  tank.  Keulegan  derives  a  formula  for  determining 
the  downstream  height  of  a  solitary  wave  in  terms  of  Its  initial  height, 
the  water  depth,  the  tank  width,  and  the  kinematic  viscosity  of  the 
fluid.  Hammack  applies  this  formula  to  his  experimental  data  to  show 
that  the  decay  rates  of  his  waves  fall  within  the  40  percent  amplitude 
decay  range  predicted  by  Keulegan. 

Figure  15  shows  a  time  series  of  wave  profiles  for  this  calcula¬ 
tion.  The  formation  of  a  solitary  wave  train  from  the  Initial  displaced 
water  mass  Is  Illustrated,  and  this  figure  shows  how  the  wave  train 
breaks  into  isolated  solltons  in  the  far  field. 

Conclusions.  The  comparison  of  calculated  wave  forms  from  the 
FDA  to  Hammack's  experimental  results  shows  that  Equations  19  through  24 
can  be  used  to  estimate  wave  disturbances  from  seabed  motions  in  both 
the  generation  region  and  In  the  far  field.  The  finite-difference 
approximation  has  been  shown  to  be  stable  and  accurate  for  long-wave 
problems.  The  FDA  can  be  employed  with  a  variety  of  bottom  motion  func¬ 
tions  to  estimate  tsunami  forms  in  one  dimension.  The  general  form  of 
Equations  13  through  18  can  be  employed  to  formulate  more  general  two- 
dimensional  bottom  disturbance  models. 
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Hammack's  Experiments: 


Free-Surface  Fluctuations  at  x  *  0,  x  s  i, 
and  X  s  2.64  vs.  Time: 

Numerical  Calculations  vs.  Kammack's  Data,  for 
Wave  Formation  in  the  Generation  Region 
AtsO.CI  c=0.C41 

a  X  s  0.  1  a°s  1 . 5857 

e  *  0.C820  t.  a  0.70 
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hararaack's  Experiments: 
Numerical  Results:  - 


Figure  lA 

Free-Surface  Fluctuations  at  x  s  15.76  and 
X  =  33. £  vs.  Time: 

Numerical  Calculations  vs.  Haromack's  Data,  for 

Wave  Propagation  in  the  Far-Field 

At  =  0.01  c  s  C.  CAI 

AX  =  0.  1  o°=  1.5857 

e  =  0.C820  t„  s  0.7Q 
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in  the  Propagation  Region 
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ABSTRACT .  Non-linear  coupling  between  sea  waves  results  when  the  continu¬ 
ity  equation  is  solved  using  a  free  surface  for  boundary  conditions.  Hasselmann 
was  able  to  provide  a  solution  to  these  equations  by  a  perturbation  of  the  linear 
solution  since  the  non-linear  coupling  is  weak.  Hasselmann  assumed  a  Gaussian 
sea  and  set  up  a  solution  which  could  be  analyzed  by  looking  at  the  Boltzmann 
Integral  for  •  This  paper  uses  Webb's  technique  to  solve  the  energy  transfer 

Boltzmann  integrals  and  discusses  how  this  integration  process  has  been  made 
simpler  and  more  efficient  by  the  utilization  of  a  geometrically-spaced  polar 
grid  over  the  spectral  region.  This  grid  allows  the  loci  and  the  coefficients 
inside  the  integrand  to  scale  by  various  multiples  of  the  geometric  scaling 
factor.  Ntsnerical  results  for  the  non-linear  energy  transfer  are  given  for 
various  spectra. 

1.  INTRODUCTION.  The  linear  processes  that  produce  waves  in  the  ocean 
are  fairly  well  understood,  but  the  non-linear  effects  such  as  wave  breaking 
and  non-linear  interactions  are  just  beginning  to  be  studied.  The  sea  wave 
spectrum  consists  of  a  peak  before  a  low  wavenumber  cutoff ,  and  the  JONSWAP 
investigators  in  the  North  Sea  showed  that  this  peak  shifts  to  a  lower  wave- 
number  cutoff  as  rime  increases.  The  non-linear  wave-wave  interaction  could 
be  an  explanation  for  this  peak  shift.  The  non-linear  Interactions  transfer 
energy  to  different  parts  of  the  spectrum  and  help  the  sea  go  back  to  an 
equilibrium  condition  after  the  wind  has  added  energy  to  the  sea.  An  evalua¬ 
tion  of  this  non-linear  energy  transfer  is  valuable  for  studies  of  ocean  waves. 

2.  STATEMENT  OF  PROBLEM.  In  order  to  formulate  the  problem  of  the  non¬ 
linear  transfer  in  physical  terms,  Hasselmann  (1962)  treated' the  waves  like 
particles  where  each  wave  reacted  like  a  packet  of  momentum.  He  treated  the 
waves  in  a  set  of  four  waves  where  there  were  three  active  participants  and 
one  passive  participant.  The  energy  transfer  problem  can  then  be  treated 
like  a  coupled  mechanical  system  and  can  be  solved  by  a  perturbation  of  the 
linear  solution  since  the  non-linear  couplings  are  weak.  The  evaluation  of 
the  non-linear  transfer  term  is  done  statistically  considering  that  the  sea 
Is  Gaussian.  The  process  is  very  similar  to  the  particle  scattering  problem. 
This  paper  takes  Hasselmann* s  theory  and  Webb's  (1978)  technique  of  evaluating 
the  non-linear  energy  transfer  integral  and  describes  how  a  specialized  polar 
grid  with  equal  angle  Increments  and  radlals  spaced  by  a  geometric  progression 
will  simplify  evaluation  of  the  Integral  in  terms  of  computer  time  and  provide 
physical  Insight  into  the  Interaction  process. 


*  Formerly  with  U.  S.  Army  Engineer  Waterways  Experiment  Station,  Vicksburg, 
Mississippi  39180. 
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3 .  THEORY .  The  theory  is  based  on  a  fifth  order  perturbation  of  the 
series  solutions  for  the  velocity  potential  and  the  surface  deviation  using 
the  non-linear  system  of  equations  for  the  irrotational  motion  of  a  hori¬ 
zontally  unbounded  ideal  fluid  with  finite  constant  depth  and  a  free  surface. 
Using  this  method  of  solution,  Hasselmann  has  written  an  integral  expression 
for  the  time  rate  of  change  of  action  density: 


dt^  ^2*  ^3*  ^4) 


6  j^+k2-^ 


6  (u)^+a)2““3““4)  * 


(nj^n2(n^-n2)  +  n2n^(n2-nj^)) . 


Thi  Integral  contains  a  coupling  or  Interaction  coefficient,  a  density  expres¬ 
sion  and  two  delta  functions  -  one  for  conservation  of'  momentum  and  one  for 
conservation  of  energy.  The  set  of  four  waves  being  considered  each  have  wave- 
number,  k^,  and  angular  momentum,  u>^.  Webb  (1978)  has  evaluated  this  integral 

by  considering  the  Integrand  coefficients^as  a  transfer  function  which  evaluates 
the  rate  wavenumber  k«  is  scattered  into  k^ .  The  evaluation  of  the  delta  func- 

tlons  results  in  a  wavenumber  configuration,  kj,+k2-k2  *  *4,  and  an  expression 
for  the  angular  velocities,  Wj^+u)2“U2  -  which  reflects  the  conservation  of 
tnejgy  condition.  The  Integral  c^n  ^e  evaluated  by  considering  a  specific 
kj-kj^  Interaction  defined  by  P  •  k^-k^^.  In  a  k^^,  k2,  k^  co-ordinate  system 

one  specific  intersection  of  k^  and  kj^  will  result  in  a  whole  line  of  applicable 
k2-value8  that  will  satisfy  the  energy  conservation  conditions.  We  know  that 

w  a  in  deep  water  so  we  can  write  the  energy  conservation  condition  in  terms 

of  the  constant  values  for  k^  and  k^  and  can  solve  the  expression  analytically 
for  the  k2“value8.  These  k2-values  will  be  in  the  form  of  an  egg-shaped  locus 
in  a  cartesian  k2~space.  By  writing  the  energy  conservation  condition  as  a 
function  of  k2,  we  can  evaluate  the  Integral  in  the  co-ordinate  system  normal 
and  tangential  to  the  locus  and  integrate  around  the  closed  curve  of  the  locus. 
The  change  of  co-ordinate  systems  contributes  a  gradient  of  the  argument  of  the 
energy  conservation  condition  to  the  Integral.  Evaluation  t^e  Integral  now 
entails  evaluation  of  each  possible  locus  for  each  possible  combination 

and  evaluation  of  the  factors  of  the  Integrand  at  each  of  these  interaction 
conditions.  These  Integrand  factors  include  the  coupling  coefficient,  the 
density  function  and  the  gradient  of  the  locus  function. 

4.  EVALUATION  OF  THE  INTEGRAL  USING  A  SPECIALIZED  GRID.  Normally,  eval¬ 
uation  of  the  Integral  would  proceed  by  considering  a  regularly  spaced  polar 
grid  where  the  k-values  will  be  the  radial  values  and  the  9  values  will  be  the 
angles  between  the  int;.eractlon^k-]^alues .  The  integration  would  proceed  by 
considering  each  possible  P  ■  grid  and  numerically  inte¬ 

grating  over  each  interaction  by  evaluating  all  the  factors  of  the  Integrand 
at  each  of  these  Interaction  conditions.  Instead,  a  special  form  of  a  polar 
grid,  see  Figure  1,  was  set  up  where  the  radials  were  spaced  in  a  geometric 
progression.  The  first  radial  value,  k  ,  was  multiplied  by  \  to  produce  the 
second  radial,  and  the  second  radial  vafue  was  multiplied  by  X  to  produce  the 
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third  radial)  X  k  ,  and  so  on.  As  can  be  seen  in  Figure  1  a  set  of  parallel 

?o 

-vectors  is  produced  between  the  18®  and  0®  radlals.  By  consid¬ 
ering  the  geometry  of  these  parallel  P-vectors  we  find  that  the  ratio  of  the 
magnitude  of  P-  to  the  magnitude  of  is  equal  to  X.  If  we  compare  the 

co-ordinates  of  the  two  locus  equations  for  P,  and  P.  we  find  that  x»  =•  Xx, 
and  y2  =•  Ay^^.  Therefore,  if  we  have  the  co-ordinates  for  the  P^-locus,  we 
can  calculate  the  co-ordinates  of  the  P^-locus  and  the  other  parallel  ^-vector 

loci  by  just  multiplying  the  initial  locus  co-ordinates  by  the  appropriate 
multiple  of  X.  Since  the  calculation  of  each  separate  locus  for  each  inter¬ 
action  would  require  a  lot  of  computer  time,  the  specialized  grid  allows  us 
to  calculate  only  a  basic  set  of  loci  which  can  be  used  over  and  over. 


The  other  factors  of  the  integrand  which  are  dependent  on  the  specific 
interaction  and  the  specific  locus  also  scale  by  various  factors  of  X,  the 

1/2 

geometric  spacing  constant.  The  phase  space  or  gradient  term  scales  by  X 
and  the  coupling  coefficient  scales  by  X°.  The  ds  differential  along  the 
locus  curve  scales  by  X.  All  these  factors  can  be  combined  into  a  common 
15/2 

scale  factor,  X  .  Again,  a  basic  set  of  phase  space  terms  and  coupling 
co-eff iclents  can  be  set  up  with  the  corresponding  loci  co-ordinates  to  be 
used  with  the  appropriate  X  value  for  numerical  evaluation  of  the  Integral. 


The  P-vector  in  Figure  1  can  also  be  rotated  to  different  orientations 
on  the  grid.  In  these  cases  the  basic  loci  can  be  rotated  to  the  new  P-vector 
position  and  used  in  the  calculations. 


The  density  function  is  the  only  factor  of  the  Integrand  that  was  not 
treated  by  the  scaling  factors.  The  density  can  be  considered  to  be  a  sum 
of  a  pumped  transfer  and  a  diffusive  transfer  (see  Figure  2).  The  subscripts 
on  the  n's  refer  to  the  density  of  the  corresponding  k^-vector.  The  density 

of  each  of  the  wavenumbers  is  calculated  using  the  JONSWAP  spectral  form  in 
Figure  2  to  ^alculate  the  frequency  dependent  E(f).  E(k)  is  calculated  from 
E(f}.  A  cos  B  spreading  function  was  used  for  the  test  cases. 

5 .  THE  RESULTS .  Figure  3  shows  the  contoured  results  for  the  Pierson- 
Moskowltz  spectrum.  The  Plerson-Mosfcowitz  spectrum  can  be  represented  by 

the  JONSWAP  spectral  function  in  Figure  2  with  y  “  1*0  and  f.  =•  0.3  sec 
Numerical  values  compare  favorably  with  Webb  s  contour  results  for  the 
Flerson-Moskowltz  spectrum.  The  contour  results  give  the  value  for  ^  , 

the  non-linear  energy  transfer  at  the  various  orientations  of  k  in  the 
spectral  region  being  considered.  The  magnitude  of  k  is  graphed  on  the 
x-axls  and  the  angular  orientation  of  the  k-vector  is  graphed  on  the  y-axis. 

The  remaining  figures  show  the  bne-dimenslonal  non-linear  energy  trans¬ 
fer,  S(f),  as  a  function  of  frequency.  The  one-dimensional  non-linear  energy 
transfer,  S(f),  is  calculated  by  summing  the  two-dimensional  transfer  ov  :r 
all  the  possible  angular  orientations.  The  spectral  energy  function,  E(f), 
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is  graphed  with  a  dotted  line  on  top  of  the  non-linear  transfer.  The  y  and 
o  parameters  listed  on  the  titles  of  the  graphs  are  the  shape  parameters  in 
the  analytical  JONSWAP  spectral  representation  in  Figure  2.  f^  was  left 

equal  to  0.3  Hz  in  all  cases,  o  is  the  value  of  a  when  f  is  below  f 

a  m 

and  a,  is  the  value  of  a  when  f  is  greater  than  f  .  All  the  results  show 
D  m 

the  positive  transfer  on  the  low  frequency  side  of  the  spectrum,  the  negative 

transfer  in  the  region  around  and  above  f^,  and  the  positive  transfer  at  the 

region  of  high  frequency.  The  spectra  with  y  ■  12.0  is  especially  interesting 
since  it  seems  to  oscillate  between  positive  and  negative  transfer  in  the  high 
frequency  region,  and  this  spectra  seems  to  demonstrate  how  the  non-linear 
energy  transfer  is  attempting  to  bring  the  energy  system  back  to  an  equilib¬ 
rium  condition  by  transferlng  the  energy  to  different  parts  of  the  spectrum. 

6.  CONCLUSION.  The  specialized  grid  presented  in  this  paper  is  an 
effective  time-saving  tool  when  calculating  the  non-linear  energy  transfer 
for  a  whole  spectrum.  Routines  that  have  been  developed  in  the  past  have 
been  too  expensive  to  run  for  a  whole  spectrum.  The  computer  time  for  the 

Pierson-Moskowitz  spectrum  using  thirty  values  of  k  (0.14  m  ^  to  2.44  m 
and  angular  increments  from  -90®  to  +90*  in  4.5®  Increments  was  151  seconds 
on  the  CRAY  computer. 

If  the  reader  is  interested  in  a  more  complete  discussion  of  the  theory 
and  method  discussed  in  this  paper,  the  same  topic  will  be  covered  in  more 
depth  in  Technical  Report  11  of  the  Wave  Information  Study.  This  report  will 
be  published  later  this  year  at  the  U.  S.  Army  Engineer  Waterways  Experiment 
Station. 
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Figure  1.  A  geometrical^  spaced  polar  grid  showing  a  set  of  parallel 
Interaction  (P)  vectors,  k  Is  the  smallest  radius  that  was 
considered  and  \  Is  the  geometric  scaling  factor 


DENSITY  FUNCTION 


.n,na(n4-na).-i-.n,n4(n3-n,). 

Pumped  Diffusive 

transfer  transfer 

n  (iT)  >  where  F(l^)  is  two-dimensional  spectrum 

'  '  ojj  with  respect  to  wave  number 

Fik")  =  E(k)  cos»fl 

where  co$^&  is  the  spreading  function 
E(k)  is  a  transformation  of  E(f)  using  c,  “ 

where  E(f)  is  represented  using  die  JONSWAP  spectral  form 

E(f)  -  a  g*  (2ir)-<f»  exp  (f  7  -xp 

'm  20*  f„* 

for  the  Pierson-Moskowitz  spectrum: 
fn.  -  0.3 
a  =  0.01 
7  ■  1.0 

o  is  a  shape  parameter 
a  h  Phillips  equilibrium  constant 


Figure  2.  A  description  of  the  action  density  used  In  Hasselmann ' s  equation 
and  the  JONSWAP  spectral  form  used  to  evaluate  the  energy  at  each 
specific  frequency,  f,  or  wavenumber,  k.  6  Is  the  spreading  angle. 
Is  angular  velocity,  c^ls  phase  velocity,  g  Is  gravity,  and 

f  Is  the  frequency  of  the  peak  of  the  spectrum 
n 
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NONLINEAR  TRANSFER  FOR  PIERSON-MOSKOWITZ  SPECTRUM 


Figure  3.  Contoured  results  of  the  value  of  for  the  Fierson-Moskowltz 
spectrum.  Results  were  obtained  in  polar  co-ordinates  (k,6) 
where  the  wavenumber,  k,  is  graphed  on  the  x-axis  and  Che  6 
value  is  graphed  on  the  y-axls 
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Figure  4.  The  one-dlnensional  ^  (»)  as  e  function  of  frequency  (solid  line) 

and  Che  energy  density  of  Che  spectrum  (B(f))  as  a  function  of 
frequency  (dotted  line)  for  the  Plerson-Moskoirlts  spectrum 
(X  -  1.0,  o  -  0.07,  a.  -  0.09) 
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Figure  5.  The  sane  type  of  plot  as  Figure  4  for  spectral  parameters 
noted  on  the  graph 
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Figure  6, 


The  eeae  type  of  plot  as  Figure  4  for 
noted  on  the  graph  ' 
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8.  The  sane  type  of  plot  es  Figure  4  for  spectral  parameters  as 
noted  on  the  graph 
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Figure  10. 


The  earn  type  of  plot  as  Figure  4  for  apectral 
noted  on  the  graph 
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Figure  13.  The  saae  type  of  plot  as  Figure  4  for  spectral  parameters 
noted  on  the  graph 
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CONSTRAINED  AND  UNCONSTRAINED  VARIATIONAL  FINITE  ELEMENT  FORMULATION 


OF  SOLUTIONS  TO  A  STRESS  WAVE  PROBLEM  -  A  NUMERICAL  COMPARISON 
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ABSTRACT .  Unconstrained  variational  formulation  has  been  applied  to 
initial,  boundary  value  problems  previously  with  some  numerical  success  (refs. 
1,2).  More  recently,  an  adjoint  bilinear  variational  principle  has  also  been 
developed  for  Initial  and  Initial-boundary  value  problems  which  requires  that 
the  initial  conditions  be  satisfied  exactly  and  hence  Is  a  constrained 
variational  formulation  (refs.  3,4).  This  present  paper  compares  the 
numerical  results  of  these  two  variational  formulations  for  the  case  of  a 
stress  wave  problem  in  a  uniform  bar. 

1.  INTRODUCTION.  This  note  presents  the  solution  formulation  and  finite 
element  discretization  of  a  stress  wave  problem  with  discontinuous  data  In  two 
variational  schemes.  The  first  Is  In  a  sense  a  generalized  Galerkln's 
approach  In  that  It  works  for  non-self  adjoint  problem  and  that  all  the  end 
conditions  are  made  to  be  natural  ones  and  hence  none  of  them  are  required  to 
be  satisfied  by  the  trial  functions.  This  unconstrained  variational  finite 
element  formulation  has  been  applied  to  Initial/boundary  value  problems  other 
than  wave  equations  previously  (refs.  1,2).  More  recently,  an  adjoint 
bilinear  variational  principle  has  been  developed  for  Initial  and  initial/ 
boundary  value  problems  which  requires  that  the  Initial  conditions  be  satis¬ 
fied  exactly  and  the  variations  of  the  adjoint  variable  be  set  to  vanish.  It 
is  consequently  a  constrained  variational  formulation.  This  note  compares  one 
formulation  and  numerical  results  with  those  of  the  other. 

First,  In  Section  2,  the  nhyslcal  problem  of  a  longitudinal  stress  wave 
in  an  elastic  rod  is  stated.  Tlie  rod  Is  fixed  at  one  end  and  free  at  the 
other  end.  The  discontinuity  data  arises  from  the  Initial  linear  displace¬ 
ment,  corresponding  to  a  constant  stress,  due  to  a  force  applied  at  the  "free" 
end.  This  force  suddenly  disappears  at  time  zero  causing  a  stress  discontinu¬ 
ity  at  the  free  end.  The  two  variational  formulations  for  the  stated  problem 
are  Introduced  In  Section  3.  Finite  element  discretization  and  shape  func¬ 
tions  are  Introduced  In  Section  4.  Finally,  numerical  results  and  comparisons 
are  made  In  Section  5. 

2.  STATEMENT  OF  THE  PROBLEM.  The  problem  considered  here  Is  that  of  a 

longitudinal  stress  In  a  rod.  The  differential  equation  can  be  written  as 

3^u  1  3^u  0  <  X  <  i 

3x2  a^  at^  ’  0  <  t  <  T  ^  ^ 
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-  B/p  (2) 

where  u  «  u(x,t)  is  the  axial  displacement 

x,t  are  the  coordinates  in  axial  direction  and  in  tine,  respectively 
p,E  are  density  and  Young's  modulus,  respectively,  of  the  rod  material 
i  *  length  of  the  rod 
T  >  some  finite  time  of  interest 

For  the  boundary  conditions,  we  will  consider  a  rod  fixed  at  one  end  and 
not  restrained  at  the  other  end.  Hence 


u(0,t)  -  0 

au 

--(l,t)  -  0 


(3) 


The  dynamics  of  the  problem  is  due  to  the  initial  conditions.  It  is 
assumed  that  the  rod  is  stretched  to  a  linear  displacement  by  a  force  P  which 
vanishes  at  time  L  >  0  (see  Figure  1).  The  initial  velocity  of  the  rod  is 
assumed  to  be  zero.  Thus 

P 

u(x,0)  •  ~  X 


au  (♦) 

•;^X,0)  •  0 


Figure  1.  Problem  Configuration  and  Applied  Load  at  Zero  Time 
(i.e.,  P  >  0  for  t  >  0). 


It  Is  convenient  to  use  dimensionless  parameters.  Let 
u  -  u/i  ,  X  -  x/i  ,  t  -  t/T 
Then,  Eq.  (1)  in  dimensionless  form  is 


0  <  X  <  1 


0  <  t  <  1 


where 


The  boundary  conditions  become 


b2  -  ~  ^2 
a2  T 


u(0,t)  -  0  ,  ~  (l,t) 

3x 


-  -  —  3u  - 

u(x,0)  -  Px  ,  —  (x,0)  -  0 

3t 


trtiere 


P 

P  «  ~ 
AE 


is  the  force  in  dimensionless  form. 


The  stated  problem  in  dimensionless  form  are  Eqs.  (6),  (8),  and  (9)  with 
the  new  dimensionless  parameters  related  to  physical  counterparts  by  Eqs.  (5), 
(6),  and  (10).  To  simplify  writing,  we  shall  drop  the  bars  in  Eqs.  (6),  (8), 
and  (9),  and  rewrite  them  as 

0  <  X  <  1 

u"  -  b2u  -  0  ;  (6’) 

0  <  t  <  1 

u(0,t)  -  0  ;  u'(l,t)  -  0  (8') 

u(x,t)  -  Px  ;  u(x,0)  -  0  (9') 

where  a  prime  (')  indicates  differentiation  with  respect  to  x  and  a  dot  (*), 
with  respect  to  t. 


r 


3.  TWO  VARIATIONAL  PORMDLATIONS  OF  SOLDTIONS.  Consider  a  variational 


problem 


file  -  0  (11a) 

with 

lo  •  Io<u,v)  ■  (-u'v'+b^)dxdt  (11b) 

where  u(x,t)  and  v(x,t)  are  said  to  be  adjoint  to  each  other.  It  Is  a  simple 
matter  to  see  that  this  problem  Is  an  Indeterminate  one.  However,  the 
functional  of  Eq.  (11b)  can  be  modified  to  a  variational  problem  which  Is 
equivalent  to  the  boundary /Initial  problem  of  Eqs.  (S'),  (S'),  and  (9'). 

Thus,  consider 

61-0  (12a) 

with 

I  -  I(u,v)  ■  /  /  (-u'v'+b^)dxdt 

0  0 

,1 

+  kif^  u(0,t)v(0,t)dt 

[u(x,0)  -  Uo(x)lv(x,l)dx  +  b^  ui(x)v(x,0)dx  (12b) 


We  shall  take  the  first  variation  of  the  function  I(u,v)  of  Eq.  (12b)  In 
such  a  manner  that  6v  Is  completely  arbitrary  while  6u  Is  set  to  zero 
Identically.  Hence,  by  means  of  Integratlons-by-parts,  one  has 

11 

(Sl)6u-0  “  /q  /q  (u"-b^)  6vdxdt 

,1 

-  u'(l,t)6v(l,t)dt 
+  /^[u'(0,t)  +  kiu(0,t)]6v(0,t)dt 
+  {u(x,1)  +  k2(u(x,0)  -  uo(x)] }6v(x,l)dx 

"  ^  "  ui(x)]6v(x,0)dx  -  0  (13) 
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The  fact  that  6v(x,t)  Is  completely  arbitrary  enables  us  to  conclude  from  Eq. 
(13)  that 

0  <  X  <  1 

u"  -  -  0  ; 

0  <  t  <  1 


and 


u»(l,t)  -  0 
u’(0,t)  +  kiu(0,t)  -  0 
u(x,l)  +  k2[u(x,0)  -  Uo(x)]  -  0 

u(x,0)  -  ui(x)  -  0 


(14) 


It  la  then  observed  that  the  initial/boundary  value  problem  defined  by  Eq. 

(14)  reduces  to  that  of  Eqa.  (6*),  (8*),  and  (9*)  If  one  lets  k^  and  k2  go  to 
Infinity  (and  with  Uo(x)  ■  Px  and  ui(x)  ••  0).  This  f.ct  suggests  that  the 
variational  problem  of  Eqa.  (12)  can  be  used  as  a  basis  of  a  finite  element 
discretization  for  the  approximate  solutions  to  the  original  initial/boundary 
problem.  It  should  be  noted  that  all  the  axlaliary  conditions  in  Eqs.  (14) 
are  the  so  called  natural  boundary  conditions.  ^  They  are  the  consequence  of 
the  variational  problem  -  just  like  the  differential  equation  itself.  For 
this  reason,  the  above  solution  is  referred  to  as  an  unconstrained  variational 
formulation. 

Another  approach  begins  from  Eq.  (11b).  With  5u  >  0  once  again,  one  has 
dio  ■  (-u' dv'+b^u6v)dxdt 

A  A 

+  /  u'( l,t)6v( l,t)dt  -  /  u*(0,t)6v(0,t)dt 
0  0 

-  u(Xtl)dv(*»l)dx  +  u(x,0) 6v(x;0)dx  ■  0  (15) 


with  the  constrained  conditions 

u(0,t)  •  0  ;  u'(l,t)  ■  0  for  0  <  t  <  1 

u(x,0)  •  Uo(x)  ;  u(x,0)  ■  0  for  0  <  x  <  1 


(16) 


It  was  shown  in  another  paper  (ref.  4)  that  the  variations  of  the  adjoint 
variable  must  be  constrained  as  follows 


6v(l,t)  “0  ;  6v*(0,t)  ■  0  for  0  <  t  <  1 

dv(x,l)  -  0  ;  5v(x,l)  -  0  for  0  <  x  <  1 


(17) 
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4.  FINITE  ELEMENT  DISCRETIZATION  AND  SHAPE  FUNCTIONS.  Through 
nondlmenslonallzatlon,  the  region  of  Interest  always  remains  to  be  a  unit 
square:  0  <  x  <  1  and  0  <  t  <  1.  The  finite  element  discretization  Is  a 


subdivision  of  this  unit  square  into  smaller  rectangles,  the  elements.  A 
typical  element  scheme  Is  shown  In  Figure  2  where  a  typical  (l,J)^h  element  Is 


also  shown.  In  terms  of  the  element  variables  Eq.  (12a)  Is  now  written  as 


I  «i(i.j)  -  0 
l.j 


Variables  u(x,t)  and  v(x,t)  become  u(i^  j)(5»n)  and  v(i^j)(5,n)  respectively 
where  C  »n  are  local  Independent  variables  In  spatial  ana  temporal  axis  also 
shown  In  Figure  2. 


Relations  between  global  and  local  coordinates  are  given  as  follows 


C  -  -  Kx  -  1  +  1 

n  -  n(J)  -  Lt  -  J  +  1 


(19) 


where  K  and  L  are  the  number  of  segments  In  x  and  t  directions,  respectively 
(see  Figure  2). 

Shape  functions  are  Introduced  as  follows.  Let 

“(l,J)(^.'l)  *•  §^(5»l)y(i,J)  (20) 


where  a(C»n)  Is  the  shape  function  vector  and  0(1, j)  Is  the  discretized 
unknown  vector.  In  this  paper,  a(C,n)  Is  selected  as  the  following. 

Let  ai((^,n)  be  a  component  of  vector  a(C,n)  k  ••  1,2,.. .,16,  and 

k  ■  1,2,.... ,16 

ak(5»'^)  ■  bi(C)bj(Ti)  ;  (21) 

l.j  -  1,2, 3, 4 


with 


bi(C)  -  1  -  35^  +  25^ 
b2(C)  -5-252+53 
b3(5)  -  352  -  25® 
b4(5)  -  -  52  +  5® 


(22) 


The  correspondence  between  the  Index  k  and  the  pair  (l,j)  In  Eq.  (20)  Is  given 
In  Table  I. 
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TABLE  I.  CORRESPONDENCE  BETWEEN  k  AND  (1,J)  IN  EQ.  (20) 


k 

(i.J) 

k 

(i.J) 

1 

(1,1) 

9 

2 

(2,1) 

10 

3 

(1,2) 

11 

4 

(2,2) 

12 

(2,4) 

5 

(3,1) 

13 

(3,3) 

6 

(4,1) 

14 

(4,3) 

7 

(3,2) 

15 

(3,4) 

8 

(4,2) 

16 

(4,4) 

With  the  conventions  as  stated  above,  the  aeaning  of  the  unknowns  Uk(l,j)  in 
the  vector  U(i^j)  Is  as  follows 


0i  -  u(0,0) 

3u 

;  O2  -  -(0.0) 

O5  -  u(l,0) 

3u 

;  06  -  -d.O) 

0^ 

O9  •  u(0,l)  ; 

3u 

Olo  •  > 

35 

0l3  -  u(l,l)  ; 

9u 

3u 

3^u 

;  03 

-  —(0,0) 

;  04— — (0,0) 

3n 

3tdn 

3u 

3^u 

07  - 

— (1.0)  ; 

08  -  — Hl.O) 

3n 

353n 

3u 

3^u 

Oil  - 

-(0.1)  ; 
3n 

“‘2  ■ 

3u 

3^u 

015 --(1.1) 

(23) 


for  each  element  (1,J)« 

For  the  uiicons trained  formulation,  Eq.  (20)  is  used  in  Eq.  (12).  The 
result  is 


!  I  «y(ij)T{-^A+b2^B}y(i,j) 
1-1  J-1  ^ 


L  ki 

+  I  «Y(i,j)T(--)  C  0(1, j) 
J-1  ^ 


L  k2b^  K  b^k2 

+  I  «y(i,i)T(---)D  0(1.1)  -  I  «Y(i,L)’’<-;r-)C(i) 
1-1  K  i-1  K. 


K 

I 


1-1 


*y(i.i)'^^“">5(i) 


(24) 
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where 


S  •  /J  §(0,n)«T(0,n)dn  ;  5  “  /J  S<e,l)aT(5,0)dTi  (25) 

?(1)  "  «>o^^^f(?,l)de  ;  G(i)  -  /  ui(^>a(?,0)de 


The  expression  of  F(i)  and  G(i)  esn  be  further  reduced  Into  a  form  wore 
readily  conputed.  Write 

16 

Uo^^)(0  -  aT(C,0)go^^^  -  I  ait(t,0)Uok^^^ 

k-1 

tti(i)(0  -  at  (e.0)go^^>  -  I  ak,n(5,0)Uok(^> 

k-1 


(26) 


Since 


ak(5,0)  -  bi(C)bj(0) 

•k,n<5.0)  -  l>i(Ob'j(0) 
and 


*>l(0)  -  1  ,  bj(0)  -  0  for  j  -  2,3,4 

b'2(0)  -  1  ,  b'j(O)  -  0  for  J  -  1,3,4 

Froa  Table  I,  one  then  observes  that 


•k(5,0)  -  0  for  all  k  except  k  -  1,2, 5, 6 


•k,n^5,0)  -  0  for  all  k  except  k  -  3, 4, 7, 8 


Hence,  in  Bq.  (26),  only  OoiCD  Uo2<J>.  Oo5^J><  and 
expressing  and  only  Oba'^,  004(^7,  and 
expressing  uiU7(5).  thu,  «•  »hall  write 


are  used  in 
are  used  in 


?(1)  “  /q  «(6,l)a'*^(6,0)dC  -  F 

S<i)  "  /J  •<€,0)aT^„(C,0)d5  -  C  Uo^i) 


(27) 
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with 


F  -  /^  a<C,0)aT(C,0)d5 


§  -  /q  a(5,0)aT^^(t,0)d5 

The  way  to  set  up  Is  that  first  set  all  to  zero  for  all 

k  ■  1,2,.. .,16.  That  set  1.2, 3, 4, 5, 6, 7  and  8  as  follows. 

“  Uo^Ho)  ;  ••  ■  ui(l)(0)  ; 

iio4^^^  “  “1,^(0)  »  1^05  ■  'io^^^(i)  ;  ; 

D07^1^  "  ui^l-Jd)  ;  (29) 

With  vectors  Uod),  F,  and  G  completely  defined  above,  Eq.  (24)  can  be 
rewritten  as 

K  L  K  L  I'  1^1 

I  I  «y(i,j)^t-  r  A  +  b2  -  B}  y(i.j)  +  I  6Y(i,j)T(--)c  y(ij) 

1-1  j-1  L  K  j-1  L 

(30) 

K  b2k2  K  b2k2 

+  I  «y(i,j)'^(-r“^9  9(1,1)  -  I  l«y(i,L)'^('-“-)?  -  «Y(i,i)’’(;-)g1Uo(^> 

1-1  K  1-1  K  K 

Ifow  Eq.  (30)  Is  readily  assembled  Into  a  global  matrix  equation  In  a  standard 
manner. 

6vT  K  U  -  6VT  P  (31) 


KU  -  P  (31) 

due  to  the  fact  6V  Is  completely  arbitrary.  Thus  Eq.  (31)  Is  solved  for  U. 

5.  NUMERICAL  RESULTS  AND  OOMPARISOHS.  Some  preliminary  results  of 
computation  are  presented  here.  We  shall  set  b  -  1  In  the  differential 
equation  (6*)  for  simplicity.  Thus, 


b2  -  £(-) 


E  T  a^T^ 
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or, 

I 

T  -  -  «  (33) 

a 

The  exact  solution  for  t  »  0,  0.2T,  and  0.4T  are  given  In  Figures  3  and  4. 

First,  the  results  from  the  unconstrcined  variational  formulation.  Using 
a  grid  scheme  of  5x1,  the  numerical  results  for  displacements  and  axial 
stresses  are  tabulated  In  Tables  II  and  III  where  the  exact  solutions  are  also 
given  for  comparison.  The  graphic  comparisons  are  shown  In  Figures  5  and  6 
where  the  calculated  solutions  are  Indicated  by  crosses  (x)  and  the  exact 
solution  Is  plotted  In  solid  lines.  It  Is  clear  In  these  figures  that  the 
computed  results  generally  agree  with  the  exact  analytical  solution.  As  a 
further  evidence  of  convergence,  a  finer  grid  scheme  of  10x1  Is  taken  and  the 
Improved  solution  Is  shown  In  Figures  7  and  8. 

Numerical  results  from  the  constrained  formulation  follow  the  general 
trend  as  the  unconstrained  one  as  Indicated  in  Figures  9  and  10,  as  well  as 
the  tabulated  comparison  with  the  exact  solution  In  Tables  IV  and  V. 

TABLE  II.  SOLUTIONS  TO  THE  STRESS  WAVE  PROBLEM  USING 
UNCONSTRAINED  VARIATIONAL  FORMULATION 
A 

t  -  0.2T  -  0.2(-),  b  -  1.0;  Grid;  5x1 
a 


U 

3u/3x 

X 

Computed 

Exact 

Computed 

Exact 

0 

0.000 

0.0 

0.994 

1.0 

0.2 

0.199 

0.2 

1.0 

0.4 

0.399 

0.4 

0.965 

1.0 

0.6 

0.598 

0.6 

0.896 

1.0 

0.8 

0.789 

0.8* 

0.550 

0.0* 

1.0 

0.806 

0.8 

0.403 

0.0 

*Polnt  of  discontinuity. 
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TABLE  III.  SOLUTIONS  TO  THE  STRESS  WAVE  PROBLEM  USING 
UNCONSTRAINED  VARIATIONAL  FORMULATION 
I 

t  ■  0.4T  ■  0.4(-),  b  ■  1.0;  Grid;  5x1 
a 


U 

3u/  3x 

X 

Computed 

Exact 

Computed 

Exact 

0 

0.000 

0.0 

0.988 

1.0 

0.2 

0.200 

0.2 

0.976 

1.0 

0.4 

0.399 

0.4 

0.927 

1.0 

0.6 

0.594 

0.6 

0.714 

0.0* 

0.8 

0.698 

0.6 

0.467 

0.0 

1.0 

0.791 

0.6 

0.151 

0.0 

^Polnt  of  discontinuity. 


TABLE  IV.  SOLUTIONS  TO  THE  STRESS  WAVE  PROBLEM  USING 
CONSTRAINED  VARIATIONAL  FORMULATION 

t  -  O.IT,  b  -  1;  Grid:  5x1 


u 

3u/  3x 

X 

Computed 

Exact 

Computed 

Exact 

0 

0.0 

0.0 

0.986 

1.0 

0.2 

0.200 

0.2 

0.984 

1.0 

0.4 

0.399 

0.4 

0.944 

1.0 

0.6 

0.596 

0.6 

0.784 

1.0 

0.8 

0.797 

0.8* 

-  0.049 

0.0* 

1.0 

0.874 

0.8 

0.0 

0.0 

*Polnt  ol 

discontinuity. 
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TABLE  V.  SOLUTIONS  TO  THE  STRESS  WAVE  PROBLEM  USING 
CONSTRAINED  VARIATIONAL  FORMULATION 

t  ■  O.IT,  b  »  1.0;  Grid:  5x1 


*Polnt  of  discontinuity. 


REFERENCES 

J.  J.  Uu,  "The  Initial  Boundary  Value  of  Gun  Dynamics  Solved  by  Finite 
Element  Unconstrained  Variational  Formulations,"  Innovative  Numerical 
Analysis  For  the  Applied  Engineering  Science,  R.  P.  Shaw,  et  al.  Editors, 
University  Press  of  Virginia,  Charlottesville,  pp.  733-741,  1980. 

J.  J.  Wu,  "Solutions  to  Initial  Value  Problems  by  Use  of  Flnlte-Elements- 
Unconstralned  Variational  Formulations,”  1977  Journal  of  Sound  and 
Vibration,  53,  pp.  341-356. 

C.  N.  Shen  and  J.  J.  Wu,  "A  New  Variational  Method  for  Initial  Value 
Problems,  Using  Piecewise  Hermlte  Polynomial  Spline  F^inctlons,”  presented 
at  the  1981  Army  Numerical  Analysis  &  Computers  Conference,  Huntsville, 
AL,  February  1981. 

C.  N.  Shen,  "Method  of  Solution  for  Variational  Principle  Using  Bicubic 
Hermlte  Polynomial,"  presented  at  the  17th  Conference  of  Army 
Mathematicians,  West  Point,  NY,  June  1981. 


1.0 


0. 


Figure  A*  Exact  Solution  to  the  Problem:  Axial  Stress  at 
t  -  0,  0.2T,  and  0.4T. 
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Figure  7.  Displacement  Solutions  by  the  Unconstrained  Variational 
Formulations  (t  ■  0.1T)  and  Comparison  with  Exact 
Solutions.  Grid:  10x1. 


Figure  8.  Stress  Solution  by  the  Unconstrained  Variational 
Formulations  (t  ■  O.IT)  and  Comparison  with  Exact 
Solutions.  Grid:  10x1. 


u 


Figure  9.  Displacement  Solutions  by  the  Constrained  Variational 
Formulations  (t  ■  0,2T)  and  Comparison  with  Exact 
Solutions.  Grid:  5x1. 
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Figure  10.  Street  Solution  hj  the  Conetrelned  Verletlonel 

Fonuletlone  (t  -  0.2T)  end  Co^^erleon  with  Exact 
Solutions.  Grid:  5x1. 
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ABSTRACT .  A  well  known  advantage  of  variational  solution  formulation  to 
boundary  value  problems  Is  that  the  differentiability  requirements  of  the 
approximate  solutions  can  be  relaxed.  For  Initial  value  problems,  however, 
this  advantage  Is  somewhat  diminished  by  the  complication  due  to  the 
appearance  of  the  farther  end  condition.  This  complication  can  be  eliminated 
by  the  use  of  an  adjoint  variational  principle  as  we  have  demonstrated  for  a 
simple  Initial  value  problem  In  a  previous  paper.  The  more  Involved  analysis 
for  mixed  Initial  boundary  value  problem  has  also  been  worked  out. 

The  present  paper  deals  with  the  numerical  Implementation  of  this  more 
Involved  analysis  In  conjunction  with  cubic  Hermlte  polynomials  as  the 
approximate  functions.  The  specific  example  used  for  numerical  results  Is  the 
longitudinal  stress  wave  of  a  uniform  bar. 

First,  the  adjoint  principle  associated  with  this  problem  Is  stated.  It 
Is  followed  by  the  discretized  counterparts  In  spatial  and  temporal 
dimensions.  The  procedures  Involving  the  assemblage  of  the  "mass”  and 
"stiffness"  matrices  In  the  two  dimensions  are  described.  Due  to  the  null 
variations  of  some  adjoint  variables,  certain  rows  of  the  matrices  are 
eliminated.  Because  certain  variables  are  known  at  the  boundaries,  the 
unknown  variables  for  the  next  Interval  of  time  can  be  computed  by  Inversion 
of  a  band  matrix  In  terms  of  their  present  values. 

1.  INTRODUCTION.  The  purpose  of  this  paper  is  to  employ  the  adjoint 
variational  principle  In  the  form  of  finite  element  formulation  for  solving 
the  stress  wave  problems.  The  hyperbolic  partial  differential  equation 
governs  the  motion  Is  second  order  both  In  spatial  and  time  domains. 

Ly(x,t)  +  Q(x,t)  -  0  (1) 

where 

Ly  -  (ayt)t  +  (2) 

We  seek  explicitly  the  numerical  transient  solutions  of  y,  y^,  yx  and  yxt  fof 
assigned  boundary  and  Initial  conditions.  The  term  yx  will  give  the  stress 
wave  In  a  longitudinal  bar.  The  study  Is  the  extension  of  previous  work  on 
Initial  and  boundary  value  problems  (ref.  1). 
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2.  INTEGRAL  OP  BILIHKAR  EXPRESSION*  The  Integral  of  a  bilinear 
expression  for  a  two  dimensional  problem  having  second  order  partial 
derivatives  In  both  space  and  time  can  be  wltten  as 

*b  tb 

I  ■  /  /  Q[y(x,t),y(x,t)ldtdx  (3) 

*o  to 

where  (}[y,yl  la  a  given  bilinear  expression  In  the  form 

iily.y)  -  «*ytyt  +  ^YxYx  (^) 

the  quantity  y  Is  the  adjoint  of  y  and  the  subscripts  t  and  x  Indicate  the 
partial  derivatives  of  the  functions  y  and  y. 

IVo  different  forms  of  Integrals  and  end  conditions  can  be  obtained  from 
Eq.  (4).  The  first  form  Is  obtained  by  Integrating  by  parts  on  the  adjoint 
variable . 

,*b  tb  -  ,xb  -  tb  tb  .*b 

I  -  /  yLydtdx  +  /  oytyl  dx  +  /  ly^yl  dt  (5) 

^O  to  to  Xo 

where  Ly  Is  given  In  Eq.  (2). 

In  addition,  we  can  perform  Integration  on  the  original  variable  to  give 

Xo  tb  —  Xb  -  tb  tb  Xb 

I  -  /  yLydtdx  +  /  oytyl  dx  +  /  ly^yj  dt  (6) 

*0  to  Xo  to  to  Xo 

where 

Ly  -  (oyt)t+  (tyx)x  (7) 

In  a  previous  paper  (ref.  1)  we  show  that  the  bilinear  concomitant  D  has 
to  be  identically  zero,  l.e., 

Xb  tb  -  Xb  tb  — 

D  •  /  /  yLydtdx  -  /  /  yLydtdx  (8) 

*o  to  Xo  to 

By  equating  Eqs.  (5)  and  (6)  and  solving  for  D  in  Eq.  (8),  we  are  converting 
the  double  Integral  Into  two  single  Integrals  In  terms  of  the  Initial  and 
boundary  conditions. 

He  can  express  the  quantity  D  as  the  sum  of  two  parts  for  end  conditions 
as  Di  and  D2.  Thus  one  defines 

D  -  Di  -  D2  (9) 

The  terms  In  Involve  the  Initial  conditions  of  y  and  y  as 
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X5  -  tb  -  tb 

Di  "  /  {ayty!  -  ‘vtyl 

*0  *"0 

Xb  .  -  -  - 

“  /  t“b(ytbyb-ytbyb)  -  ooCytoyo-ytoy©) W* 

*o 

The  Ceras  In  O2  Involve  Che  boundary  cundlclona  of  y  and  y  as 
>  Cb  -  Xb  .  Xb 

D2  -  /  Ciyxyl  -  *yxy|  ><>t 

to  Xo  Xo 

tb  -  -  -  - 

"  j,  CtbCyxbyb-yxbyb)  -  *o<yxoyo-yxoyo)><*t 

t© 

In  order  Chat  D  £  0  In  Rq.  (9)  Ic  la  sufficient  Chat 

H  0 

and 

D2  =  0 


(12a) 

(12b) 


3.  END  OONDITtONS  KOR  THE  ADJOIWT  SySTKMS.  In  order  to  satisfy  the  two 
requirements  in  Eq.  (l2)  %ie  separate  them  in  "two  parts.  Let  us  consider  first 
the  time  domain  and  assume  that  the  adjoint  variables  are  assigned  as 


yb  -  y© 


y©  -  yb 


ytb  -  -%“^ao  yto  .  yto 


-<>o"^%  ytb 


Ob  ♦  0  Oo  ♦  0  (15) 

The  above  adjoint  initial  conditions  satisfy  the  requirement  that  Dj  s  0  in 
Eq.  (10).  Now  we  turn  Co  Che  spatial  domain  and  assume  that  that  adjoint 
variables  are 


yb  -  yb 


y©  -  y© 


yxb  -  yxb 


yxo  "  yxo 


The  above  adjoint  boundary  conditions  satisfy  the  requirement  that  D2  3  0  in 
Eq.  (11). 

By  giving  the  appropriate  values  of  these  adjoint  variables  in  terms  of 
the  original  variables  one  nay  find  that  the  requirement  0  s  0  can  be 
satisfied.  This  leads  to  the  result  (ref.  1)  previously  found  es 


.  tb  Xb  -  tb  Xb  - 

Jly*yl  ■  /  /  Qydtdx  +  /  /  y(QfLy)dtds  ■  0 

to  Xq  to  Xq 
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4.  FIRST  VARIATION.  By  taking  variation  on  Eq.  (18)  we  have 


where 


6J  -  6Jt  «y)  +  6J(  «y] 

tb  Xb  —  tb  Xb  - 

"  /  /  5y(Ly)dtdx  ■♦■  /  /  y(L6y)dtdx  ■  0 

to  Xo  to  Xo 

tb  Xb  - 

6j[6y)  -  /  /  6y(Ly+Q)dtdx 

to  Xo 

'SJ(dyl  -  /  /  6y(Ly4<))dtdx 

to  Xo 


Since  D  =  0  In  Eq.  (8)  the  variation  £D  ahould  be  zero 

6D  -  6D[6yJ  +  6D[6yl  -  0  (22) 

Since  the  variation  dy  and  5y  are  Independent,  then 

tb  Xb  -  tb  Xb 

6D[6y]  ■  /  /  y(Ldy)dtdx  -  /  /  6y(Ly)dtdx  ■  0  (23) 

to  Xo  to  Xo 

which  la  the  same  aa  the  last  two  terms  In  Eq.  (19)  which  vanish.  Thus 

6J  -  dJ[6yJ  +  dJtdy)  -  0  (24) 

since  the  variation  dy  and  dy  are  Independent 

-  tb  Xb  - 

dJidy]  -  /  /  dy(Ly+Q)dtdx  •  0  (25) 

to  Xo 

where  Ly  Is  given  In  Eq.  (2)  and  contains  higher  derivatives  than  the  first 
partlals  In  y.  It  Is  Intended  to  Include  only  lower  order  partial 
differentiation  In  y.  This  can  be  achieved  by  considering  the  variations  of 
the  bilinear  expression  I  given  by  Eqs.  (3)  (4)  as 

-  tb  Xb 

dl(dyl  -  /  /  (oyt^Tt  +  tyx^TxJdtdx  (26) 

to  Xo 

A  different  form  of  the  above  variation  can  be  obtained  from  Eq.  (5)  as 


,*b  tb  -  ,*b  -  tb  tb  -  ,*b 

dlldyl  -  /  dyLydtdx  +  /  6yayt|  dx  +  /  4yiyx|  dt  (27) 

Xo  to  Xo  to  to  Xo 
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Equating  Eqa.  (26)  and  (27) ,  solving  for  Che  teem  containing  Integral  for  6yLy 
and  substituting  Into  Eq.  (25)  we  have 

-  ,*b  -  tb  tb  -  xb 

fiJlSyl  ■  J  oyt^yl  dx  +  /  Jiyx®yl  dt 
*o  ^o  ^o  *o 

*b  tb  -  xb  tb 

+  J  /  6yQdtdx  -  J  /  [cty^Syt  +  Ayx^yxldtdx  -  0  (28) 

Xq  tQ  Xq  to 

This  Is  the  key  equation  which  uses  variational  principle  In  solving  a  mixed 
Initial  and  boundary  value  problem  for  a  wave  equation. 

5.  DISCUSSION  OF  THE  VARIATIOHAL  EQOATION.  Let  us  discuss  the  various 
terms  In  Eq.  (28),  the  variational  formulation  of  the  wave  equation,  Into 
three  parts  as  follows. 

(1)  The  Initial  conditions  of  Che  original  variables  are  given  and 
variations  of  Che  adjolnts  at  Che  far  end  are  zero.  The  first  term  In  Eq. 

(28)  contains  the  product  of  yt^y  evaluated  at  the  Initial  condition  yto^yo 
and  at  the  flnal_condltion  ytb^^*  Since  the  value  of  yb  are  known  by  Eqa. 
(13)  and  (16).  6y^  •  0.  That  Is,  the  variations  of  the  adjoint  variable  at 
the  far  end  are  zero. 

(2)  The  boundary  conditions  of  the  original  variables  and  variation  of 
the  adjolnts  can  be  determined.  The  second  term  In  Eq.  (28)  is  the  boundary 
term  Involving  the  variation  6y  and  the  variable  yx«  For  a  longitudinal  or  a 
torsional  bar  the  end  conditions  are 


from  Eq.  (16) 

for 

Che  fixed  end 

1 

o 

'<  1 

1 

o 

6y  -  0 

(29) 

from  Eq.  (17) 

for 

the  free  end 

Fx  ■  0  Fx  “  0 

S' 

1 

o 

(30) 

The  variations  In  the  adjoint  variables  shown  In  the  last  column  coincide 
to  the  same  end  conditions  In  the  original  variables  given  In  the  first 
colximn,  whether  It  Is  on  the  left  or  the  right  boundary. 

(3)  Interior  Region  -  The  last  two  terms  In  Eq.  (28)  give  the  Interior 
region  where  the  forcing  function  Q,  the  adjoint  variation  6y,  6yt,  and  dy^ 
and  Che  variables  y^,  and  yx  are  shown.  No  second  order  partial  of  y  with 
respect  to  x  Is  present.  Tnus  the  variables  that  are  needed  for  the 
computation  are  y,  yt,  and  yx.  This  requires  a  c*  continuity  In  both  spatial 
and  time  domain. 
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6.  TIUmSFORMiCriON  OF  OOORPIN/ITES.  The  Integral  signs  in  Eq.  (28)  can  be 
converted  into  aumoation  signs  if  discrete  intervals  for  integration  are  used. 
We  nay  take  some  scale  factors  to  nondlmenslonallze  the  problem  by  giving 


to-0  ,  tb»l  0<t<l  (31) 

x<,«0  ,  Xb*l  0<x<l  (32) 

Moreover,  Eq.  (28)  can  be  discretized  by  letting 

5  -  Ht-i+1  0  <  5  <  I  1  -  1,2,..., H  (33) 

n  -  Kx-j+1  0  <  n  <  1  1  -  1,2,...,K  (34) 


where  H  and  R  are  number  of  intervals  for  t  and  x  respectively,  thus  the 
partial  derivatives  are: 


yt 


3y  3y 
—  ■fl¬ 
at 


Hy? 


(35) 


3y  3y 
"  3x  "  3n 


Kyn 


(36) 


Use  of  Bqs.  (28),  (31)  through  (36)  then  leads  to 

0  ■  dj(6y] 

K  H  1  tb 

■  I  -  /  ^ 6y^^»3^dnl 


+  I  -  Jly„<1.3)6y<t,3)dtl’^ 

1-1  HO  Xo 

K  H  1  11- 

+  I  I  —  /  /  Q6y(i»J)d£dii 

j«l  1-1  HR  0  0 

"I  I  /  I  oy^^^»3^fiy5^^»3^dMn  +  **  /  /  iyT)^^»3)  6yr^(^*3)t  Wn) 

j-1  1-1  K  0  0  H  0  0 

(37) 

7,  SPLINE  FONCTION.  We  may  express  the  variables  yC^tJ)  and  6y(^»3)  in 
Eq.  (3t)  in  terms'  of  the  (1x16)  spline  function  a'^^(5,n)  and  the  (16x1)  node 
point  function  as  follows* 

y(i»j)(C,n)  ■  a^( 5,n)Y^^*3^  (38) 
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where 


(39) 


aT(5,T))  -  {Ial<C,n)lT  {a2(C,n)]T  la^Ce.n))^  Ia‘»( 5,ti)]T} 

and 

6y(l.j)(e,n)  -  aT(t,»i)6Y(i.3)  (40) 

A  typical  term  for  a  product  can  be  written  as 

6y(i,i)y<i.J)  -  [6Y(i.3>)'ra(C,n)aT(C,n)t(i.3)  (41) 

Thus  Eq.  (37)  becomes 

-  K  -  T 

4J(4y)  -  I  6Y(tb.3)]  Po5(tb)Y(^b.3> 

J-1 

K 

*  I  4Y(to.j)l’^PC5(to)Y<to.3) 

1-1 

H  -  T 

+  I  t6Y<i.*b)l  Pon(xb)v(^»*'>) 

1-1 

H  «  T 

-  I  6y(^»*o)1  POn(xo)^^^**®^ 

1-1 

+  !  !  l6Y(i.l)lVi*l) 

J-1  1-1 

-  I  I  l«Y(i.J)lVi.j)Y(i.l)  -  0  (42) 

j-1  1-1 

where  the  coefficient  P  contains  integrals  involving  the  spline  functions 
a(^,n)  and  its  partial  derivatives  as  given  In  a  previous  paper  (ref«  1). 

8.  GRID  SYSTH^  FOR  FINITE  I^EMEyT.  We  take  a  finite  element 
repreWnted  by  the  (ibxl)  vector  y(^1»1^  which  has  a  grid  of  four  (4x1)  vectors 
Yjvltj)  through  Y4^^*1^ ,  thus 

Y(i.J)  -  (lYi<^.3)]T  lY2^^*3)l't  IY3<^*1)1T  [Y4<^»1)JT}  (43) 

Each  of  the  (4x1)  vector  has  four  components,  consisting  of  the  function,  its 
first  partlals  In  both  directions,  and  Its  mixed  partial,  as  shown  In  Figure 

1. 
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These  vectors  are 


y( ?i.hj) 

y(  5i,nj+i) 

Yjti.J)  - 

yt^  5i,nj+i) 

yr)<5i,nj) 

yn^  ^i.'ij+i) 

y5n<5l»’^j^ 

ycn^  5i,nj+i) 

y(5i+i,nj) 

y(5i+i,nj+i) 

Y4<i.J)  - 

yc(  Ci+i,nj+i) 

yn^^i+l.'ij) 

yn(  ^i+i.^ij+i) 

ycn<5i+i,nj) 

ytn(  5i+i,nj+i) 

(44) 

We  use  the  vertical  direction  for  the  temporal  domain.  If  we  Increase  the  row 
Index  from  1  to  1-fl,  then  the  grid  point  shifts  down  by  one  step  and  the 
following  holds 


(45) 


If  we  Increase  the  column  Index  from  J  to  j-fl  then  the  grid  point  shifts  to 
the  right  by  one  step  and  one  obtains 


Yi(i.J+l)  -  YsCi.J)  Y2<i*J+l>  - 


(46) 


Figure  2  shows  the  relationship  of  the  grid  system  by  assembly  of  finite 
elements  In  the  horizontal  direction,  which  Is  In  the  spatial  domain. 


9.  ASSEMBLY  OF  MATRICES.  In  order  to  solve  Eq.  (42)  by  finite  element 
method,  assembly  of  matrices  from  local  form  Into  global  form  Is  necessary. 
For  Instance,  the  last  term  of  Eq.  (42)  Is  taken  as  -6Jp(6y).  Then 


«Jp(«y) 


I  I  (6Y(^.J)lTp(^»J>Y<^»J) 

J-1  1-1 


(47) 


Since  we  know  that  the  Interval  In  time  can  be  made  as  small  as  possible,  with 
H  -  1,  we  have 
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r 


•SJpCSy)  -  I 

J-1 


I  {[6YiCl.J)]T[6Y2^1»3>lTl6Y3(l»J)lTl6Y4(l.J)lT} 
J-1 


^11  Pl2  Pl3  Pl4 
P21  P22  P23  P24 
P31  P32  P33  Pj4 
P41  P42  P43  P44 


It  is  noted  from  Figure  2  that  the  variables  can  be  Indexed  as 
Y3(1.J)  -  Y2(^»J''‘1)  -  Y2j+i 
Y4(1»J)  -  Y2(1»J‘*'1)  -  Y2j+2 

For  j  -  0, 


Yjd.l)  -  Yi  ,  Y2^^»^^  -  Y2 


For  j  -  k  -  5 


Y3(1,5)  .  Yu  ,  Y4<1»5)  -  Y12 

Also  from  Figure  2,  the  adjoint  variations  are 

6Y3d,J)  «  6Yid,j+l)  -  6Y2j+i 

6Y4d»J)  •  —  5Y2J'^^ 

For  j*0,  _  _  __ 

fiYid.j)  .  fiYi  ,  6Y2^^»^'  -  4^2 


For  j  -  k  «  5, 


4Y3(1.5)  .  5Yii  »  'SY4^^»5>  -  6Y12 


Yi^l*J) 

Y2^ 1 *J) 

Y3(1.J) 

Y4^^»J^ 

(48) 

(49) 

(50) 

(51) 

(52) 

(53) 

(54) 

(55) 

(56) 


Now  the  local  matrlce  In  Eq.  (48)  can  be  assembled  Into  a  global  band  matrix 
shown  In  Figure  3.  Those  elements  not  explicitly  written  are  zeroes  In  Figure 

3. 

Since  the  adjoint  variable  yj,  at  the  far  end  Is  assigned  in  terms  of  the 
known  Initial  value  yp,  the  variation  Is 


5yb  -  0 


(57) 


‘rY 

4 
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From  Figure  2  ue  hove 

6Y2  -  6Y4  -  6Y6  -  6Yg  -  fiYio  ■  5^12  ■  fi^EVEN  “  0  (58) 

This  is  equivalent  to  deleting  the  even  rows  of  the  matrix  In  Figure  3.  The 
deletion  Is  marked  In  Figure  4«  ^e  number  of  relationships  Is  reduced  to 
half  of  the  original  dimension. 

The  variables  Yqdd  In  Figure  2  are  the  Initial  values  of  the  problem 
which  are  supposed  to  be  given.  Thus,  Yj,  Y3,  Y5,  Yy,  Y9,  Yu  are  all  knowns. 
The  coefficients  related  to  these  knowns  should  eventually  be  shifted  to  the 
right  side  of  the  equation. 

10.  FCRTHER  DELETIOMS  AND  KMOWHS.  Suppose  we  have  a  bar  with  the  fixed 
end  at  the  left.  Then  from  Eq.  (29)  ^ne  obtains 

Yo  “  0 

and  .. 

6yo  -  0 

The  above  equations  translate  to  be 

y(2,l)  »  0  (known)  (61) 

and  - 

dy(l,l)  -  0  (deletion)  (62) 

On  the  other  hand  we  have  a  free  end  at  the  right.  Then  Eq.  (30)  gives 

Fxb  -  0 

and  . 

«yxb  “  0 

The  above  equations  yield 

yj^(2,6)  m  0  (known)  (65) 

and 

-  0  (deletion)  (66) 

Figure  5  gives  the  variation  of  adjoint  variables.  It j# tows  two  extra 
zero  variations  at  the  first  row,  6y(l»*)  at  the  left  and  «t  the 

right.  We  have  also  all  zero  variations  on  the  second  row.  Figure  6  shows 
the  known  and  unknown  variables.  There  are  two  extra  known  variables  In  the 
second  row  due  to  boundary  conditions,  y(2,l)  at  the  left  and  y^(2,6)  t^e 
right.  The  first  row  gives  all  known  initial  conditions. 

11.  OOHCiLDSIOMS.  Direct  computation  of  stress,  l.e.,  numerical  solution 
for  first  spatial  (derivatives  of  the  displacement  can  be  obtained  directly. 
This  Is  Important  If  the  problem  has  noisy  components  In  the  solution  of  the 
displacement.  Computation  can  be  made  successively,  l.e.,  the  final  values  of 
the  solution  at  the  first  stage  In  time  can  be  used  as  the  Initial  values  of 
the  second  period  In  time.  The  variations  of  the  adjoint  variables  at  the  far 
end  In  time  for  an  Initial-boundary  value  problem  are  zeroes.  Deletion  of 


(63) 

(64) 


(59) 

(60) 
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many  rows  In  the  assembled  matrix  Is  possible.  The  assembled  matrix  for 
computing  Is  reduced  to  less  than  half  size  In  linear  dimension,  from  (2nx2n) 
to  (nxn) .  Hence,  a  bigger  number  of  Intervals  In  the  spatial  dimension  can  be 
handled.  The  reduced  matrix  la  a  band  matrix  tihleh  makes  the  storage 
requirement  for  computation  much  easier. 

REPEREMCES 

1.  Shen,  C.  N. ,  "Method  of  Solution  for  Variational  Principle  Using  Bicubic 
Hermlte  Polynomial,"  presented  at  the  27th  Conference  of  Army 
Mathematicians,  West  Point,  NY,  June  1981. 
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FINITE  DIFFERENCE  METHODS  FOR  THE 
STOKES  AND  NAVIER-STOKES  EQUATIONS 

John  C«  Strikverda 
Mathematics  Research  Center  and 
Department  of  Computer  Sciences 
University  of  Wlsconsln-Madlson 
Madison,  WI  53706 


ABSTRACT.  This  paper  presents  a  new  finite  difference  scheme  for  the 
Stokes  equations  and  incompressible  Navier-Stokes  equations  for  low  Reynold's 
number.  The  scheme  uses  the  primitive  variable  formulation  of  the  equations 
and  is  applicable  with  non-uniform  grids  and  non-rectangular  geometries. 
Several  other  methods  of  solving  the  Navier-Stokes  equations  are  also  examined 
in  this  paper  and  some  of  their  strengths  and  weaknesses  are  described. 
Computational  results  using  the  new  scheme  are  presented  for  the  Stokes 
equations  for  a  region  with  curved  boundaries  and  for  a  disc  with  polar 
coordinates.  The  results  show  the  method  to  be  second-order  accurate. 


1 .  INTRODUCTION .  In  this  paper  we  examine  several  common  methods  for 
solving  the  incompressible  Navier-Stokes  equations  by  finite  differences  and 
we  present  a  new  second-order  accurate  finite  difference  scheme  for  these 
equations.  This  new  scheme  is  designed  to  be  applied  with  non-uniform  grids 
and  non-ortho gonal  coordinate  systems.  Numerical  experiments  with  the  Stokes 
equations  illustrate  the  versatility  and  accuracy  of  the  scheme. 

The  steady-state  Stokes  equations  on  a  domain  ft  in  are  given  by 


(1.1) 


-  f(x) 
^•u  *  g(x) 


and  the  steady-state  Navier-Stokes  equations  are 


(1.2) 


-R  ^V^u  +  (u«^)u  +  ^p  «  f(x) 
^•u  =  g(x) 


where  R  is  the  Reynolds  number.  We  will  consider  the  systems  (1.1)  and 

(1.2)  with  Dirlchlet  boundary  conditions 

(1.3)  u(x)  b(x)  on  9ft  . 


A  necessary  condition  for  (1.1)  or  (1.2)  to  have  a  solution  is  that  the 
data  9(x)  and  b(x)  satisfy  the  integrability  condition 

(1.4)  /  g  *  /  b*n  , 

ft  9ft 

where  n  is  the  outer  unit  normal  to  9ft.  For  the  mathematical  theory  of  the 
systems  (1.1)  and  (1.2)  we  refer  to  Ladyzhenskaya  (1963)  and  Teman  (1979). 
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We  will  be  concerned  only  wit^  methods  that  solve  the  systems  (1.1)  and 
(1.2)  in  the  primitive  variables  u  and  p  and  not  with  methods  such  as  the 
vorticity  and  stream-function  reformulation.  Also  our  methods  are  applicable 
in  two  or  three  dimensions  although  our  examples  will  be  only  in  two 
dimensions. 

We  emphasize  that  the  scheme  presented  here  is  designed  to  be  easily 
applicable  with  non- rectangular  geometries  and  non-uniform  grids.  The  vast 
majority  of  papers  on  the  numerical  solution  of  the  incompressible.  Navier- 
Stokes  equations  limit  themselves  to  excunples  using  rectangular  geometry  and 
uniform  grids.  By  way  of  contrast,  computations  with  the  compressible  Navier- 
Stokes  equations  routinely  use  non-rectangular  geometries  and  non-unifom 
grids. 


The  outline  of  the  remaining  sections  of  the  paper  is  as  follows.  In 
Section  2  we  discuss  the  strengths  and  weaknesses  of  some  common  approaches  to 
solving  the  systems  (1.1)  and  (1.2)  and  in  Section  3  we  discuss  finite 
difference  schemes  for  these  systems.  The  finite  difference  integrability 
condition  is  discussed  in  Section  4,  and  computational  results  are  given  in 
Section  5.  The  numerical  examples  of  Section  5  demonstrate  that  the  new 
scheme  given  here  can  be  used  to  give  second-order  accurate  solutions  to  the 
Stokes  equations  for  non-rectangular  geometries.  To  our  knowledge  no  other 
finite  difference  schemes  for  the  Stokes  or  incompressible  Navier-Stokes 
equations  in  the  primitive  variables  have  been  shown  to  be  second-order 
accurate  for  non-rectangular  geometries.  Computations  using  the  new  scheme 
for  the  Incompressible  Navier-Stokes  equations  are  currently  being  made  and 
will  be  reported  when  complete. 

2.  SOLUTION  TECHNIQUES.  In  this  section  we  review  some  approaches  to 
solving  the  Navier-Stokes  and  Stokes  equations  numerically.  Few  researchers 
have  treated  the  system  (1.2)  in  the  given  form,  most  have  altered  it  in  some 
way.  Before  examining  the  altered  forms  of  (1.2)  we  look  at  the  system  in  the 
given  form. 

The  Stokes  equations  (1.1)  and  the  Navier-Stokes  equations  (1.2)  are 
elliptic  systems  of  n  +  1  equations  in  n  +  1  dependent  variables.  The 
definition  of  an  elliptic  system,  as  given  by  Douglls  and  Nirenberg  (1957), 
requires  that  the  determinant  of  the  principle  symbol  of  the  system  not  vanish 
for  non-zero  values  of  dual  variables.  For  the  Navier-Stokes  equations  the 
determinant  of  the  principle  symbol  is 


which  is  non-zero  for  Kl  ^  0.  Moreover,  since  the  determinant  is  a 
polynomial  of  degree  2n  in  the  variables  C  =  (C^,...,C^)  the  system 
requires  n  boundary  conditions  at  each  point  of  the  boundary  (Agmon,  Douglls 
and  Nirenberg  (1964)).  These  bounda^  conditions  will  usually  be  Dirichlet  or 
Neumann  conditions  on  the  velocity  u. 
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One  of  the  most  common  ways  of  modifying  the  Navier-Stokes  equations 
(1.2)  is  to  replace  it  by  the  system 


(2.2) 


-R  V  U  +  (u*V)u  +  %  =  f(x) 

V^p  =  ^‘f  +  R'^V^g  -  I  “x  " 

i,  j  j  i 


The  last  equation  of  (2.2)  is  obtained  by  taking  the  divergence  of  the  first 
equation  of  (1.2)  and  then  using  the  last  equation  of  (1.2)  to  eliminate  the 
divergence  of  velocity.  The  system  (2.2)  has  the  advantage  over  (1.2)  in 
that,  when  discretized,  it  can  be  solved  using  standard  methods  for  inverting 
the  discrete  Laplacian.  However,  the  system  (2.2)  has  a  grave  disadvantage  in 
that  it  requires  n  +  1  boundary  conditions,  one  for  each  elliptic  equation, 
as  opposed  to  (1.2)  which  requires  only  n  boundary  conditions.  Thus  any 
attempt  to  solve  (1.2)  via  (2.2)  would  require  some  means  of  determining  the 
correct  additional  boundary  condition.  Without  the  correct  condition 
solutions  of  (2.2)  will  not  be  solutions  of  (1.2). 


Roache  (1972,  p.  194)  suggests  that  the  additional  boundary  condition  be 
given  by  the  normal  derivative  of  pressure  as  determined  by  the  first  equation 
of  (1.2)  or  (2.2)  evaluated  on  the  boundary.  This,  however,  is  not 
satisfactory  as  a  boundary  condition  since  it  is  not  independent  of  the  system 
of  differential  equations.  Roache 's  suggestion  leaves  the  system  (2.2) 
under determined. 


Another  boundary  condition  which  is  commonly  used  along  boundaries 
corresponding  to  physical  surfaces  is  to  set  the  normal  derivative  of  the 
pressure  to  zero,  which  is  valid  in  the  limit  for  high  Reynolds  number  flow. 
With  this  boundary  condition  and  (1.3)  the  system  (2.2)  has  the  proper  number 
of  boundary  conditions,  however,  its  solutions  are  not  solutions  of  (1.2). 

As  one  would  expect,  the  methods  using  (2.2)  or  similar  systems  have 
difficulty  with  the  accuracy  of  the  pressure  field  and  with  satisfying  the 
Incompressibilty  condition  on  the  velocities  (see  for  example  the  work  by 
Boney,  Hefner,  Hirsh,  and  Zoby  reported  in  Rubin  and  Harris  (1975)). 

The  above  mentioned  difficulties  are  seen  in  computations  with  the  time- 
dependent  Navier-Stokes  equations  as  well.  Roache  (1972)  has  a  discussion  of 
the  difficulties  of  obtaining  a  zero  divergence  for  the  velocity  field  when 
using  the  above  approach  for  time  dependent  flows  (see  also  Harlow  and  Welch 
(1964)). 


Because  of  these  difficulties,  it  seems  best  not  to  use  the  derived 
system  (2.2)  but  to  use  the  original  system  (1.2). 

Another  approach  to  solving  the  Navier-Stokes  equations  (1.2)  is  the 
artificial  compressibility  method.  The  basic  idea  of  this  method  is  to  solve 
a  time-dependent  system  of  equations,  whose  steady-state  solutions  solve 
(1.2),  until  a  steady  state  is  reached.  Methods  have  been  proposed  by  Chorin 
(1967)  and  Yanenko  (1967).  The  convergence  rate  of  these  methods  is  dependent 
on  the  choice  of  finite  difference  method  used  to  solve  the  system.  Moreover, 
as  will  be  discussed  in  Section  4,  it  may  happen  that  the  finite  difference 
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equations  do  not  have  a  steady-state  solution,  so  the  method  cannot 
converge.  Taylor  and  Ndefo  (1970)  reported  difficulty  in  getting  Yanen)co's 
method  to  converge,  most  liltely  because  there  was  no  solution. 

Another  common  method  is  to  use  the  "parabolized"  Navier-Stokes  equations 
in  which  the  second-derivatives  in  the  stream-wise  direction  are  removed. 
Because  of  its  limited  applicability  and  uncertain  justification  we  will  not 
discuss  this  method  here  except  to  note  that  often  an  analogue  of  (2.2)  is 
derived  and  thus  some  of  our  observations  on  (2.2)  also  apply  to  the 
parabolized  equaitons.  Raithby  and  Schneider  (1979)  discuss  these 
difficulties  for  three-dimensional  flow  problems. 

3.  FINITE  DIFFERENCE  SCHEMES.  In  this  section  we  discuss  the  staggered 
mesh  and  central  finite  difference  schemes  for  (1.1)  and  (1.2)  and  Introduce  a 
new  scheme.  The  second-order  accurate  staggered  mesh  scheme  for  a  uniform 
cartesian  grid  assigns  the  values  of  each  of  the  velocity  components  and  the 
pressure  to  different  Interlaced  grids.  In  two  dimensions  with  velocity 
components  u  and  v,  one  may  assign  values  of  u  to  grid  locations 

((i  +  -^jh, jh),  values  of  v  to  (ih,(j  +  j)h),  and  values  of  p  to 

(ih,jh),  e.g.  Harlow  and  Welch  (1965),  Patankar  and  Spalding  (1972),  Raithby 
and  Schneider  (1979),  Brandt  and  Dinar  (1979).  This  method  works  very  well  as 
long  as  the  geometry  is  rectangular  and  the  grid  is  uniform.  Non-uniform 
grids  and  grid  mapping  techniques  cannot  be  conveniently  handled. 

The  staggered  mesh  schemes  also  have  some  difficulty  at  boundaries.  For 
example,  when  lx)th  velocity  components  are  specified  at  a  boundary  then  that 
velocity  component  whose  mesh  lines  do  not  lie  on  the  boundary  requires  some 
special  treatment. 

The  central  difference  scheme  on  a  uniform  rectangular  mesh  assigns 
values  of  all  the  variables  to  each  grid  point.  The  divergence  and  gradient 
operators  are  approximated  using  central  differences  and  the  Laplacian  is 
approximated  by  the  standard  five-point  discrete  Laplacian.  Central 
difference  schemes  have  been  used  by  Chorin  (1967,  1968)  in  time-dependent 
calculations. 

An  important  concept  for  finite  difference  schemes  for  elliptic  systems 
such  as  (1.1)  and  (1.2)  is  that  of  regularity  (see  Bube  and  Strikwerda  (1980), 
and  also  Frank  (1968),  Brandt  and  Dinar  (1979)).  Regular  schemes  give  rise  to 
regularity  estimates  analogous  to  those  in  the  theory  of  elliptic  systems  of 
differential  equations.  Solutions  to  regular  difference  schemes  will  in 
general  be  smoother  than  solutions  to  non-regular  schemes  and  also  will  be 
more  accurate  approximations  to  the  solutions  of  the  differential  equations. 

The  central  difference  scheme  is  non-regular  (Bube  and  Strikwerda 
(1980)),  which  results  in  non-smooth  solutions.  The  lack  of  smoothness  is 
most  noticeable  in  the  pressure.  The  staggered  mesh  scheme  is  regular.  The 
advantage  of  the  central  difference  scheme  is  that  it  is  easily  implemented 
with  non-uniform  grids  as  introduced  by  coordinate  changes. 

It  should  be  emphasized  that  none  of  the  difficulties  mentioned  aloove  are 
insurmountable.  Both  the  staggered  mesh  and  central  differencing  schemes  have 
l9een  used  and  often  quite  successfully.  However  we  will  consider  a  new  scheme 


520 


which  incorporates  both  regularity  and  ease  of  implementation  with  coordinate 
grid  mapping  techniques. 

Before  introducing  the  new  scheme  we  will  discuss  the  concept  of 
regularity  for  difference  schemes  as  given  in  Bube  and  Strikwerda  (1980).  A 
difference  operator  A  may  be  written  as 


Af(x)  =  I  a  (h,x)T'*f(x)  , 
W 


where  T  is  the  translation  operator  given  by 


T  f(x^)  =. 


for  multi-indices  v  and  V. 

The  symbol  of  A  is  given  by 


J  a  (h,x)e^'^  ^  . 
U 


For  example,  the  first-order  central  difference  operator  in  the  k-th 
coordinate  direction  has  symbol 

- - rr^ - -  ih  sin  C 

2h,  k  k 


and  the  standard  second-order  accurate  Laplacian  in  n-variables  has  the  symbol 


I 


k=1 


.  -2  ,21^ 

2  *^k  * 


A  finite  difference  scheme  for  the  stokes  equations  is  regular  elliptic  if  the 
determinant  of  the  matrix  of  symbols  of  the  scheme  vanishes  only  for  C  equal 
to  zero  modulo  2ir.  For  the  Stokes  equations  with  central  differencing,  and 
Ax  =  Ay  »  h,  this  determinant  is 


4h-2(sin2  I  ^  sin^  1 


ih”’sin  C. 


det 


-221  21 
4h  “(sin^  2  ^1  2  S' 


Ih  -sin  C, 


Ih  sin  C. 


ih  sin  C 


4h"^(sin^  ^  +  Bin^  j  C^Xsin^C^  +  sin^C^^  • 
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This  determinant  vanishes  for  the  dual  variables  and  C,  equal  to  ir, 

and  thus  the  scheme  is  not  regular.  One  sees  that  the  non-regularity  comes 
from  the  form  of  differencing  used  for  the  gradient  and  divergence  terms.  Our 
new  scheme  is  a  modification  of  the  central  differencing  scheme  so  as  to  make 
the  scheme  regular. 

The  new  scheme  we  consider  will  be  called  the  regularized  central 
difference  scheme.  In  this  scheme  the  derivatives  of  pressure  are 
approximated  as 

ox^  kO^  k  k-  k+*^ 

and  the  first  derivatives  rf  the  velocity  in  the  divergence  equation  are 
approximated  as 


(3.3) 


,  k  ^2,  ,2  k 


where  a  is  a  non-zero  constant  and  5,  „/  5,  .  and  6.  are  the  centered, 

forward,  and  backward  divided  differences,  respectively.  The  Laplacian  is 
approximated  with  the  usual  five-point  scheme.  For  a  cartesian  grid  in  two 
dimensions  the  determinant  of  the  symbol  is 


'  -2  2  1  2  1 
4h  ^(sin"  ^  +  sin''  j  5^  > 


-  d(?^) 


-2  2  1  2  1 
4h  “(sin''  4  5.  +  sin'^  ^  C,) 


-  d(C2) 


d(i;^) 


d(C2) 


-2,  ,  2  1 


«  4h  (sin  j  C,  +  sin  -  C2 ) ( I d( ) T  +  1 d( C2 ) T ) 


where 


d(C)  »  ih“’sin  C  -  ah"^e'^2  ^^(21  sin  ^  C)^ 

•  21h  ^sln  j  ((cos  J  C  +  4ae^  ^^’sin^  ^  C)  . 

Since  d(C)  is  not  zero  for  any  value  of  (,  when  a  is  non-zero,  the 
scheme  is  regular.  Note  that  for  a  equal  to  one-sixth  the  approximations 
(3.2)  and  (3.3)  are  third-order  accurate. 

Since  the  regularized  central  difference  scheme  is  a  variant  of  the 
central  difference  scheme  it  is  easy  to  Implement  with  coordinate  At 

those  boundary  points  where  the  correction  term  would  require  points  beyond 
the  boundary  we  use  the  correction  term  which  Interchanges  the  forward  and 
backward  operators.  This  scheme  also  requires  the  use  of  extrapolation  to 


compute  the  pressure  values  on  the  boundary.  It  has  been  found  that  third 
order  extrapolation  gave  quite  good  results,  e.g. 


(3.4) 


■Oj 


3p 


1j 


-  sp 


2j 


^3j 


at  the  boundary  x  0  in  two  dimensions. 


A  number  of  first-order  accurate  schemes  for  the  Stokes  and  Navler-Stokes 
equations  have  been  presented  e.g.  Kzivlckli  and  Ladyzhenskaya  (1966)  and 
Temam  (1979,  p.  48).  In  this  paper  we  are  concerned  only  with  second-order 
accurate  schemes. 


4.  THE  INTEGRABILITY  CONDITIOW.  Each  of  the  schemes  for  the  Stokes 
equations  which  have  been  discussed  in  the  previous  section  can  be  written  as 


a) 

^h'^h  = 

"h 

(4.1) 

on  ft 

n 

b) 

K-\ 

with  Dlrichlet 

boundary 

conditions 

(4.1) 

c) 

on 

h 

♦ 

♦ 

The  differnce  operators  L  ,  G.  ,  and  are  approximations 

differential  operators  ^n  T1.1T.  ^he  discrete  functions 

are  approximations  to  f,  g  and  b  on  the  mesh  (2^,  where 

measure  of  the  fineness  of  the  mesh  8  . 

n 

Mow  ^et  us  compare  the  system  (4.1)  with  the  system  (1.1 

that  if  is  a  consistent  approximation  to  the  gradient  then  the  discrete 

pressure  p^^  is  determined  only  up  to  a  constant.  This  means  that  the  system 

of  linear  equations  (4.1)  does  not  have  full  column  rank.  If  there  are  as 

many  equations  in  (4.1)  as  there  are  unknowns,  and  this  is  the  case  for  each 
scheme  we've  considered,  then  the  system  (4.1)  does  not  have  full  row  rank 
either.  This  implies  that  there  is  a  constraint  which  the  data  must  satisfy 
to  guarantee  a  solution,  in  particular,  the  discrete  integrabillty  condition 
analogous  to  (1.4)  must  be  satisfied. 

There  are  at  least  two  ways  to  satisfy  the  discrete  integrabillty 
condition.  The  first  method  would  be  to  analyze  the  matrix  corresponding  to 
(4.1)  and  determine  the  null  space  of  the  adjoint  matrix.  If  the  data  is 
constrained  to  be  orthogonal  to  this  null  space  then  a  solution  will  exist. 
This  approach  is  impractical  for  many  situations  especially  if  coordinate 
changes  have  been  employed  since  then  the  matrices  are  not  easy  to  analyze. 

A  second  approach,  which  will  be  adopted  here,  is  to  replace  (4.1b)  by 
(4.1b')  \  *  \ 

where  ^  is  a  constant  chosen  to  guarantee  a  solution.  The  value  of 


to  the  ^ 
gj^,  and  bj 
h  is  some 


) .  First  note 
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must  be  determined  as  part  of  the  solution.  As  shown  in  the  examples  in 


Section  5  6.  is  at  least 


O(h^) 


for  the  regularized  central  scheme.  We 


will  refer  to  the  equations  (4.1a,  b',  c)  as  (4.1*). 


It  is  interesting  to  note  that  for  the  staggered  mesh  scheme  on  a  uniform 
grid  one  can  easily  satisfy  the  discrete  integrability  condition  since  the 
calculus  of  finite  differences  mimics  the  differential  calculus  very  closely, 
see  e.g.  Kzivickil  and  Ladyzhenskaya  (1966).  Also,  Ghia,  Hankey,  and  Hodge 
(1977)  mention  being  unable  to  obtain  a  solution  to  the  discrete  Navler-Stokes 
equations  for  certain  situations.  We  conjecture  that  this  difficulty  was 
caused  by  the  discrete  integrability  condition  not  being  satisfied. 


There  is  the  possibility  that  the  null  space  of  the  discrete  operator  of 

(4.1)  has  dimension  greater  than  one.  The  regularized  central  scheme  with  the 
third-order  extrapolation  (3.4)  appears  to  have  only  a  one-dimensional  null 
space.  However,  for  a  equal  to  zero  numerical  experiments  Indicate  that 
there  are  solutions  which  are  effectively  null  vectors  in  that  they  solve 

(4.1)  with  f  and  g^^  smaller  than  the  norm  of  the  solution  by  a  factor 
proportional  to  h  or  h^.  The  dimension  of  the  space  of  nearly  null  vectors 
and  null  vectors  appears  to  be  four  for  the  central  differencing  scheme. 

These  vectors  correspond  to  the  four  zeroes  of  the  determinant  of  the  symbol 
of  the  difference  operator. 


These  nearly  null  vectors  and  null  vectors,  other  than  the  usual  constant 
pressure  null  solution,  make  solving  the  discrete  system  very  difficult.  On 
the  other  hand  the  regular  discrete  systems  can  Ise  solved  easily  by  the 
iterative  procedure  given  in  Strilcwerda  (1982). 


5.  COMPUTATIONAL  RESULTS.  In  this  section  we  present  the  results  of 
testing  the  new  scheme  described  in  Section  3.  In  the  examples  discussed  here 
the  discrete  Stokes  equations  were  solved  using  test  problems  which  illustrate 
various  features  of  the  schemes.  For  each  example  an  exact  analytical 
solution  is  known  and  the  approximate  solutions  were  compared  to  the  exact 
solutions  to  study  the  accuracy  of  the  method.  The  value  of  a,  the 
regularity  parameter,  was  one-sixth  in  all  cases. 

For  the  first  test  problem  the  Stokes  equations  were  solved  on  the  imlt 
square  with  a  uniform  grid.  The  exact  soltion  is 


u  *  (2w)  ^sin  vx  cos  Xy 

(5.1)  V  «  (2x)  ^  cos  wx  sin  wy 

p  ••  cos  vx  cos  Wy 

♦ 

with  f  ^  0  and  g  •  cos  wx  cos  wy.  For  this  exeunple  both  the  accuracy  and 
symmetry  of  the  solution  were  checked.  The  symmetry  was  checked  to  study  the 
effect  of  the  nonsymmetrlc  regularizing  term  on  the  symmetry  of  the 
solution.  The  symmetry  was  measured  by  computing  the  quantities  sym(u)  and 
sym(p)  given  by 
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sym(u) 


(5.2) 


‘■d-o 


.ym(p)  -  (  I  IPjj  -  /'P  -  P'2 

1,  ]=U 

for  an  (N  +  1)  (N  +  1)  grid.^  The  quantity  p  Is  the  average  value  of 
the  Pj^j  and  the  norm  is  the  A  -norm,  e.g. 

■»'2  -  (  I 

i.l  ^ 


The  second  test  problem  demonstrates  the  ability  of  the  scheme  to  produce 
second-order  accurate  solutions  on  a  non-rectangular  region.  The  exact 
solution  is 


u  = 


V  =  -aCn  t  n 
p  =  45  +  2n 

on  the  region  d  which  is  the  image  of  the  unit  square  under  the  mapping 

5  =  X  cosh(y) 

„  2 
n  =  y  -  X 

for  (x,y)  in  the  unit  square,  i.e.  0  <  x,  y  <  1. 
solved  on  the  unit  square  were 


Thus  the  equations  being 


’‘5‘Vx’x  ’‘C'yc'^y’x  ^  yc'Vx’y  ^ 

^  ^  ’'n^yn'^y’x  5r„‘Vx>y  ^  -  *5Px  "  y^Py  “  ° 

for  the  first  equation,  with  the  second  being  similar,  and 

^cU  ycU  +  y^v  “  0 

5  X  5  y  n  X  h  y 

for  the  third  equation.  The  regularizing  terms  were  added  only  to  the  terms 
corresponding  to  p^^  in  the  first  equation,  Py  in  the  second,  and  u^^ 
and  Vy  in  the  third. 

In  the  third  test  problem  the  Stokes  equations  were  solved  on  a  disc 
using  polar  coordinates  with  uneven  grid  spacing  in  both  the  radial  and 
angular  direction.  The  exact  solution  is 
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u  =  sin  26 


V  »  2r^  cos  26 
p  =  6r^  sin  26 

with  f  and  g  being  zero.  The  uneven  grid  was  given  by 

ri  -  .75  +  .25 


6  ,  =  (P.  -  .25  sin  , 
2  3  3 


where  P.  and  ip.  were  evenly  spaced  in  the  interval  [0,1]  and  [0,2ii] 
respectively.  This  uneven  spacing  was  chosen  merely  to  show  the  versatility 
of  the  scheme  and  is  not  intended  to  give  a  better  resolution  of  the  solution. 


For  completeness  we  give  the  Stokes  equations  in  polar  coordinates 

=  0 


- 1  -2  -2  -2 

r  (ru  )  +  r  \iaa  “  r  u  -  2r  v^  -  p 

r  r  “o  6  ^r 


(5.5)  r  ^  +  2r  ^Ug  -  r  ^pg  =  0 


r  (ru)^  +  r  Vg 


=  0  . 


The  difference  formulas  used  in  the  numerical  experiments  wejj'e  all  second 
order  accurate.  As  an  example  of  the  formulas,  the  term  r  (ru  )  was 
differenced  as  ^  ^ 


-  Vj)  -  ■  "1-1. • 


The  results  of  the  numerical  experiments  are  shown  in  the  following 
tables.  Each  table  lists  the  errors  Incurred  for  grids  with  H  1  points  on 
a  side  for  values  of  N  of  20,  30,  40  and  60.  Tables  I,  II  and  III  list  the 
relative  errors  for  test  problems  1,2  and  3,  respectively,  and  Table  Z  also 
shows  ^he  symmetry  errors  for  problem  1.  The  relative  errors  are  measured  in 
the  I  -norm  i.e. 


er:  (u)  »  il  (u^^  -  u(Xj|^,y^)  , 

Also  shown  is  the  value  of  6^  which  is  described  in  Section  4.  Table  IV 
displays  the  behavior  of  the  error  as  the  grid  resolution  is  Increased.  The 
numbers  shown  are  values  of 


log(crr^/err2  > 
logdJ^/H^) 


526 


where  err^  and  errj  are  the  errors  for  grids  of  +  1  and  Nj  +  1 
points  on  a  side,  respectively.  This  value  should  be  approxiniately  2.0  for  a 
second-order  scheme.  The  error  reductions  are  shown  for  u,  p  and  6  ,  The 
other  velocity  component  had  a  similar  error  behavior  in  all  the  examples. 

All  of  the  solutions  were  computed  by  the  iterative  method  given  in  Strikwerda 
( 1982). 

That  some  of  the  errors  were  better  than  second-order  accurate  for  test 
problems  1  and  3  can  be  attributed  to  the  third-order  accurate  difference 
formulas  used  for  the  gradient  and  divergence  terms.  One  might  expect  that 
some  of  the  errors  would  behave  as  third-order  errors  for  some  value  of 
and  N2.  However,  since  the  discrete  Laplacian  is  second-order  accurate, 
for  N  large  enough  the  total  scheme  should  be  second-order  accurate.  It  is 
not  clear  why  6^^  should  behave  as  a  fourth-order  error  as  seen  in  test 
problem  3  and  for  some  values  of  and  N2  in  test  problem  1.  Test 

problem  2  was  no  better  than  second-order  accurate  since  the  gradient  and 
divergence  were  only  second-order  accurate.  The  third-order  differences  were 
only  used  on  those  terms  which  were  necessary  to  achieve  regularity  of  the 
scheme.  The  results  show  conclusively  that  the  scheme  has  overall  second- 
order  accuracy. 

6 .  CONCLUSION .  In  this  paper  we  have  examined  several  finite  difference 
methods  for  the  steady  Stokes  and  incompressible  Navier-Stokes  equations  in 
primitive  variables.  We  have  shown  that  the  regularized  centered  difference 
scheme  is  second-order  accurate  and  useful  with  non-rectangular  regions. 
Although  the  numerical  experiments  were  done  using  the  Stokes  equations,  for 
which  exact  solutions  were  available,  we  believe  the  regularized  central 
scheme  is  equally  useful  with  the  incompressible  Navier-Stokes  equations  at 
moderate  Reynolds  number. 
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TABLE  I 


N 

err(u) 

err(p)  6^ 

sym(u) 

eym(p) 

20 

.35(-3) 

.17(-2)  -.44(-5) 

.68(-3) 

.13 (-2) 

30 

.11(-3) 

.86(-3)  -.89(-6) 

.22(-3) 

.37(-3) 

40 

.41(-4) 

.51(-3)  «.53(-6) 

.82{-4) 

.15(-3) 

60 

.19{-4) 

.23(-3)  -.50(-7) 

.37 (-4) 

.52(-4) 

Errors  for 
values  of 
-35(-3)  = 

test  problem  1  for  grids  with  H  -t-  1 

N.  The  numbers  in  parenthesis  are  the 
.35  X  io"^. 

points  on  a  side  for 

1  decimal  exponents  i. 

four 

e. 

TABLE  IZ 

N 

err(u) 

err(p) 

^h 

20 

.10(-3) 

.21 (-2) 

-.24(-3) 

30 

.45 (-4) 

.92 (-3) 

-.12(-3) 

40 

.25(-4) 

.48(-3) 

-.74(-4) 

60 

.11(-4) 

.22(-3) 

-.35(-4) 

Errors  for  test 

problem  2. 

Table  III 

N 

err(u) 

err(p) 

«h 

20 

.75(-1) 

.93(-1) 

-.33(-2) 

30 

.33(-1) 

.34(-1) 

-.53(-3) 

40 

.19(-1) 

.18(-1) 

-.15(-3) 

60 

.83(-2) 

.75(-2) 

-.27(-4) 

Errors  for  test  problem  3. 
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■  if. 

4 

■  n 


TABLE  IV 


r"2 


30/20 


P 

6 


2.8 

1.7 

4.0 


2.0 

2.0 

1.7 


2.0 

2.5 

4.5 


40/30 


P 

6. 


3.4 

1.8 

1.9 


2.0 

2.3 

1.7 


1.9 

2.2 

4.4 


40/20 


P 

6 


3.1 

1.7 

3.1 


2.0 

2.1 

1.7 


2.0 

2.4 

4.5 


60/30 


P 

6. 


2.5 

1.9 

4.2 


2.0 

2.1 

1.8 


2.0 

2.2 

4.3 


60/40 


P 

6 


1.9 

2.0 

5.8 


2.0 

1.9 

1.8 


2.0 

2.2 

4.2 


Computed  order  of  accuracy  for  u,  p,  and  6  for  the  test  problems 


530 


A  THREE-DIMENSIONAL  NUMERICAL  MODEL 
OF  COASTAL.  ESTUARINE.  AND  LAKE  CURRENTS 


Y.  P.  Sheng 

Aeronautical  Research  Associates  of  Princeton.  Inc. 

P.O.  Box  2229.  Princeton.  New  Jersey  08540 

H.  L.  Butler 

U.S.  Arn^  Engineer  Waterways  Experiment  Station 
P.O.  Box  631.  Vicksburg.  Mississippi  391B0 

ABSTRACT.  A  mathematical  model  capable  of  simulating  the 
three-dimensional,  time-dependent  currents  in  coastal,  estuaries,  and  lake 
waters  is  presented.  Special  computational  features  included  in  the  model 
are:  (1)  a  time-splitting  technique  which  separates  the  computation  of  the 
slowly  varying  internal  mode  (three-dimensional  variables)  from  the 
computation  of  the  fast-varying  external  mode  (water  level  and 
vertically-integrated  velocities).  (2)  an  ADI  algorithm  for  the  computation  of 
the  external  mode.  (3)  an  implicit  algorithm  for  the  vertical  diffusion  terms 
of  the  internal  mode  equations.  (4)  a  vertically-stretched  coordinate  that 
allows  the  same  order  of  accuracy  in  the  vertical  direction  at  all  horizontal 
locations,  and  (5)  an  algebraically-stretched  grid  in  the  horizontal 
directions.  These  computational  features  lead  to  an  efficient  and  versatile 
three-dimensional  model  suitable  for  long-term  simulations.  Physical  aspects 
of  the  model  are  also  discussed.  Applications  of  the  model  to  simulate 
laboratory  flow,  tidal  currents  in  an  open  bight  where  an  analytical  solution 
is  available,  wind-driven  lake  currents,  and  tide-driven  and  wind-driven 
coastal  currents  are  also  presented. 

1.  INTRODUCTION.  The  increasing  human  activities  such  as  dredging  and 
energy  production  in  coastal  waters,  combined  with  the  increasing  concern  over 
the  environmental  impact  of  these  activities,  has  created  a  pressing  need  for 
more  quantitative  understanding  of  the  complex  physical  processes  in  coastal 
waters.  Mathematical  models,  in  conjunction  with  field  measurements,  can  be 
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used  to  study  many  problems  of  practical  interest  —  such  as  storm  surge 
prediction,  sediment  transport  and  resuspension,  dredged  material  movement, 
wave  prediction,  pollutant  dispersal,  and  forces  on  pipelines.  Various 
mathematical  models  have  been  developed  to  study  the  hydrodynamic  processes  of 
large  bodies  of  water  including  coastal  waters,  estuaries,  and  large  lakes. 
It  is  fair  to  say  that,  for  relatively  complex  mathematical  models,  resolving 
the  numerical  problems  is  as  important  and  difficult  as  resolving  the  physical 
processes.  This  work  discusses  both  aspects  and  emphasizes  the  numerical 
aspect. 

There  exist  various  time  and  length  scales  in  the  hydrodynamic  processes 
of  large  bodies  of  water,  ranging  from  the  small  scales  of  the  surface  waves 
(1  sec  <  T  <  20  sec,  1  cm  <  L  <  500  m)  and  the  mesoscales  corresponding  to  the 
internal  and  inertial  waves  (N“i  <  T  <  f"^,  100  m  <  L  <  100  km),  to  the  large 
scales  associated  with  the  long  waves  (tioes,  storm  surges,  and  seiches).  Due 
to  a  lack  of  physical  understanding  and  the  limitation  of  computer  resources, 
most  existing  numerical  models  of  large  scale  processes  do  not  resolve  the 
small  scale  and  the  mesoscate  range,  but  resort  to  parameterizing  the 
processes  in  these  ranges.  For  coastal  applications,  the  present  model 
attempts  to  resolve  motions  (1)  at  longer  periods  than  the  tidal  periods,  but 
less  than  a  month  and  hence  are  related  to  atmospheric  forcing  (wind  stress  or 
curl  of  wind  stress)  or  river  runoffs,  (2)  at  tidal  periods  and  their 
harmonics  and  hence  are  related  to  tidal  forcing  and  resonance  effect  of  the 
basin,  and  (3)  at  shorter  periods  than  the  tidal  periods  and  hence  are  related 
to  barotropic  or  baroclinic  waves  propagating  towards  the  coast.  However, 
current  emphasis  is  placed  on  the  first  two  cases.  Effects  of  earth  rotation, 
stratification,  and  bottom  topography  are  included.  For  barotropic  or 
baroclinic  waves  propagating  in  stratified  fluid,  the  wave  length  may  be  quite 
short  and  thus  requires  a  very  fine  horizontal  grid  resolution  (<1  km).  The 
primary  purpose  of  the  current  modeling  effort  is  to  study  the  dispersion  of 
particulate  or  dissolved  species  (e.g.  sediment,  dredged  material,  heat) 
associated  with  wind  events  (on  the  order  of  I  to  lU  days)  or  tidal  events 
(from  spring  to  neap  tides). 
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Due  to  a  limitation  of  computer  resources,  simpler  models  such  as 
vertically-averaged  models  (Leendertse,  1970;  Butler,  198Ua)  and 
laterally-averaged  models  (Blumberg,  1977;  Edinger  and  Buchak,  1979)  hair, 
been  constructed  to  allow  for  long-term  simulation,  at  the  expense  of  spatial 
resolution  In  one  or  more  dimensions.  Such  models,  although  useful  In 

parametric  studies  and  limiting  cases  such  as  storm  surge  predictions,  are 
Insufficient  for  studies  of  the  generally  three-dimensional  hydrodynamic 
processes  such  as  sediment  transport  and  wind-driven  currents  on  the 
continental  shelf. 

Generally,  there  are  three  types  of  three-dimensional  hydrodynamic 
models:  (1)  Steady-state  models  (Gedney  and  Lick,  1972;  Sheng  and 

Lick,  1972;  Sheng,  1975)  which  neglect  the  transient  effect  altogether; 
(2)  Rigid-lid,  time-dependent  models  (Bennett,  1977;  Sheng,  1975)  which 
eliminate  surface  gravity  waves  from  the  problem;  and  (3)  Free-surface, 
time-dependent  models  (Cheng,  et  al.,  1975;  Leendertse  and  Liu,  1975;  Sheng, 
1975;  Forristal,  et  al.,  1977;  and  Sheng,  et  al.,  1978)  which  are  more 
general . 

In  order  to  study  the  dynamic  response  of  coastal  waters  (e.g.,  the 

Mississippi  Sound  and  adjacent  continental  shelf  waters)  to  tides,  winds,  and 
meteorological  forcing,  a  three-dimensional,  free-surface,  time-dependent 
model  Is  often  desired.  In  addition,  the  response  of  coastal  waters  Is 
strongly  Influenced  by  climate,  geomorphology,  and  stratification.  Hence, 
these  features  have  to  be  properly  resolved  by  the  mathematical  model. 
Unfortunately,  most  three-dimensional,  free-surface  models  require  an 

exceedingly  small  time  step  (associated  with  the  propagation  of  gravity  wave 
over  the  distance  of  a  horizontal  grid  spacing),  and  hence  their  applications 
are  limited.  For  example,  Leendertse  and  Liu  (1975)  used  time  steps  on  the 
order  of  10  seconds  while  applying  their  model  to  Chesapeake  Bay  and  Ban 
Francisco  Bay.  Consequently,  despite  the  comprehensiveness  of  their  model, 
simulation  runs  were  only  carried  out  to  a  few  tidal  cycles.  Recently, 
Sheng,  et  al .  (1978)  separated  the  computatloh  of  three-dimensional  velocities 
(Internal  mode)  which  are  governed  "by  slower  Internal  dynamics,  from  the 
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computation  of  water  level  and  mass  fluxes  (external  mode)  which  are  governed 
by  fast  surface  w<ives  —  thus  resulting  In  an  efficient  three>d1mens1ona1 
model.  By  computing  the  Internal  mode  with  a  fairly  large  time  step  (~  1/2  hr 
for  Late  Erie  with  a  1/2  mile  gr1d)»  the  computational  efficiency  of  the 
three-dimensional  model  has  become  comparable  to  that  of  a  three-dimensional, 
rigid-lld  model  or  a  vertically-averaged  model.  More  recently  (Sheng,  1981) 
we  have  Implemented  an  Implicit  numerical  scheme  for  the  external  computation, 
thus  further  Increasing  the  efficiency  of  the  three-dimensional  model,  and 
making  such  a  model  an  attractive  operational  tool  for  long-term  simulations. 
Due  to  the  implicit  scheme  for  the  external  computation,  however,  a  new 
mode-splitting  scheme  different  from  the  earlier  version  (Sheng  and  Lick, 
1980)  was  designed.  Various  aspects  of  the  new  three-dimensional  model  are 
described  In  the  following. 

2.  GOVERNING  EQUATIONS.  The  basic  equations  describing  tne  large-scale 
motion  in  a  large  body  of  water  consist  of  a  continuity  equation,  momentum 
equations,  conservation  equations  of  heat  and  salinity,  and  an  equation  of 
state.  Inherent  assumptions  are:  (1)  pressure  distribution  Is  hydrostatic 
In  the  vertical  direction,  (2)  Boussinesq  approximation  Is  valid,  and 
(3)  eddy  viscosities  and  diffusivltles  are  used  to  describe  the  turoulence. 
The  resulting  equations  are  as  follows: 
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ii  .  .  iiii  +  ili  + 

3t  "  "  ax  ay  az 

‘  ^  (“k  f i  (“h  #)  *  (».  n)  (-) 

P  •  p(T.S)  (7) 

where  x  and  y  are  the  horizontal  coordinates;  z  Is  the  vertical  coordinate 
pointing  vertically  upward  to  form  a  right-handed  coordinate  system  with  x  and 
y  (Figure  1);  u,  v,  and  w  are  the  three-dimensional  velocities  In  the  x,  y, 
and  z  directions;  t  Is  time;  f  Is  the  Coriolis  parameters;  g  Is  the 
gravitational  acceleration;  p  Is  the  pressure;  p  Is  the  density;  T  Is  the 
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temperature:  S  is  the  salinity;  K|^.  and  0|^  are  the  horizontal  eddy 

coefficients;  and  Ay.  Ky,  and  Oy  are  the  vertical  eddy  coefficients. 

At  the  free  surface,  the  appropriate  boundary  conditions  are:  (a)  the 
wind  stress  is  specified. 


‘sx 


\  az  “  ^sy 


(a) 


where  and  are  the  wind  stresses  in  the  x  and  y  directions  respectively 
and  are  functions  of  the  wind  velocity  at  some  height;  (b)  the  kinematic 
condition  is  satisfied. 


w*-^+u-^+v-^  (9) 

at  ax  ay 

where  ^  is  the  elevation  of  the  free  surface;  (c)  the  dynamic  condition  is 
satisfied. 


P  ■  Pj  (la) 

where  is  the  atmospheric  pressure,  and  (d)  the  heat  flux  and  salt  flux  are 
specified. 


Kyil- 
*  az 


h  (T  -  T.); 


ii-  0 
az 


(11) 


where  is  the  equilibrium  air  temperature  at  which  the  surface  heat  flux  is 
zero  and  fi  is  the  surface  heat  transfer  coefficient. 
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At  ttte  bottom,  the  boundary  conditions  are:  (a)  a  quadratic  stress  law 
Is  valid: 

ib  •  ^Wb 

where  Is  the  bottom  shear  stress  vector,  p  Is  the  water  density,  Is  the 
sk1n>fr1ct1on  coefficient,  Is  the  maonitude  of  the  bottom  current,  while  ^ 
Is  the  bottom  current  vector;  (b)  the  heat  flux  or  temperature  Is  specified, 

‘v  ll  ■  <lB  ^  ■  T.,  (13) 

and  (c)  the  salt  flux  Is  specified. 

In  the  numerical  model,  the  above  equations  and  boundary  conditions  are 
actually  solved  in  non-dimensional  form.  In  addition,  anticipating 
significant  variation  of  bottom  topography  In  the  horizontal  direction,  the 
x,y,z  coordinate  system  Is  vertically-stretched  to  a  x,y,o  coordinate  system, 
such  that  an  equal  number  of  grid  points  exist  In  the  shallow  coastal  and  the 
deep  offshore  areas  (Figure  2).  The  transformation  takes  the  form: 

0  -  z/h  (x,y)  (lb) 

where  h  (x,y)  Is  the  local  water  depth  of  the  basin.  Such  a  transformation 
leads  to  the  same  order  of  numerical  accuracy  In  the  vertical  direction  at  all 
horizontal  locations.  Variable  grid  spacing  may  be  used  In  the  vertical 
direction  to  allow  finer  resolution  within  libundary  layers,  e.g.,  the  bottom 
boundary  layer  and  the  thermocllne. 


To  better  resolve  the  complex  shoreline  geometries  and  bottom  features,  a 
non-uniform  grid  is  often  required  in  the  x  and  y  directions  (Butler  and 
Sheng,  1982).  This  non-uniform  grid  (x,y,z)  is  further  mapped  into  a  uniform 
grid  (a.y.o): 


*  -  «x  + 

y  -  ay  ♦  byT^y  (16) 

The  resulting  equations  and  boundary  conditions  in  a,Y,o  grid  system  in 
non-dimensional  form  are  presented  in  the  Appendix. 

The  system  of  equations  would  admit  surface  gravity  waves.  Internal 
waves,  inertial  waves,  and  Rossby  waves  (if  B-p1ane  approximation  is  used). 
Various  time  and  spatial  scales  may  exist  in  the  numerical  solution,  depending 
on  the  grid  resolution,  the  forcing  function,  and  the  location.  The  various 
time  scales  in  an  enclosed  basin  have  been  studied  extensively  by  Haq,  Licic 
and  Sheng  (1974). 

2.1  MODE  SPLITTING.  In  the  present  study,  numerical  computation  of  tne 
three-dimensional  variables  (internal  mode),  which  are  governed  by  slower 
dynamics,  are  separated  from  the  computation  of  the  vertically-integrated 
variables  (external  mode).  This  so-called  “mode  splitting"  technique  resulted 
in  significant  improvement  of  the  numerical  efficiency  of  a  three-dimensional 
hydrodynamic  model  for  Lake  Erie  (Sheng  et  al.,  1978)  and  was  detailed  in 
Sheng  and  Lick  (1980).  Basically,  it  allows  for  computation  of  the 
three-dimensional  flow  structures  with  minimal  additional  cost  over 
computation  of  the  two-dimensional  flow  with  a  vertically-integrated  model. 

2.2  EXTERfiAL  MODE.  The  external  mode,  as  described  by  the  water 
level  (c)  and  the  vertically-integrated  mass  fluxes  (U  and  V),  is  governed  by 
the  following  equations: 
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where  w  Is  the  vertical  velocity  in  the  x,y,a  system  as  defined  by  (A. 11), 
is  the  Rossby  number  and  is  the  horizontal  Ekman  number  as  defined  in  the 
Appendix,  t.„  and  are  shear  stresses  at  the  free  surface,  while  and 


‘sy 

bottom 


'  ‘bx 
from  the 


T^y  are  the  bottom  shear  stresse*;  which  are  computed  from  the 
three-dimensional  velocity  profiles  from  Equation  (A. 13),  where  is  the 
horizontal  velocity  vector  evaluated  at  a  point  z^  above  the  bottom  within  the 
logarithmic  layer.  Ideally,  the  drag  coefficient  Cq  is  a  function  of  the 
bottom  roughness  (z^),  the  distance  above  the  bottom  (z^.),  and  the  stability 
of  the  flow  near  the  bottom  (Sheng,  198U); 
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where  K  Is  the  von-Karraan  constant  and  4  Is  a  stability  function  (businger, 
et  a1.,  1971;  Lewellen  and  Sheng,  1980.) 

Sternberg  (1972)  measured  the  steady>state  flow  over  a  variety  of  bottom 
conditions  In  both  the  laboratory  and  the  ocean,  and  found  Cq  to  be  generally 
In  the  neighborhood  of  0.004.  However,  recent  studies  have  found  that  Cq  In 
the  ocean,  particularly  In  the  presence  of  wind  waves,  may  be  an  order  of 
magnitude  higher  or  more  (Grant,  1981).  Recent  study  of  the  bottom  boundary 
layer  under  current  and  wave  Interaction  by  us  using  a  second-order  closure 
turbulence  model  (Sheng  and  Lewellen,  1982)  quantitatively  confirmed  this 
fact.  Studies  of  tidal  currents  In  a  shallow  estuary  also  revealed  that  Cq  is 
on  the  order  of  0.035  (Brown  and  Trask,  1980). 

Bottom  friction  as  represented  by  Equation  (20)  allows  one  to  Include  the 
effect  of  oscillating  wave-induced  current  on  the  mean  current  In  the 
hydrodynamic  model,  and  Is  believed  to  be  physically  more  meaningful  than  the 
Chety  type  formula  used  In  a  conventional  vertically-averaged  model. 

The  vertically-averaged  model  gives  results  similar  to  the  external  mode 
of  the  three-dimensional  model  when  flow  Is  rather  homogeneous  in  the  vertical 
direction.  However,  due  to  Its  failure  to  resolve  the  vertical  Ekman  layer 
and  the  vertical  stratification,  it  may  yield  quite  different  results  wnen 
two-layer  flow  or  strati ficatl bn  exists. 

2.3  IWTERHAL  MOPE.  The  Internal  mode  of  the  flow  Is  described  by  the 
three-dimensional  velocities  (u,  v,  u),  temperature  (T),  salinity  (S),  and 
density  (p).  Equations  for  T,  S,  p  as  shown  by  Equations  (A.5),  (A.7)  and 
(A.8)  are  solved  along  with  two  equations  for  the  perturbation  velocities  u'  = 
u  -  U/h  and  v'  s  v  -  V/h: 
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(22) 


where  B  and  B  are  defined  In  Equations  (A.3)  and  (A.4),  respectively. 

A  J 

These  equations  are  obtained  by  subtracting  the  vertically-integrated 
equations.  Equations  (18)  and  (19),  f'^om  the  u>  and  v-  equations. 
Equations  (A.3)  and  (A.4),  and  hence  do  not  contain  the  pressure  gradient 
terms.  The  computation  of  these  equations  are  thus  not  limited  by  the 
stringent  numerical  time  step  associated  with  the  fast  surface  gravity  waves. 

However,  the  mode-splitting  technique  used  In  this  study  Is  somewhat 
different  from  the  one  used  in  Sheng  et  al.  (1978).  In  that  study,  the 
governing  equations  for  the  Internal  flow  variables  consisted  of  equations  of 
motion  and  the  continuity  equation  In  terms  of  the  differences  of  velocities 
between  adjacent  grid  points  In  the  vertical  direction.  As  mentioned  earlier, 
this  Is  due  to  the  fact  that  an  explicit  scheme  was  used  for  the  external  mode 
In  Sheng  et  al .  (1978),  while  an  Implicit  scheme  Is  used  here. 

3.  TURBULENCE  PARAMETERIZATIOH.  Various  levels  of  turbulence 
parameterization,  fr4m  the  simple  constant  eddy  viscosity  model  (Gedney  and 
Lick,  1972;  Forristall,  et  al.,  1977)  to  the  second-order  closure  model  of 
turbulence  (Sheng  and  Lewellep,  1982),  have  been  used  In  hydrodynamic  models. 
In  the  present  study,  a  semi -empirical  theory  of  vertical  mixing  Is  used.  The 
effect  of  stratification,  as  measured  by  the  Richardson  number,  R1,  on  the 
Intensity  of  vertical  turbulent  mixing  Is  parameterized  by  an  empirical 
stability  function: 
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where  and  Oy^  are  the  eddy  coefficients  In  the  absence  of  any 
density  stratification  and  02>  o^,  m2»  and  are  empirically 
determined  constants.  As  shown  in  Figure  3(a).  great  discrepancy  exists  among 
the  various  forms  of  the  stability  functions  determined  empirically  by  various 
workers  (Hunk  and  Anderson.  1948;  Bowden  and  Hamilton,  1975;  Blumberg, 
1977).  In  addition,  the  critical  Richardson  numbers,  at  which  the  turbulence 
is  completely  damped  by  buoyancy,  given  by  these  formulas  are  much  too  high 
(.10)  compared  to  the  measured  value  of  0.25  (Erikson,  1978;  Davis 
et  a1.  1981).  Much  of  the  discrepancy  among  various  formulae  probably 
resulted  from  the  difference  in  numerical  schemes  used  and  the  different 
nature  of  the  water  bodies  studied.  To  unify  this  discrepancy,  it  is  believed 
that  stability  functions  determined  from  a  second-order  closure  model  of 
turbulence  should  be  used.  Donaldson  (1973)  compared  the  second-order  closure 
model  with  the  K-theory  of  turbulence  and  obtained  the  stability  functions  by 
assuming  a  balance  between  turbulence  production  and  dissipation,  I.e.,  the 
so-called  "super-equilibrium*  condition.  As  shown  in  Figure  3(b),  such  a 
stability  function  leads  to  a  critical  Richardson  number  much  closer  to  D.25. 
In  order  to  utilize  these  relationships,  a  turbulence  length  scale,  A,  has  to 
be  defined  empirically. 

4.  GRIP  STRUCTURE.  The  basic  staggered-grid  structure  used  in  the  study 
is  shown  in  Figure  4.  The  Indices  i,  j,  and  k  correspond  respectively  to  x, 
y,  and  o  coordinates.  In  the  x-y  plane,  the  variables  u  and  U  are  computed  at 
the  mid-points  of  the  two  boundaries  parallel  to  the  y-axis,  v  and  V  are 
computed  at  the  mid-points  of  the  two  boundaries  parallel  to  the  x-axis,  and  u 
and  (  are  computed  at  the  center  of  the  grid.  Shorelines  are  fitted  with  a 
rectangular  grid  such  that  u  and  U  are  either  zero  or  prescribed  by  river 
flows  along  a  shoreline  parallel  to  the  y-axis,  and  v  and  V  are  zero  or 
prescribed  by  river  flows  along  a  shoreline  parallel  to  the  x-axis.  In  the 
vertical  direction,  the  free  surface  and  the  .bottom  both  fall  on  the  full  grid 
points  on  which  the  u's  and  the  shear  stresses  are  either  computed  or 
prescribed. 
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5.  NUMERICAL  ALGORITHMS 


S.l  EXTERNAL  MODE  ALGORITHMS.  Tredting  all  the  terms  on  the  left  hand 
side  of  the  vertically-integrated  equations  (Equations  18  and  19)  Implicitly, 
the  following  finite  difference  equations  In  matrix  form  are  obtained: 


where 
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where  ax  and  AX  are  the  spatial  grid  spacings  In  x  and  y  directions.  At  Is  the 

time  step,  and  the  superscripts  n  1  and  n  Indicate  the  present  and  previous 

time  step  of  Integration.  Rewriting  Equation  (27)  and  neglecting  terms  of 
2 

0  (At  )  yields  the  following  equations: 
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These  two  equations  can  be  solved  consecutively  In  an  efficient  manner  by 
Inversion  of  tridiagonal  matrices  In  the  )>d1rect1on  (x-SMeep)  and  y>d1rect1on 
(y>sweep).  Furthermore,  only  q  and  U  are  solved  In  the  x-sweep,  while  only  4 
and  y  are  solved  In  the  y>sweep.  This  results  In  a  significant  saving  than 
when  solving  the  original  Equation  (27)  with  Iterative  or  direct  method. 
Using  th^s  Implicit  scheme,  the  Courant  number  based  on  the  wave  speed 
C(ghgiax)*  At/ ax]  could  be  as  large  as  100,  compared  to  only  l  for  the 
explicit  method.  In  reality,  however,  the  Courant  numbers  for  our  simulation 
have  generally  been  between  5  and  10  to  maintain  sufficient  numerical 
accuracy.  For  a  detailed  discussion  on  the  AUl  method  for 
vertically-integrated  shallow  water  equations,  one  Is  referred  to  another 
paper  In  these  proceedings  (Butler  and  Sheng,  1982). 


5.2  INTERNAL  MODE  ALGORITHMS.  Due  to  the  ‘Extreme  shallowness  of  water 
In  the  coastal  area  (-2m),  the  numerical  Swablllty  associated  with  tne 
vertical  diffusion  term  Imposes  a  very  small  time  step  (-20  sec)  if  a 
forward-time,  central-space  (FTCS)  scheme  Is  used.  To  alleviate  this  problem, 
three  numerical  schemes  were  tested:  (1)  Ou-Fort  Frankel  Scheme, 

(2)  Hopskotch  Scheme,  and  (3)  fully  Implicit  scheme.  The  fully  Implicit 
scheme  Is  Implemented  In  this  model: 
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The  bottom  friction  terms  in  both  equations  are  also  treated  implicitly. 
However,  care  must  be  taken  to  ensure  that  the  vertically-integrated 
perturbation  velocities  at  each  horizontal  location  (i,j)  always  equal  zero: 


After  the  equations  for  u'  and  v*  3re  solved,  equations  for  salinity, 
temperature,  and  density  may  then  be  solved  with  the  same  two  time  level 
numerical  scheme  and  implicit  vertical  diffusion  treatment. 

A  two  time  level  scheme  is  preferred  in  this  study  for  the  following 
reasons:  (1)  reduction  of  storage  required  on  computer  resource  (VAX  ll/7tiU), 
and  (Z)  alleviation  of  the  time-splitting  phenomenon  that  may  otherwise  result 
from  a  three  time  level  numerical  scheme. 

A  flow  chart  of  the  solution  algorithm  is  shown  in  Figure  5.  The  model 
may  be  run  exclusively  in  the  external  mode  with  a  fairly  large  time  step. 
The  internal  mode  may  be  updated  every  so  often  as  desired  or  as  dictated  by 
the  physical  problem  of  Interest.  For  a  detailed  discussion  on  this  subject 
and  a  somewhat  different  treatment  of  the  Internal  mode,  one  is  referred  to 
Sheng  and  Lick  (1980).  It  should  be  pointed  out  that  the  maximum  allowable 
time  steps,  for  both  the  external  and  the  internal  modes,  are  now  limited  by 
the  ratio  between  the  horizontal  grid  spacing  and  the  maximum  advection  speed. 
These  time  steps  are  generally  one  to  two  orders  of  magnitude  larger  than  the 
time  step  for  a  simple  three-dimensional,  free-surface  model  as  imposed  by  the 
propagation  of  surface  gravity  waves. 

To  remove  numerical  noise  in  the  form  of  short-wave  oscillation  (with 
wave  length  typically  twice  the  grid  spacing)  which  may  lead  to  numerical 
instability  (Orszag  and  Israeli,  1974),  a  spatial  filter  was  designed  (Sheng 
et  al.,  1978).  Such  a  filter  will  remove  the  undesirable  numerical 
oscillations  when  identified,  but  leave  the  rest  of  the  transient  solution 
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intact.  For  most  of  our  coastal  applications  so  far,  there  was  little  need  to 
use  the  spatial  filter. 

6.  APPLICATIONS. 

6.1  SIMULATION  OF  VICKSBURG  TIDAL  FLUME.  The  three-dimensional  model 
was  used  to  simulate  the  flow  measured  in  Test  29  of  Ippen  and 
Harlemans'  (1961)  experiments  in  the  Vicksburg  tidal  flume.  The  rectangular 
flume  was  100  m  long,  22.86  cm  wide,  and  15.24  cm  deep,  with  one  closed  end 
and  one  open  end  connected  to  a  large  reservoir  where  sinusoidal  tides  in  the 
form  of  c  »  c  cos  {2Kt/T),  »  1.52  cm  and  T  »  600  sec,  were  generated. 
Using  A^  ■  1  cmVsec,  Cq  »  0.004,  ax  =  5m,  ay  ■  4.56  cm,  and  az  »  O.i  cm,  our 
results  agree  well  with  the  measurements,  even  when  at  »  30  sec  (Courant 
number  >  8)  was  used  (Figure  6). 

6.2  TIDAL  FLOW  IN  AN  OPEN  BIGHT.  The  vertically-integrated  version  of 
our  model  was  used  to  simulate  the  tidal  flow  in  a  square  bight  as  computed 
analytically  by  van  de  Kreeke  and  Chiu  (1980).  Consider  a  square  basin  of 
constant  depth  of  10  m  and  length  of  150  km,  with  vertical  walls  along  the 
West  and  the  South,  while  open  boundaries  exist  along  the  East  and  the  North. 
The  water  level  at  the  open  boundaries  is  selected  such  that  the  resulting 
solutions  consist  of  the  sum  of  two  progressive  waves  propagating  in  the 
East-West  direction  and  two  progressive  waves  propagating  in  the  North-South 
direction.  The  tidal  amplitude  at  the  Northeast  corner  is  assumed  to  be  3U  cm 
with  a  period  of  24  hours. 

Using  At  ■  2  hours  and  Ax  ■  15  km  in  our  model,  the  computed  water  level 
and  velocity  field  agree  quite  well  with  their  analytical  results.  Figures  7 
and  8  represent  the  water  level  and  velocity  field  at  the  instant  when  c  is  0 
at  the  Northeast  corner  while  c  maximum  at  the  Southwest  corner. 
Considering  the  fact  that  the  Courant  number  is  8  in  this  simulation,  the 
agreement  between  model  results  and  analytical  results  is  indeed  quite 
reasonable. 
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6.3  TIME-DEPENDENT  CURRENTS  IN  A  LAKE.  To  demonstrate  tne  effect  of 


various  bottom  boundary  conditions  on  the  computed  Mater-level  and  currents, 
let  us  consider  a  50  km  square  lake  with  a  linearly  increasing  bottom  from  2.5 
m  to  7.5  m.  An  impulsive  wind  stress  of  dyne/cm^  was  applied  at  t  -  U 
along  the  direction  of  bottom  contours.  Numerical  results  were  obtained  for 
three  conditions:  (1)  three-dimensional  model  with  a  no-slip  boundary 
boundary  condition,  i.e.,  u  »  v  -  U  at  the  bottom,  (2)  three-dimensional 
model  with  a  quadratic  stress  law  (Cq  >  0.004)  and  (3)  vertically-integrated 
model  with  the  same  quadratic  stress  law. 

Results  at  selected  locations  are  shown  in  Figure  9.  Water  level 
predicted  with  the  no-slip  condition  exhibited  a  much  faster  decay  time  and 
much  stronger  bottom  dissipation.  Hence  at  the  steady  state,  a  stronger 
set-up  is  required  to  balance  the  wind  stress  and  the  bottom  stress.  As  shown 
in  Figure  8,  vertical  velocity  structure  due  to  the  no-slip  condition  also 
differs  considerably  from  that  due  to  the  quadratic  stress  law.  The  quadratic 
stress  law  yields  a  flatter  velocity  profile  near  the  bottom,  resembling  a 
turbulent  boundary  layer  over  a  flat  bottom.  The  no-slip  conditon,  on  the 
other  hand,  yields  a  parabolic  profile  near  the  bottom  resembling  a  laminar 
boundary  layer. 

The  large  difference  in  the  near-bottom  currents  as  computed  by  the 
no-slip  condition  vs.  the  quadratic  stress  law  is  of  particular  significance 
if  one's  primary  interest  is  in  the  transport  of  pollutants  in  shallow  waters, 
where  the  bottom  boundary  layer  plays  a  dominant  role.  The  no-slip  condition 
should  not  be  used  unless  an  extremely  fine  grid  is  used  to  resolve  the 
laminar  sublayer. 

The  vertically-integrated  model  produced  a  water  level  quite  comparable 
to  the  three-dimensional  model.  However,  the  vertically-integrated  model 
cannot  resolve  the  vertical  velocity  structure  as  shown  in  Figure  ID. 

Various  applications  of  the  three-dimensional  model  to  Lake  Erie  have 
been  reported  before  (e.g.,  Sheng  and  Lick,  1972;  Sheng  et  al.,  1978;  Sheng 
1980).  A  rather  interesting  example  is  given  here  to  illustrate  the 
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steady-state  response  of  coastal  waters  to  wind  forcing  both  In  the  absence  of 
and  In  the  presence  of  a  proposed  jetoport  In  the  lake  (Figure  11).  It  is 
clear  from  these  simulations  that  the  coastal  currents  are  not  significantly 
affected  by  the  presence  of  a  jetport  Island.  However,  In  the  presence  of  a 
jetport  Island  and  a  causeway  to  the  shore,  the  coastal  currents  are 
appreciably  modified. 


6.4  TIDAL  CURREHTS  IN  MISSISSIPPI  SOUND 

AND  ADJACENT  SHELF  WATERS.  The  three-dimensional  model  has  been 
applied  to  simulate  the  tidal  currents  off  the  Mississippi  Coast  in  an 
Idealized  grid  (51  x  51  x  5,  with  ax  »  Ay  =  3  km  and  ao  ■  l/!>).  as  shown  In 
Figure  12. 


Barrier  Islands  (Dauphin,  Petit  Bols,  Horn,  Ship,  and  Chandelier)  are 
approximately  represented  by  the  solid  line  barriers  within  the  grid.  Upen 
boundary  extends  along  the  South  (x  >  L)  and  the  East  (y  -  L).  Initially,  the 
entire  basin  Is  assumed  to  be  quiescent  with  c  -  o  everywhere.  Flow  Is  forced 
by  the  following  boundary  condition  along  the  open  boundaries: 
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where  Is  the  average  depth  between  x  and  x  »  L  along  the  open  boundary. 
Cg  Is  assumed  to  be  30  cm  and  T  Is  taken  as  24  hrs. 

The  tidal  currents  over  the  entire  basin  at  the  end  of  a  4-day  simulation 
(flood  tide)  are  shown  In  Figure  13.  The  near-surface  currents  (o  ■  -U.l) 
near  the  Mississippi  Sound  are  much  weaker  than  those  In  the  open  shelf 
waters.  However,  near  the  bottom  (o  *  >0.9),  the  currents  over  the  entire 
basin  are  quite  comparable  In  magnitude. 
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To  closely  examine  the  tidal  currents  within  the  Hississippi  Sound,  we 
have  shown  In  Figures  14  and  15  the  detailed  currents  at  two  stages  during  the 
flood  tide  within  a  narrow  coastal  strip  Including  the  Sound.  It  Is  apparent 
that  modest  currents  exist  within  the  major  passes  except  to  the  west  of  Ship 
Island.  Based  on  our  computation,  the  average  flow  through  the  passes  Is 
about  1.8  X  10^  CFS.  which  Is  very  close  to  the  estimate  by  Escoffler  (1978) 
based  on  measured  tidal  currents.  It  Is  Interesting  to  note  that  the  maximum 
bottom  shear  stress  occurs  within  the  major  passes.  During  spring  tides, 
these  strong  stresses  may  cause  resuspension  of  sediments  In  these  areas.  For 
a  more  detailed  description  of  this  application,  one  Is  referred  to  Sheng 
(1981). 

6.5  WIND-DRIVEN  CURRENTS  OFF  THE  MISSISSIPPI  COAST.  Strong  winds 
frequently  exist  In  the  study  area.  The  winds  In  the  Uulf  of  Hexico  are 
predominantly  from  the  North  In  winter  and  South  to  Southeast  In  summer. 
However,  winds  are  strongest  In  winter  from  the  West  and  the  Northwest. 
Currents  and  water  level  Induced  by  the  strong  winds  can  be  much  greater  than 
those  Induced  by  tides  and  hence  are  of  primary  Interest  to  us. 

As  an  example,  we  present  the  response  of  the  coastal  waters  under  an 

2 

Impulsive  wind  stress  of  3  dyne/cm  from  the  West.  For  simplicity,  adiabatic 
boundary  conditions  with  zero  surface  elevation  are  applied  along  the  open 
boundaries.  This  eliminates  the  effect  of  shelf  waves  on  the  circulation,  but 
allows  simulation  of  response  of  study  area  to  local  wind  forcing.  To  study 
the  effect  of  Loop  Currents  on  the  coastal  circulation,  our  11m1ted>area  model 
should  be  coupled  with  a  larger  model  which  Includes  the  entire  Gulf. 

The  response  of  the  coastal  waters  to  the  wind  forcing  Is  Illustrated  by 
the  time  variation  of  the  bottom  currents  at  three  locatioi  s  (Figure  16). 
Within  the  Sound  (location  B),  the  local  flow  has  reached  a  steady  state 
within  an  Inertial  period.  At  an  offshore  location  (C).  the  response  Is 
somewhat  slower.  At  location  D  near  the  open  boundary,  the  response  Is  even 
slower  as  manifested  by  the  distinctive  Inertial  period  In  Its  oscillating 
bottom  current. 


The  mass  fluxes,  near-surfac«  currents,  near-bottom  currents,  and  bottom 
shear  stresses  caused  by  the  westerly  wind  are  shown  In  Figure  17.  Mithin  the 
Sound,  the  local  geometry  and  bottom  topography  play  the  Important  roles  in 
causing  a  predominantly  alongshore  flow  in  the  direction  of  the  wind.  In  such 
limiting  cases,  a  vertical  2-D  (x-z)  model  may  be  used  for  parametric  studies 
associated  with  the  navigation  channels  within  the  Sound. 

According  to  a  laboratory  flume  study  on  the  erodibility  of  the 
Mississippi  Sound  sediments  (Sheng,  19B1),  it  is  expected  that  the  oottom 
shear  stress  generated  by  the  strong  westerly  wind  in  winter  will  cause 
appreciable  resuspension  of  the  sediments.  The  exchange  of  water  masses 
between  the  Sound  and  adjacent  offshore  waters  may  result  in  transport  of 
sediments  into  or  out  of  the  Sound. 

Open  boundary  conditions  for  a  limited-area  coastal  circulation  model 
remain  to  be  an  unresolved  challenge.  Boundary  conditions  along  the  open 
boundaries  may  be  provided  from  a  larger  model  with  dynamic  coupling  between 
the  two  models  (e.g.,  Sheng,  1975.)  Fo'*  our  application  to  the  Mississippi 
coastal  waters,  tidal  constituents  from  a  tide  model  (Keid  and  rihitalcer,  19B2) 
for  the  entire  Gulf  of  Mexico  will  be  used  as  boundary  conditions.  Resonance 
effect  due  to  the  basin  may  also  be  Included  by  using  the  mass  fluxes,  in 
addition  to  the  surface  elevation,  as  boundary  conditions.  To  allow 
disturbances  to  be  propagated  into  and  out  of  the  coastal  area  without  being 
reflected  back  into  the  area,  a  modified  radiation  boundary  condition  is  being 
developed.  Its  successful  application  to  idealized  and  practical  problems 
will  be  reported  in  a  forthcoming  paper  by  us. 

7.  CONCLUSlOti.  We  have  presented  the  detailed  formulation  of  a 
three-dimensional  numerical  model  which  is  capable  of  realistically  describing 
the  short-  and  long-term,  time-dependent  currents  in  coastal,  estuarine,  and 
lake  waters. 

Coordinate  stretching  was  applied  to  the  spatial  numerical  grids  in  ootn 
the  vertical  and  the  horizontal  directions  to  allow  for  flexibility  and 
accuracy  in  resolving  complex  geometrical  and  topographical  features.  The 
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governing  equations  and  boundary  conditions  were  solved  in  the  transformed 
coordinates,  where  the  horizontal  grids  are  always  uniformly  spaced,  while  the 
vertical  grid  may  be  non-uni formly  spaced.  Special  integration  techniques 
were  implemented  to  allow  for  numerical  time  step  significantly  larger  than 
that  for  conventional  three-dimensional  hydrodynamic  models.  Various  physical 
aspects  of  the  model  such  as  turbulence  formulation,  bottom  friction,  and  open 
boundary  conditions  were  also  discussed.  If  desired,  the  model  may  be  run  as 
a  two-dimensional,  vertically  integrated  model  or  a  two-dimensional, 
laterally-averaged  model. 

Various  applications  of  this  numerical  model  demonstrated  the  feasibility 
of  applying  it  to  the  various  projects  within  the  Army  Corps  of  Engineers  — 
such  as  storm  surge  prediction,  sediment  transport,  dredged  material  movement, 
and  maintenance  of  navigation  channels. 
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APPENDIX 


Governing  Equations  and  Boundary  Conditions 


To  Mrlte  the  equations  and  boundary  conditions  In  non-dimensional  form, 
the  follOMing  non-dimensional  quantities  are  defined: 


(u*,v*,*f*)  -  (u,v.wL/H)/Up 


(x*,y*,z*)  -  (x.y,zL/H)/L 
(•'«.  ''ly  )  -  (^x*^sy)/P(Av)rUr 


t*  -  tf. 

P*  •  p/Pp, 

Nl  ■  V(^^)r• 

^  •  \/(Av)r. 


p*  .  p/pUpfL, 

T*  -  (T-Tp)/Tp. 
Ah  ■  AH/(AH)r. 

Af  *  AY/(Ky)p, 


X*  -  pUpfL  (A.l) 

C*  •  gC/fUrL 


Dh  -  DH/(DH)r 


Dy  ■  0y/{0y)p 


where  quantities  with  subscript  r  are  reference  quantities,  and  K  and  L  are 
vertical  and  horizontal  length  scales. 

Suppressing  the  asterisk  (*)  for  clarity,  and  transforming  the  (x,y,z) 
coordinate  system  to  a  vertically-stretched  (a,Y,o)  system,  and  further 
replacing  {aty)  with  (x,y),  the  equations  become: 


Py  hy 


h5« 

5o 


0 


(A.2) 


Continuity 


1  S(hu) 
Px  ax 


X -momentum 
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Hydrostatic 


Equation  of  State 


where  and  Ay  are  defined  as: 


0) 


a  I JL  ^  +  JL  ^ 

h  1  &x  |iy  2)y 


(A.9) 


(A.IU) 


(A.ll) 


The  constants  a^j  for  the  equation  of  state  are  listed  In  Sheng  (1981). 
Ux  and  ^  are  stretching  rates  defined  as  da/dx  and  dy/dy*  respectively.  The 
dimensionless  parameters  are  defined  as:  Rg  »  Rossby  number  «  Up/fL»  • 
horizontal  Ekraan  number  ■  (A^)j./fL^,  Ey  *  vertical  Ekman  number  •  (Ay)p/fH*, 
Fr  ■  Froude  number  ■  Up/(gh)*^.  Pr^  ■  horizontal  Prandtl  number  "Rh/Ah,  Pry  ■ 
vertical  Prandtl  number  ■  Ky/Ay,  SC|^  ■  horizontal  Schmidt  number  ■  D^/A^*  ^v 
>  vertical  Schmidt  number  «  D’y/Ay,  Up  >  reference  velocity,  and  the  subscript 
r  Indicates  reference  quantities. 

The  higher  order  terms  In  the  horizuntal  diffusion  terms  contain  bottom 
slopes  and/or  their  products,  and  hence  are  generally  small  compared  to  the 
listed  leading  terms  when  H/L  «  1.  It  should  be  noted  that  In  deriving 
Equations  (A.3)  and  (A.4),  the  vertically-integrated  form  of  the  hydrostatic 
equation  was  substituted  Into  the  x-  and  y-momentum  equations.  Horizontal 
eddy  coefficients  were  assumed  to  be  independent  of  space  and  time.  In 
general,  the  vertical  eddy  coefficients  are  functions  of  the  wind,  local 
depth,  and  vertical  density  gradient. 
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~i'rri*iwni  r-n  i  f  Hn 


The  appropriate  non-dimensional  boundary  conditions  In  the 
vertically-stretched  coordinate  system  are  as  follows: 

Surface,  o  -  0 


5“  . 

da  Ay  * 


da  Ay 


# 


ph  dt 


|l.^(T.T,).  ||.0.  (A.12) 

Bottom,  a  •  -1 

^  ^1;  •  <*b  «•*  T 

River  inflow  or  outflow 

u  ■  u(x,y,o),  V  ■  v(x,y,e),  T  •  T(x,y,e),  S  -  S(x.y,o)  (A.U) 

Shore 


where  ^  is  the  velocity  vector  at  the  bottom,  while  Is  Its  magnitude 


REFERENCES 


Bennett,  J.R.,  1977;  “A  Three-Dimensional  Model  of  Lake  Ontario's  Summer 
Circulation,"  I.  Comparison  with  Observations,  J.  Phys.  Oceano.,  7, 
pp.  591-601. 

Blumberg,  A.F.,  1977;  "Numerical  Mode  of  Estuarine  Circulation,"  J.  Hyd. 

Div.  ASCE,  103,  No.  HY3. 

Bowden,  K.F.  and  P.  Hamilton,  1975;  "Some  Experiments  with  a  Numerical  itodel 
of  Circulation  and  Mixing  in  a  tidal  Estuary,"  Estuarine  Coastal  Marine 
Sci.,  2.  281. 

Brown,  W.S.  and  R.P.  Trask,  1980;  "A  Study  of  Tidal  Energy  Dissipation  and 
8ottom  Stress  in  an  Estuary,"  J.  Phys.  Oceano.,  10,  pp.  1742-1754. 

Businger,  J.A.,  J.C.  Myngaard,  Y.  Izumi ,  and  E.F.  Bradley,  1971;  "Flux- 
Profile  Relationships  in  the  Atmospheric  Surface  Layer,"  J.  Atmos.  Sci., 
pp.  181-189. 

Butler,  H.L.,  1980;  "Evolution  of  a  Numerical  Model  for  Simulating  Long- 
Period  Wave  Behavior  in  Ocean-Estuarine  Systems,"  in  Estuarine  and 
Wetland  Processes  (P.  Hamilton,  ed.),  Springer-Verlag,  Berlin, 
Heidelberg,  pp.  368-378. 

Butler,  H.L.  and  Y.P.  Sheng,  1982;  “ADI  Procedures  for  Solving  the 
Shallow-Water  Equations  in  Transformed  Coordinates,"  Proc.  1982  Arnyr 
Numerical  Analysis  and  Computer  Conference. 

Cheng,  R.T.,  T.M.  Powell,  and  T.M.  Dillon,  1976;  "Numerical  Models  of 
Wind-Driven  Circulation  in  Lakes,"  Appl,  Math  Modeling,  pp.  141-159. 

Davis,  R.E.,  R.  de  Szoeke,  0.  Halpern,  and  P.  Hiller,  1981a;  "Varability 
in  the  Upper  Ocean  During  MILE,  1,  the  Heat  and  Momentum  Balances," 

Deep  Sea  Res.,  in  press. 

Donaldson,  C.duP.,  1973;  "Atmospheric  Turbulence  and  the  Dispersal  of 
Atmospheric  Pollutants,"  in  AMS  Workshop  on  Miyoroeteorology  (O.A. 
Haugen,  ed.).  Science  Press,  Boston,  pp.  31^-390. 

Edinger,  J.E.  and  E.M.  Buchak,  1979;  "Preliminary  LARM  Simulation  of  the 
WES  GRH  Flume,"  Report  to  Waterways  Experiment  Station. 

Eriksen,  C.C.,  1978;  "Measurements  and  Models  of  Fine  Structure,  Internal 
Gravity  Waves  and  Wave  Breaking  In  the  Deep  Ocean,"  J.  Geophys.  Res.. 

83,  2989-3009. 


557 


Forristal,  G.Z.,  R.C.  Hamilton,  and  V.J.  Cardone,  1977;  "Continental  Shelf 
Currents  in  Tropical  Storm  Delia:  Observations  and  Theory,"  -J.  Phys. 
Oceano..  pp.  532-546. 

Gedney,  R.T.  and  W.  Lick,  1972;  "Wind-Driven  Current  in  Lake  Erie," 

J.  Geophys.  Res.,  77,  No.  15. 

Grant,  W. ,  1981;  Personal  Communication. 

Haq,  A.,  W.  Lick,  and  Y.P.  Sheng,  1974;  "The  Time-Dependent  Flow  in  Large 
Lakes  with  Applications  to  Lake  Erie,"  Technical  Report,  Dept.  Earth 
Sciences  and  Dept.  Mechanical  and  Aerospace  Engineering,  Case  Western 
Reserve  University. 

Ippen,  A.T.  and  D.K.F.  Harleman,  1961;  "Analytical  Studies  of  Salinity 
Intrusion  in  Estuaries  and  Canals,"  Phase  1:  One-Dimensional  Analysis, 
Technical  Bulletin  No.  5,  Committee  on  Tidal  Hydraulics,  U.S.  Army  Corps 
of  Engineers. 

Leendertse,  J.J.,  1970;  "A  Water  Quality  Simulation  Model  for  Well-Mixed 
Estuaries  and  Coastal  Seas,  1:  Principles  of  Computation,"  RM-623U-rc, 
Rand  Corporation,  Santa  Monica,  CA. 

Leendertse,  J.J.  and  S.K.  Liu,  1975;  "A  Three-Dimensional  Model  for 
Estuaries  and  Coastal  Seas,  II:  Aspects  of  Computation,"  Rand 
Report  R-1764-0WRT. 

Lewellen,  W.S.  and  Y.P.  Sheng,  1980;  "Modeling  of  Dry  Deposition  of  SOo 
and  Sulfate  Aerosols,"  Report  EPRl  EA-1452,  Electric  Power  Research^ 
Institute,  Palo  Alto,  CA. 

Munk,  W.H.  and  E.P.  Anderson,  1948;  "Notes  on  the  Theory  of  the 
Thermocline,"  J.  Mar.  Res..<  _l,  276-295. 

Orszag,  S.A.  and  H.  Israeli,  1974;  "Numerical  Simulation  of  Viscous 
Incompressible  Flows,"  Annual  Review  of  Fluid  Mechanics.  281-318. 

Sheng,  Y.P.,  1975;  "Wind-Driven  Currents  and  Dispersion  of  Contaminants 
in  the  Near-Shore  Regions  of  Large  Lakes,"  Contract  Report  H-7b-l, 
Waterways  Experiment  Station. 

Sheng,  Y.P.,  W.  Lick,  R.  Gedney,  and  F.  Molls,  1978;  "Numerical  Computa¬ 
tion  of  the  Three-Dimensional  Circulation  in  Lake  Erie;  A  Comparison  of 
a  Free-Surface  and  a  Rigid-Lid  Model."  J.  Phys.  Oceano..  8. 
pp.  713-727.  - - 

Sheng,  Y.P.,  1980;  "Modeling  Sediment  Transport  in  a  Shallow  Lake,"  in 
Estuaries  and  Wetland  Processes  (P.  Hamilton,  ed.),  Springer-Verlag, 
Berlin,  Heidelberg,  pp.  299-337. 


558 


Sheng,  Y.P.  and  W.S.  Lewellen,  1982;  "Current  and  Wave  Interaction  Within 
the  Benthic  Boundary  Layer,"  EOS,  63,  3,  pp.  72-73. 

Sheng,  Y.P.  and  W.  Lick,  1972;  "Wind-Driven  Currents  in  a 

Ice-Covered  Lake."  Proc.  16th  Conf.  Great  Lakes  Research,  1001-1008. 

Sheng.  Y.P.  and  W.  Lick.  1980;  "A  Two-Hode  Free-Surface  Numerical  Model 
for  the  Three-Dimensional  Time-Oependent  Currents  in  Large  Lakes, 

EPA  Report  600/3-80-047,  62  pp. 

Sheng,  Y.P.,  H.  Segur,  and  W.S.  Lewellen,  1978;  "Applications  of  a  Spatial 
Soothing  Scheme  to  Control  Short-Wave  Numerical  Oscillations,  A.R.A.P. 
Tech.  Memo  No.  78-8,  14  pp. 

Sternberg.  R.W..  1972;  "Predicting  Initial  Itotion  and 

of  Sediment  Particles  in  the  Shallow  Marine  Environment,  in  ShelJ- 


Sediment  Transport,  (O.P.  Swift,  ed.),  Oowden,  Hutchinson.  Ross, 
Stroudsburg,  PA. 

van  de  Rreeke.  0.  and  S.S,  Chiu.  1980;  “Tide-Induced  Residual  Flow,"  in 
Mathematical  Modeling  of  Estuarine  Physics,  (J.  Sunderman,  ed.J, 
Springer-Verlag,  Berlin,  Heidelberg,  New  York. 


559 


t  II  ■Mym  llllHil  '~1|l 


* 

*9 

OS  o 

w  M 

CJ 

•»c4 

t1 

0 

Ri 

•vH  0 

Aj  e 
^ « 

Icvl 

9  ^ 

1*4 

1  1* 

^  P 

Ai  W 

\< 

•H  CL 

1  1 

•H  ‘A 
Si  9 
CQ 

■*U) 

Ai 

0)  Q  • 

^  >s 

* 

4/ 

«M  *0  > 

O  C 

to 

w  u 

c  a*  V 

o  •-)  D. 

mH  -H  « 
W  M  V 
«t  O  WI 

w 

3  0.* 

S  tt  K 

O  <B  <3 
IK  4> 

u  s 

*j  n 

n 

u 

•H  CD 
K  *9  N 
»<  O 

C  Q#  ^ 
tt 

9  S 

5  F-; 

•H  3 
K  "O 
«  b  C 
>  ^  10 


CB 

W  S 

ri^ 

•  U  3 
«n  9  <9 
C.'-' 
«  3 
U  Vi^ 

S.® 

•H  ^  >» 
b.  X  A 


il  iij  ilWDirtln  '  ‘ 


Figure  5.  Flow  chert  of  the  solution  algoritlin  of  the 
three-dimensional  hydrodynamic  model. 


boundaries:  (a)  analytical  result;  (b)  numerical  result. 
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Flfiure  8  (a)  and  (b).  Vertically-averaged  velocites  at  the  peak  of  ebb  tide  in  an  open  bight  driven 

by  tidal  waves  along  the  open  boundaries;  (a)  analytical  result;  (b)  numerical  result. 


Figure  10.  Vertical  profile  of  steady-state  horizontal  velocities  at  a  point 
in  the  enclosed  basin. 


(c) 


(a) 


depth*0  depth*9.14  n 


(d) 


Figure  11  (•),  (b),  (c),  (d)  and  (a).  Staady-atata  hoxiaontal  valocltiaa 
in  Che  naar-ahora  Clavaland  area  of  Laka  B^a  cauaad  by  a  7.6  a/aac  wind 
fron  SSW:  (a)  bottom  topography  of  Laka  Eria;  (b)  bottom  topography 
and  grid  structura  in  tha  naar-ahora;  (e)  botlaontal  valocitiaa  in  tha 
naar-ahora  at  tha  water  aurfaca  and  9.14a  dapth;  (d>  horiaontal  valocitiaa 
in  tha  praaanca  of  a  jatport  ialand;  and  (a)  horiaontal  valocitiaa  in 
tha  praaanca  of  a  jatport  ialand  with  a  cauaaway. 
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Figure  1^*  Tidal  currents  and  bottom  shear  stress  viithin  the  Mississippi  Sound  and  nearby  waters 
after  a  four  day  simulation:  (a)  vertically-integrated  velocities,  (b)  velocities 
at  o  =  -0.1,  (c)  velocities  at  o  =  -0.9,  and  (d)  bottom  shear  stress. 
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Figure  15.  Same  as  Figure  14,  except  at  six  hours  later. 


574 


SOLUTION  ADAPTIVE  GRIDS  FOR  PARTIAL  DIFFERENTIAL  EQUATIONS 


Dale  A.  Anderson 

Department  of  Aerospace  Engineering  and 
Computational  Fluid  Dynamics  Institute 
Iowa  State  University 
Ames ,  Iowa 


ABSTRACT .  Various  techniques  for  constructing  solution  adaptive  grids  used 
in  numerically  solving  partial  differential  equations  are  reviewed.  These  methods 
include  those  which  directly  determine  the  metrics  or  coordinates  and  schemes 
which  postulate  laws  of  point  motion  providing  a  direct  calculation  of  the  grid 
speed.  Examples  showing  results  obtained  with  each  method  are  presented  and 
suggestions  for  possible  directions  of  future  work  are  made. 

1 .  INTRODUCTION .  The  selection  of  an  appropriate  coordinate  system  and 
grid  is  an  important  consideration  in  the  numerical  solution  of  partial  differ¬ 
ential  equations.  In  most  problems,  the  physical  domain  is  transformed  into  a 
computational  domain  and  the  numerical  solution  is  obtained  in  computational 
space.  For  sliq>liclty  the  computational  domain  is  usually  rectangular  and  the 
mesh  points  are  uniformly  distributed.  The  physical  domain  boundaries  are  se¬ 
lected  to  simplify  boundary  condition  application  or  provide  other  advantages  in 
the  computation.  The  transformation  which  maps  the  physical  domain  into  compu¬ 
tational  space  is  the  subject  of  grid  generation. 

Numerous  methods  for  generating  appropriate  grids  have  been  proposed.  These 
methods  can  be  roughly  classified  into  differential  equation  techniques,  algebraic 
schemes,  and  classical  complex  variable  methods.  Each  of  these  provides  special 
properties  which  may  be  used  to  eliminate  certain  problems.  For  example  a  simple 
compression  mapping  can  be  used  to  cluster  points  in  a  controlled  region  near  a 
boundary.  This  will  provide  adequate  resolution  in  regions  where  rapid  changes 
of  the  dependent  variables  occur.  A  typical  example  where  this  type  of  transfor¬ 
mation  is  used  is  in  resolving  the  boundary-layer  region  in  a  fluid  mechanics 
problem. 

In  computing  the  numerical  solution  of  a  partial  differential  equation,  the 
first  task  is  that  of  generating  an  acceptable  grid.  Once  the  grid  is  established, 
the  distribution  of  points  in  physical  space  never  changes  unless  the  grid  is 
restructured  during  the  calculation.  The  disadvantage  in  maintaining  a  fixed  grid 
is  that  an  a  priori  knowledge  of  the  solution  is  required.  As  the  solution  evolves, 
the  grid  should  change  to  provide  adequate  mesh  point  density  in  physical  space 
where  it  is  needed.  Ideally,  the  grid  should  be  adaptive.  This  requires  that  the 
grid  evolve  as  part  of  the  solution  to  the  problem.  If  an  adaptive  grid  is  used, 
a  numerical  solution  of  a  partial  differential  equation  must  be  conq>uted,  and  in 
addition,  the  mapping  relating  the  physical  and  computational  domains  must  be 
determined. 

A  number  of  techniques  for  generating  solution  adaptive  grids  used  in  con¬ 
junction  with  finite-difference  methods  are  reviewed  in  the  following  sections. 
These  techniques  are  generally  of  the  differential  equation  type  although  some  may 
be  classed  as  hybrid  differential-algebraic  schemes.  Attention  is  focused  on  those 
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which  redistribute  a  fixed  number  of  grid  points  to  achieve  an  Improved  solution 
when  compared  to  that  obtained  on  a  nonadaptive  grid. 


2.  METHOD  CLASSIFICATION.  Techniques  for  constructing  solution  adaptive 
grids  can  be  classified  according  to  the  approach  selected  In  constructing  the 
necessary  mapping.  An  example  showing  the  transformation  of  the  first-order 
linear  wave  equation  from  physical  to  computational  space  will  demonstrate  this 
point.  Consider  the  equation 


(1) 


9u  ,  3u 

37 


=  0 


where  (x,t)  are  the  Independent  variables,  u  Is  the  dependent  variable,  and  c  Is 
Che  constant  wave  speed.  Suppose  a  real,  nonsingular  mapping  to  computational 
space  of  the  form 


T  -  t 

(2) 

C  -  C(x,t) 

is  used  where  are  the  computational  coordinates.  Equation  (1)  In  computa¬ 

tional  space  becomes 

(3)  +  ||.o 

This  partial  differential  equation  is  integrated  with  respect  to  T  to  obtain  a 
solution  for  u(x,t).  The  central  problem  which  must  be  solved  to  generate  an 
adaptive  grid  is  to  determine  the  transformation  C  =  5(x,t)  as  needed  in  the 
Integraulon  of  Eq.  (3). 

The  simple  form  of  Eq.  (3)  suggests  a  way  of  classifying  methods  in  eval- 
liatlng  C  “  5(x,t).  Two  terms  defining  the  relation  between  the  physical  and  com¬ 
putational  domains  must  be  evaluated.  The  first,  ^  ,  is  termed  the  grid  speed. 
While  grid  points  in  computational  space  do  not  move,  this  is  an  appropriate  name 
since  the  grid  speed  at  any  point  In  physical  space  is  given  by 


The  metric  of  the  transformation,  ^  ,  also  appears  explicitly  in  Eq.  (3).  For 
transformations  of  the  type  given  by  Eq.  (2)  we  may  write 


(5) 


Two  methods  of  constructing  the  transformation,  ^(x,t},  can  now  be  identified. 
The  first  is  to  evaluate  the  metric,  C  >  using  some  rule  and  then  determine  the 
new  locations  of  points  in  the  physical  plane  using  this  knowledge.  Once  the  new 
X  locations  are  known,  the  grid  speed,  x^  or  i  ,  can  be  evaluated  using  the  time 
history  of  the  grid  point  motion.  Techniques  using  this  approach  will  be  referred 
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to  as  type  A  schemes.  The  second  method,  which  we  shall  refer  to  as  a  type  B 
scheme,  directly  provides  the  grid  speed.  This  Is  obtained  by  postulating  a  law 
or  set  of  laws  that  control  grid  motion.  The  grid  speed  equation  is  Integrated 
giving  the  new  mesh  point  locations  at  the  same  time  the  governing  partial  dif¬ 
ferential  equation  l.c  Integrated.  Once  the  new  grid  Is  known  in  physical  space, 
the  metric  Is  calculated. 


There  are  advantages  and  disadvantages  to  both  approaches.  Type  A  schemes 
are  physically  more  obvious.  Essentially  a  new  grid  can  be  constructed  at  any 
time  during  the  calculations.  On  the  other  hand,  the  dynamic  coupling  of  the  grid 
with  the  partial  differential  equation  through  is  usually  lagging  In  time  even 
though  points  are  precisely  positioned  as  desired.  Extension  of  these  schemes  to 
multidimensional  problems  Is  also  difficult.  Type  B  schemes  are  easily  used  In 
multidimensional  problems  and  the  dynamic  coupling  Is  correct  in  time.  However, 
grid  point  control  Is  difficult  and  proper  laws  governing  grid  speed  must  be 
carefully  formulated.  Various  methods  of  both  types  are  reviewed  In  the  following 
sections,  and  typical  grids  produced  using  these  schemes  are  presented. 


3.  TYPE  A  METHODS.  The  type  A  schemes  can  be  viewed  as  regrld  procedures 
which  are  employed  after  each  Integration  step  or  at  the  end  of  any  predetermined 
number  of  steps.  A  number  of  methods  of  this  type  having  different  degrees  of 
coiiq>lexlty  have  been  developed  by  various  investigators. 


Dwyer  et  al.  [5]  developed  an  adaptive  grid  procedure  for  use  in  solving  both 
time-dependent  and  steady  problems  In  fluid  dynamics  and  heat  transfer.  This 
scheme  Is  designed  to  provide  adequate  resolution  in  high  gradient  regions.  To 
demonstrate  the  application  of  Dwyer's  method,  consider  the  physical  domain  and 
the  corresponding  computational  plane  shown  In  Figure  1.  Suppose  we  wish  to  re¬ 
solve  regions  of  high  gradient  by  placing  more  points  In  those  regions  and  fewer 
points  In  regions  of  low  gradient.  If  the  dependent  variable  requiring  better 
resolution  Is  the  temperature,  T,  In  a  heat  conduction  problem,  a  point  clustering 
In  high  gradient  regions  can  be  achieved  If  the  relationship  between  physical  and 
computational  space  Is  given  by 


(6) 


d£;  a 


3T 

3s 


ds 


where  s  represents  arc  length  along  the  r\  •  constant  lines  In  the  physical  domain. 
If  the  maximum  value  of  ^  Is  1,  Eq.  (6)  may  be  written  In  the  form 

(7)  -  -4- - - 

/^max 

<i  +  bi  |i|)  d. 

where  Sg^^  Is  the  largest  value  of  s  encountered  In  physical  space,  and  b  is  a 
constant  or  a  function  which  permits  the  gradient  sensitivity  of  the  transforma¬ 
tion  to  be  adjusted.  If  b  Is  zero,  the  napping  defined  by  Eq.  (7)  provides  a 
uniform  distribution  of  points  given  by 
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(8) 


C(x,y,t) 


Id'll 

«^o _ 

/s 

max 

IdTl 

This  provides  a  grid  where  the  point  locations  In  physical  space  are  at  surfaces 
of  constant  difference  In  the  dependent  variables.  Dwyer  notes  that  this  proce¬ 
dure  can  lead  to  difficulties  In  zero  gradient  regions  where  large  values  of  the 
second  derivative  term  exist.  This  problem  can  be  avoided  by  adding  a  second 
derivative  term  to  the  transformation  defined  by  Eq.  (7). 

Physical  coordinates  are  recovered  by  replacing  the  Integrals  In  Eq.  (7) 
by  simple  quadratures.  For  a  given  value  of  Cr  the  correct  value  of  s  Is  obtained 
by  Integrating  and  Interpolating.  Once  the  physical  coordinates  are  computed,  the 
metrics  of  the  transformation  can  be  obtained  using  finite  differences  and  the 
grid  speed  Is  determined  by  using  a  backward  difference. 

Figure  2  presents  results  for  a  two-dimensional  transient  heat  conduction 
problem  at  an  Intermediate  time.  In  this  problem,  the  Initial  temperature  was 
set  equal  to  zero  everywhere.  The  temperature  was  Impulsively  raised  to  a  constant 
value  along  the  lower  boundary.  As  time  progresses,  heat  flows  Into  the  domain 
from  this  boundary  creating  large  temperature  gradients  there.  The  grid  structure 
shows  the  clustering  of  points  In  this  high  gradient  region  and  the  temperature 
distribution  shows  that  Isotherms  correspond  to  the  grid  structure  as  desired. 


Klopfer  and  McRae  [8]  developed  a  method  of  adjusting  mesh  point  locations 
while  calculating  the  flow  in  a  shock  tube.  The  mesh  was  adjusted  in  an  attempt 
to  reduce  the  error  in  the  numerical  solution  for  the  flow.  The  governing  con¬ 
servation  equations  for  flow  in  a  shock  tube  written  In  computational  coordinates 


(C,T)  are 

(9) 

(x^w)^  +  (?  -  *  0 

where 

(10) 

-►  T  2  T 

w  «  (p,pu,e)  ,  I  =  [pu,p+pu  ,(e+p)ul 

In  these  expressions,  p  Is  the  density,  p  Is  the  pressure,  u  Is  the  velocity,  and 
e  Is  the  energy.  If  a  second-order  finite-difference  scheme  is  applied  to  Eq.  (9) 
and  the  resulting  discretized  equation  Is  expanded,  the  modified  partial  differential 
equation  Is  obtained.  If  the  first  truncation  error  term  is  retained,  this 
expression  Is  of  the  form 


(11) 


(x^w)^  + 


t  -  x^w  +  ^|-  (1 


The  flux  qualtlty  is  altered  by  the  error  term  given  by 


(12)  R  -  ^  (?  - 
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This  error  term  can  be  reduced  by  changing  the  mesh  point  locations  if  the  point 
motion  Is  driven  by  the  error.  This  error  term  has  three  scalar  components  due 
to  each  of  the  scalar  conservation  equations:  continuity,  momentum,  and  energy. 
Define  a  scala^  cluster  function,  r(0,  composed  of  a  weighted  sum  of  the  scalar 
components  of  R. 


(13)  r(C)  =  S[Ar^  +  Br2  +  Cr^] 


In  this  expression  S  is  a  smoothing  operator  and  A,  B,  and  C  are  functions  which 
can  be  adjusted  to  provide  different  weighting  to  the  respective  error  components. 
The  adaptive  grid  is  constructed  by  assuming  that  the  metric,  x_,  is  proportional 
to  r(^).  In  particular  Klopfer  and  McRae  used  the  relation  ^ 

(14)  X-  =  (Xj.)  [(1  -  r(5)/r  )(K  -  K  .  )  +  K  .  I 

4  4  ave['  max  max  min  mlnj 

where 


(Xf)  =  average  on  the  mesh 
ave  ® 


r 

max 


max[r(C) ] 


and  and  are  constants  which  control  the  amount  of  clustering.  Once  the 

metrics  are  defined,  the  physical  coordinates  are  recovered  by  integrating  Eq.  (14) , 
and  the  grid  speed,  x^,  is  obtained  by  using  a  backward  difference. 


Figure  3  shows  a  comparison  of  results  for  a  shock  tube  for  both  a  fixed  and 
an  adaptive  mesh.  In  both  cases  smoothing  was  added  to  reduce  oscillations,  and 
MacCormack's  second-order  method  was  used  to  calculate  the  solution.  The  results 
show  the  smooth  expansion  wave  moving  to  the  left  into  the  high  pressure  region, 
and  the  shock  wave  moves  into  the  low  pressure  side  with  the  contact  surface 
separating  the  fluid  originally  on  each  side  of  the  dlaphram  at  t  =  0.  The  clus¬ 
tered  results  show  no  oscillations  at  the  shock  or  contact  surface  demonstrating 
the  effectiveness  of  the  clustering  technique.  It  should  be  noted  that  as  many 
as  five  or  six  points  are  used  to  define  the  shock  and  contact  surface  so  the 
discontinuities  do  not  appear  between  two  mesh  points. 


The  two  methods  reviewed  should  be  referred  to  as  error  reducing  schemes. 

No  attempt  has  been  made  to  show  that  adaptive  grids  produced  are  minimum  error 
grids.  If  formal  minimization  techniques  are  used  to  produce  the  grid,  the  grid 
would  be  a  minimum  error  solution  consistent  with  the  error  measure  used.  Sev¬ 
eral  authors  have  used  this  approach.  Yanenko  et  al.  [15]  constructed  an 
adaptive  grid  by  minimizing  a  linear  combination  of  variables  related  to  mesh 
quality.  The  first  quantity  was  mesh  distortion  and  is  a  measure  of  the  non- 
orthogonality  of  the  mesh.  The  second  term  provided  an  estimate  of  how  well  the 
mesh  moved  with  the  fluid  and  the  third  provided  a  reduction  in  mesh  spacing  in 
high  gradient  regions.  Ablow  and  Schecter  [1]  solved  the  two-dimensional  Poisson 
equation  using  an  adaptive  grid.  The  grid  was  obtained  by  minimizing  a  sum  of 
squares  of  the  independent  and  the  dependent  variables.  The  nodes  are  distrlb- 


579 


uted  creating  an  equally  spaced  mesh  that  is  as  nearly  orthogonal  as  possible 
consistent  with  the  solution  surface. 

Brackblll  and  Saltzman  [3,4]  developed  a  grid  generation  scheme  designed  to 
optimize  a  combination  of  smoothness,  orthogonality,  and  cell  volume.  The  measure 
of  smoothness  used  In  their  scheme  Is  given  by 

(15)  .  /  [(V5)^  +  (Vr))^]dv 

and  the  orthogonality  and  cell  volume  measures,  respectively,  are  given  by 

(16)  I  -  /  (VC  •  Vn)^  J^dv 

and 

(17)  I  -  /  wJdv 

^  Jt> 

In  these  expressions,  (^,il)  are  the  usual  computational  coordinates,  J  Is  the 
Jacobian  of  the  transformation,  and  w  Is  a  weighting  function  used  In  the  cell 
volume  Integral.  A  linear  combination  of  these  Integrals  is  minimized  In  the 
form 

(18)  I-I„+Xl  +Xl 

S  V  V  o  o 

where  X^  >  0,  X^  >  0  are  undeteirmlned  multipliers. 

In  using  minimization  of  Eq.  (18)  to  develop  an  appropriate  grid,  the  Euler 
equations  must  be  derived.  Even  for  a  two  space-dimension  case  these  equations 
are  formidable.  While  the  Euler  equations  for  typical  two-dimensional  problems 
are  not  repeated  here,  the  details  can  be  seen  In  the  work  by  Brackblll  and 
'altzman.  The  Euler  equations  are  solved  in  conjunction  with  the  governing 
partial  differential  equations  of  the  system  to  yield  a  solution  for  the  entire 
problem. 

Minimization  of  I  provides  a  nice,  elliptic  grid  generator  assuring  that 
certain  smoothness,  orthogonality,  and  error  reducing  properties  are  built  In. 
There  are  some  practical  problems  associated  with  this  approach.  For  a  truly 
adaptive  grid,  the  weighting  function  In  Eq.  (17)  must  be  solution  dependent.  At 
this  time  It  Is  not  clear  what  this  function  should  be.  The  complexity  and  com¬ 
puting  time  requlreaients  when  a  truly  adaptive  problem  Is  attempted  are  also 
matters  of  concern.  Simpler  methods  of  obtaining  an  acceptable  grid  using  mini¬ 
mization  techniques  are  desirable.  Clearly  a  less  complicated  measure  of  mesh 
quality  is  needed. 


! 
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4.  TYPE  B  METHODS.  Type  B  schemes  directly  establish  the  grid  speed  term 
In  Eq.  (3).  This  grid  speed  Is  then  Integrated  and  the  metrics  of  the  transfor¬ 
mation  are  calculated. 


The  most  difficult  part  of  constructing  these  methods  Is  developing  the 
rationale  for  the  grid  speed  equation.  Hindman  et  al.  [6]  derived  a  grid  speed 
equation  by  using  the  time  derivative  of  the  Thompson  scheme  113].  The  Thompson 
scheme  may  be  written 

-  P 

(19)  , 

-  Q 


where  the  boundary  point  coordinates  are  given  and  the  Interior  distribution  Is 
determined  by  the  simultaneous  solution  of  the  system  given  in  Eq.  (19^.  The 
forcing  functions  (P,Q)  are  used  to  concentrate  grid  lines  where  desired.  The 
system  of  equations  governing  the  mapping  Is  usually  written  using  the  physical 
coordinates  as  the  dependent  variables  and  may  be  written 


(20) 


G(x)  *  0 
G(y)  =  0 


where 

(21) 
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and  J  again  represents  the  Jacobian.  If  the  time  derivative  of  the  transformation 
differential  equation  [Eq.  (20)]  Is  formed,  a  system  of  equations  results  and  may 
be  written 


(23) 

where 


[Slz  -  r 


(24) 
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and  S  is  a  matrix  which  includes  spatial  partial  derivatives.  The  solution  of 
Eq.  (23)  provides  an  expression  for  the  grid  speeds.  In  the  initial  work,  P  and 
Q  were  set  equal  to  zero  and  numerous  time-dependent  solutions  of  fluid  flow 
problems  were  computed.  This  technique  was  used  with  great  success  on  a  series 
of  problems  ranging  from  the  classical  Invlscid  supersonic  blunt  body  problem  to 
the  diffraction  of  a  shock  wave  passing  over  a  ramp.  Figures  4  and  5  present  the 
physical  domain  and  grid  generated  for  these  two  cases.  Unfortunately  this  tech¬ 
nique  is  adaptive  only  in  the  sense  of  accommodating  boundary  point  motion.  If 
both  P  and  Q  are  zero,  no  way  of  Including  the  Influence  of  the  changes  in  the 
interior  solution  can  be  Incorporated  in  the  grid  point  motion.  Recently,  Hindman 
[7]  has  been  computing  flow  field  solutions  using  a  grid  generation  scheme  given 
by  Eq.  (23)  where  P  and  Q  are  functions  of  the  computed  solution.  This  creates 
an  adaptive  grid  generator  which  Includes  the  influence  of  both  changes  in  bound¬ 
ary  point  location  (moving  boundaries)  and  changes  in  the  interior  solution. 


Recently  Ral  and  Anderson  [10,11]  and  Anderson  and  Rai  [2]  have  constructed 
an  adaptive  grid  generator  based  upon  a  gravitational  analogy.  In  order  to  demon¬ 
strate  the  basic  idea,  consider  a  one-dimensional  problem  with  Independent  vari¬ 
ables  X  and  t.  Since  we  obtain  the  solution  by  time  Integration  of  the  partial 
differential  equation,  the  grid  speed  is  also  easily  Integrated  and  the  new  grid 
positions  obtained.  In  order  to  obtain  the  grid  speed,  we  require  the  error,  |e|, 
at  each  point  and  define  an  average  error,  lel^ve  »  points.  If  le|  is 

larger  than  |e|  ^  at  a  given  location,  we  expect  the  local  error  in  the  solution 
to  be  reduced  if  more  points  are  used.  Likewise,  if  the  difference  between  the 
local  and  average  error  is  small,  then  fewer  points  are  needed  in  a  given  region. 
Since  the  total  number  of  points  is  fixed,  this  implies  a  contraction  or  stretching 
in  certain  areas  of  the  physical  domain.  One  also  expects  that  the  Influence  of 
one  point  on  another  diminishes  as  the  distance  between  the  two  Increases.  With 
this  in  mind,  the  grid  speed  in  computational  space,  ^  ,  may  be  written  as 


(25) 
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and  the  grid  speed  in  physical  space  is  given  by 
(26)  (x^)^  =  <-^C>l/<^x>l 


In  these  equations,  r^  j  is  the  distance  between  points  1  and  j  in  computational 
space,  K  is  an  empirical  constant  which  must  be  adjusted  to  regulate  the  maximum 
grid  speed,  and  n  is  a  power  which  is  adjusted  to  provide  the  desired  radius  of 
Influence  for  a  given  point.  The  grid  speed  Induced  anywhere  by  a  given  point 
is  proportional  to  the  excess  error  at  the  point  and  is  attenuated  by  the  distance 
to  that  point  raised  to  a  power.  The  philosophy  embodied  in  Eq.  (25)  may  be 
Interpreted  as  assuming  that  a  numerical  solution  on  a  grid  is  the  best  when  the 
error  at  each  point  in  the  grid  is  the  same  constant  value. 


An  example  demonstrating  the  application  of  this  method  is  provided  by  the 
viscous  Burgers'  equation 
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with  initial  conditions 


(  1  X  -  0 

(28)  u(0,x)  «  >{ 

\  0  0  <  X  <  1 

anil  boundary  conditions 
u(t,0)  -  1 

(29) 

u(t,l)  =  0 

The  steady-state  solution  of  this  problem  is  given  by 

(30)  u  =  u  tanh  (1  -•  x) 

where 

(31)  =  1/y 
and  u  is  a  solution  of  the  equation 

(32)  .i! - i  s  exp(-uR  ) 

fi  +  1  ® 

Since  the  exact  solution  is  known,  the  accuracy  of  the  numerical  calculation  is 
precisely  known,  and  the  value  of  the  adaptive  grid  scheme  can  be  judged. 

Figure  6  shows  the  solution  error  comparison  for  a  fixed  and  an  adaptive  11 
point  grid.  In  this  example  the  error  used  in  driving  the  grid  was  assumed  to 
be  u^.  While  this  does  not  correspond  to  the  truncation  error  produced  by  using 
the  second-order  MacCormack  method  used  in  this  calculation,  a  significant 
reduction  in  error  is  obtained  using  the  adaptive  grid.  It  is  Interesting  to 
note  that  errors  are  reduced  at  the  right  side  of  the  physical  domain  where  large 
gradients  exist  while  slight  Increases  are  observed  at  the  left.  This  should  be 
expected  since  the  total  number  of  grid  points  is  fixed  and  the  mesh  spacing 
must  increase  at  some  points  and  decrease  at  others. 

When  the  derivatives  of  the  dependent  variable  are  used  to  evaluate  the  |e| 
terms  required  in  the  grid  speed  equation,  they  are  formed  using  finite  differ¬ 
ences.  To  avoid  noisy  estimates,  particularly  when  second  or  third  derivatives 
are  used,  the  solution  must  be  smoothed  before  the  derivatives  are  formed  and 
used  in  the  grid  generator.  Usually  a  three  point  average  is  sufficient  although 
any  smoothing  operator  will  work. 


This  technique  for  creating  an  adaptive  grid  Is  easily  extended  to  two 
dimensions.  In  this  case  the  grid  speed,  Is  given  by  Eq.  (25)  with  |e|  set 

equal  to  |ug|  or  higher  derivatives  of  u,  and  the  grid  speed,  Tit»  given  by  a 
similar  equation  with  u^  or  higher  derivatives  used  for  the  error  estimate.  The 
assumption  that  the  grid  speeds  depend  only  upon  errors  In  their  respective 
directions  provides  for  easy  application  of  the  method.  As  in  the  previous  exam¬ 
ple,  the  contribution  of  each  mesh  point  must  be  Included,  and  as  a  result,  the 
grid  speed  in  either  direction  is  obtained  by  summing  over  both  1  and  j . 

In  the  Interest  of  brevity,  details  of  the  two-dimensional  Burgers'  equation 
calculation  are  not  presented  here.  However  a  grid  produced  for  the  two-dimen¬ 
sional  version  of  the  example  presented  above  Is  shown  In  Figure  7.  In  this  case, 
the  large  gradient  regions  are  at  the  right  and  upper  part  of  the  physical  domain, 
and  the  adaptive  grid  shows  a  clustering  of  points  in  these  regions.  While  error 
curves  are  not  Included,  reductions  similar  to  those  calculated  In  the  one-dlmen- 
slonal  example  are  obtained.  In  addition  to  the  simple  examples  presented  here, 
a  number  of  fluid  dynamic  problems  have  been  solved.  These  Include  Incompressible 
laminar  boundary-layer  flow,  the  supersonic  Invlscld  blunt  body  problem,  and  the 
solution  for  supersonic  invlscld  flow  over  a  pointed  wedge  with  a  detached  shock  wave. 

In  another  recent  paper,  Rai  and  Anderson  [12]  have  developed  a  technique 
for  locally  aligning  the  physical  mesh  with  high  gradient  regions.  This  particular 
technique  Is  most  useful  In  computing  solutions  to  hyperbolic  systems  of  partial 
differential  equations  which  Include  surfaces  of  discontinuities  In  the  dependent 
variables.  The  applications  of  the  original  technique  were  to  problems  involving 
shock  waves  In  high  speed  fluid  flow  and  that  development  will  be  presented  here. 


The  presence  of  shock  waves  In  supersonic  flow  creates  problems  for  the 
computational  fluid  dynamicist  because  shocks  represent  discontinuities  in  the 
dependent  variables  when  the  Invlscld  equations  of  motion  are  considered.  Lax  [9] 
showed  that  shock  waves  could  be  "captured"  as  part  of  the  solution  using  no 
special  treatment  If  the  conservative  form  of  the  governing  partial  differential 
equations  is  used.  The  usual  conservation-law  form  of  the  invlscld  equations  for 
a  steady  supersonic  flow  Is 


(33) 


91  +  ll 

3x  3y 
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^  -  ?(E) 

where  both  E  and  F  are  vectors.  When  shock  waves  are  captured  using  finite-dif¬ 
ference  methods,  the  solution  usually  oscillates  at  shock  waves  because  of  the 
discontinuous  nature  of  the  dependent  variables.  Since  a  solution  with  a  shock 
wave  mathematically  represents  a  weak  solution  of  Eq.  (33),  the  condition  which 
must  be  satisfied  at  the  shock  may  be  written  (see  Wltham  [1^]) 

(34)  [EjcosOj^  +  [f]cosa2  ■  0 

where  the  square  brackets  represent  the  jump  in  the  function  across  the  dlscon- 
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tinulty,  and  cosa,  and  cosoi-  are  the  direction  cosines  of  the  normal  to  the 
discontinuity  wltn  respect  to  the  x  and  y  axes.  Figure  8  identifies  the  normal 
and  the  angles  a,  and  a,*  If  an  adaptive  grid  is  used,  which  aligns  with  the 
shock  in  such  a  way  that  012  “  90®,  the  remaining  condition  that  must  be  satisfied 
becomes 

(35)  [^]co8aj  “  0 


Since  cosOj^  f*  0,  the  jump  in  E  is  zero  which  simply  requires  that  E  be  continuous 
across  the^shock  wave.  A  scheme  which  aligns  one  of  the  coordinates  with  the 
shock  wave  can  be  constructed.  If  a  series  of  points  in  a  grid  is  considered  as 
in  Figure  9,  a  scheme  which  causes  mesh  alignment  with  high  gradient  regions 
results  if  the  grid  speed  at  a  point  C  is  given  by 


(36) 


n 

’^oc 


where 


tl  ,  sgn(h^/h^)sgn(nQ  -  n^,)  <  0 
2  ,  sgn(h^/h^)sgn(nQ  -  h^,)  >  0 


and  h  is  any  flow  variable  such  as  pressure  or  density  which  is  used  to  identify 
high  gradient  regions.  The  grid  point  speed  at  any  point  C  is  determined  by  the 
gradient  of  this  flow  variable.  The  effect  of  this  is  to  produce  a  rotation  of 
the  line  segments  until  they  become  locally  parallel  to  the  maximum  gradient 
lines. 


To  demonstrate  the  effectiveness  of  this  technique,  a  smooth  function  with 
a  very  high  gradient  region  was  used  to  drive  the  grid.  Since  the  gradient  infor¬ 
mation,  hr,  hp,  is  known  analytically,  and  the  high  gradient  area  is  also  known, 
this  provides  a  good  test  of  the  shock  aligning  scheme.  Figure  9  demonstrates 
the  shock  alignment  scheme  for  such  a  unit  problem.  The  dark  area  is  the  zone 
where  high  gradients  exist  while  the  h  function  is  constant  in  the  rest  of  the 
domain.  The  alignment  of  the  grid  In  the  high  gradient  region  is  apparent.  It 
is  also  important  to  notice  that  grid  alignment  is  a  very  local  effect. 

Another  demonstration  of  the  effectiveness  of  a  shock  aligning  grid  is 
given  by  the  calculation  of  a  flow  field  due  to  a  straight  oblique  shock  in  a 
uniform  supersonic  freestream.  Figure  10  shows  the  shock  wave  location  and 
shows  the  position  of  the  fixed  grid  also  used  for  a  comparison.  The  flow  is  from 
the  top  of  the  figure  toward  the  bottom  at  a  freestream  Hach  number  of  2.0  with 
a  shock  wave  angle  of  50®.  The  solution  to  this  problem  was  obtained  numerically 
as  the  time  asymptotic  limit  of  an  unsteady  flov^.  The  two-dimensional  time- 
dependent  equations  of  motion  were  solved  in  conjunction  with  the  grid  speed 
given  in  Eq.  (36),  and  the  resulting  mesh  and  shock  location  are  shown  in  Figure 
11.  The  nearly  perfect  alignment  of  the  shock  and  the  grid  are  apparent. 

Figures  12  and  13  show  the  pressure  through  the  mesh  at  y  «  0.208  and  0.0, 
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respectively.  Again  the  effect  of  the  alignment  Is  clear.  No  oscillations  occur 
in  the  grid  aligned  results  while  the  usual  dispersive  behavior  is  evident  when 
a  standard  fixed  grid  is  used. 

5.  CONCLUDING  REMARKS.  A  number  of  adaptive  grid  techniques  which  are  cur¬ 
rently  being  used  or  have  the  potential  for  use  in  solving  practical  problems 
have  been  reviewed.  These  methods  Include  schemes  which  directly  determine  either 
physical  point  location  or  transformation  metrics  (type  A)  and  those  techniques 
which  directly  provide  the  grid  speeds  (type  B) .  Techniques  used  to  develop  these 
methods  range  from  variational  approaches  to  ad  hoc  schemes  which  largely  employ 
physical  intuition. 

Having  reviewed  some  of  the  more  promising  methods  for  generating  adaptive 
grids,  a  few  comments  on  the  direction  of  future  work  seem  appropriate.  The 
direction  of  future  work  as  perceived  by  any  reseacher  in  this  area  depends  upon 
that  person's  experience  and  the  constraints  placed  upon  his  efforts.  The  engineer 
or  scientist  attempting  to  solve  practical  problems,  using  numerical  methods,  does 
not  hrve  the  luxury  of  either  unlimited  computer  time  or  the  use  of  an  infinite 
number  of  mesh  points.  We  should  rule  out  those  schemes  which  require  excessive 
time  to  use  and  support  techniques  which  are  more  economically  employed. 

Among  those  schemes  reviewed  in  this  paper,  the  methods  where  a  functional 
minimization  is  employed  become  unduly  complex  when  the  Euler  equations  are 
solved  in  conjunction  with  the  original  partial  differential  equation.  The  time 
required  to  generate  the  mesh  may  be  larger  than  or  at  least  a  large  fraction  of  the 
time  required  to  solve  the  original  equation.  These  methods  do  have  a  firm 
mathematical  basis  and  permit  one  to  exercise  positive  control  over  those  elements 
included  in  the  definition  of  grid  quality  employed.  For  this  reason,  work  using 
this  approach  is  valuable. 

The  techniques  which  provide  the  grid  speed  directly  have  a  definite  advan¬ 
tage  because  they  are  easily  used  in  multidimensional  problems.  Since  the  goal 
of  most  investigators  is  the  construction  of  methods  for  use  in  three-dimensional 
problems,  this  seems  to  be  a  definite  plus.  The  disadvantage  is  that  these  tech¬ 
niques  are  approximate  methods  largely  based  upon  intuition.  Even  though  the 
simple  grid  speed  methods  reviewed  in  the  last  section  are  error  reducing,  a 
better  foundation  justifying  their  use  is  needed. 

Perhaps  the  next  generation  of  adaptive  grid  schemes  will  result  from  studies 
using  minimization  techniques.  These  studies  can  be  used  to  construct  simplified 
approaches  which  yield  nearly  the  same  results  but  are  much  simpler  to  implement 
and  more  economical  to  use. 

One  of  the  areas  deserving  a  concerted  effort  is  that  of  defining  grid 
quality.  Grid  quality  treated  in  adaptive  grid  work  is  usually  concerned  with 
Improved  resolution  of  some  physical  event  or  with  reducing  errors  in  the  solu¬ 
tion.  The  area  of  error  estimation  when  using  finite-difference  techniques  is 
very  Important.  Clearly,  if  better  error  estimates  are  available,  better  grid 
systems  can  be  generated. 

As  a  final  comment,  the  adaptive  grid  field  is  new.  Everyone  should  be 
encouraged  to  explore  new  ideas  for  generating  adaptive  grids  with  the  goal  of 
introducing  better  techniques  for  computing  solutions  to  partial  differential 
equations. 

The  support  of  this  work  by  NASA  under  Cooperative  Agreement  NCCI-17  is 
gratefully  acknowledged.  586 
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Uniform  Grid  Adaptive  Grid 

Figure  3  Shock  tube  results  of  Klopfer  and  McRae  [8] 


Figure  4  Grid  cosqpuCcd  for  the 
blunt  body  problem 


Figure  5  Grid  generated  for  blast 
diffraction  problem 
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gure  10  Fixed  grid  for  supersonic 
flow  with  shock  wave 


Figure  11  Shock  aligned  grid  for 
supersonic  flow  problem 


Figure  12  Pressure  comparison  showing 
effectiveness  of  shock 
aligned  grid  at  y  -  0.208 


Figure  13  Pressure  comparison 
at  y  =  0.0 
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ABSTRACT.  This  paper  describes  a  computational  effort  to  develop  computer 
codes  for  rapidly  and  accurately  modeling  the  electric  fields  within  laser  cavi¬ 
ties.  Serai direct/marching  methods  are  used  both  for  the  generation  of  two- 
dimensional  boundary-fitted  grids  using  the  elliptic  generating  equation  approach, 
and  for  the  solution  of  electric  field  problems  in  those  coordinate  systems.  The 
efficiency  of  the  semi direct/marching  methods  makes  possible  interactive  design 
of  the  laser  electrodes  using  a  modest  computer.  Also  described  are  techniques 
for  high-order  accuracy,  a  method  for  precise  grid  control  at  interior  points, 
and  applications  to  the  elliptic  grid  generation  problem  of  computer  Symbolic 
Manipulation. 

1.  INTRODUCTION;  THE  LINEAR  AND  NONLINEAR  LASER  PROBLEMS.  The  objective 
of  the  computational  effort  described  herein  was  to  develop  computer  codes  for 
rapidly  and  accurately  modeling  the  electric  fields  within  laser  cavities.  These 
codes  should  be  fast  enough  to  make  the  interactive  design  process  practical, 
and  accurate  enough  to  resolve  the  maximum  electric  field,  which  is  an  impor¬ 
tant  limiter  of  the  power  output.  The  designer  should  be  able  to  perturb  the 
laser  operating  parameters  and/or  the  electrode  geometry,  and  quickly  obtain 
new  solutions. 

Both  the  linear  and  nonlinear  electric  field  problems  are  of  practical 
interest  to  various  laser  concepts.  Our  original  efforts  were  directed  towards 
the  nonlinear  problem  in  pulsed  electric  lasers.  In  the  design  of  electron 
beam  lasers,  it  is  desirable  to  have  a  nearly  uniform  energy  deposition  through¬ 
out  the  cavity.  This  energy  deposition  is  governed  by  the  solution  of  the  non¬ 
linear  elliptic  equation  for  electric  potential  ♦,  given  by 

7  •  *  0 

where  the  conductivity  o  is  a  nonlinear  function  of  the  electric  field  E  =  7(|). 

(For  the  linear  problems,  a  is  constant.)  The  solution  of  this  equation  for  a 
reasonable  grid  resolution  in  two  dimensions  is  a  time  consuming  effort  using 
conventional  methods  (ref.  1).  For  our  initial  studies,  the  ionization  S  of 
the  external  electron  beam  gun  was  modeled  empirically,  following  ref.  2,  by 
the  following  equation. 


S  s  exp(-Yx)  a tan 


where  y  =  E/2»V.  The  electron  beam  has  a  voltage  V  and  a  width  2a  located  at 


X  *  0  between  y  =  -a  and  y  =  +a.  From  the  same  reference,  the  nonlinear  con¬ 
ductivity  a  is  given  by 


o  =  C  - 


^0.45  5O.5 


,  c  =  0(1) 


The  laser  cavity  was  first  modeled  in  a  cartesian  coordinate  system  with 
straight  electrodes.  In  this  system,  we  could  obtain  completely  converged  non¬ 
linear  solutions  in  approximately  5  second  on  a  31  x  31  grid  using  a  time- 
shared  CDC  6600  Computer.  This  is  two  orders  of  magnitude  faster  than  the 
computer  time  necessary  to  solve  the  problem  using  a  triangular  finite  element 
system. 

We  have  also  used  other  nonlinear  relations  for  conductivity  a,  and  are 
currently  working  on  the  use  of  Monte  Carlo  calculations  for  o.  Although  the 
nonlinearity  adds  difficulty,  the  more  significant  problem  arises  when  the 
designer  attempts  to  solve  the  problem  with  general  electrode  shapes. 

We  immediately  dismissed  the  approach  of  fitting  a  general  boundary  shape 
into  a  cartesian  grid  using  "partial  cell"  formulas,  for  reasons  of  accuracy. 
Since  the  quantity  of  interest  is  a  derivative  of  the  solution,  and  since  its 
maximum  value  occurs  on  the  surface  (always,  for  the  linear  problems)  it  was 
clear  that  "partial  cell"  formulas  would  not  provide  sufficient  accuracy.  A 
boundary- fitted  nonorthogonal  coordinate  system  was  the  obvious  choice. 

2.  ELLIPTIC  GRID  GENERATION  BY  SEMIDIRECT  METHODS.  We  adapted  the  ap¬ 
proach  pioneered  by  Thompson  et  al.  (ref.  3),  using  elliptic  generating  equa¬ 
tions  to  construct  the  nonorthogonal  grid.  Two  equations  for  the  new  coordinates 
C  and  n  are  first  written  in  the  "physical"  or  original  coordinate  system 
(usually  cartesian)  where  we  know  the  form  of  the  equations  governing  the 
electric  field.  The  two  equations  for  c(x,y)  and  n(x,y)  are  linear  but  have 
the  same  difficulty  as  the  original  problem,  i.e.  solution  in  x  and  y  would 
require  "partial  cell"  formulas.  This  is  avoided  in  the  Thompson  approach  by 
reversing  the  dependent  and  independent  variables.  All  calculations  are  now 
done  in  the  simple  cartesian  coordinate  system  in  the  transformed  plane  (c,ti)» 
but  the  transformed  equations  are  now  nonlinear  (quasil inear). 

The  two  coupled  nonlinear  equations  are  solved  in  the  transformed  plane 
(c,n)  for  the  physical  coordinates  (x,y). 

L(x)  =  O.L(y)  =  0 


where,  for  e  =  x  or  y. 


L(e)  5  ae  -  2ae  +  ye 
tn  nn 

The  coefficients  are  nonlinear  functions  of  x  and  y.  See  Thompson,  et  al. 
(ref.  3)  for  details,  and  for  the  use  of  additional  nonhomogeneous  terms  P  and 
Q  for  coordinate  adjustments. 
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In  customary  usage,  these  equations  are  solved  by  point  or  line  iterative 
methods,  which  are  usually  slow.  In  our  work,  we  use  semi  direct/marching 
methods  to  solve  the  grid  equations,  and  then  to  solve  the  electric  field 
equation  in  that  grid. 

3.  SEMIDIRECT/MARCHING  METHODS;  THE  GEM  COOES.  Semi direct  methods  are 
rapid  finite  difference  methods  for  solving  various  steady-state  and  slowly 
varying  time- dependent  nonlinear  problems.  Fast  elliptic  solvers  are  used  to 
solve  linearized  equations  directly,  which  are  then  iterated  to  solve  the  non¬ 
linearity.  Applications  of  semidirect  methods  to  problems,  many  in  fluid 
dynamics,  are  given  in  ref.  4.  For  the  nonseparable  partial  differential 
equations  of  interest  here,  the  fast  elliptic  solver  used  is  some  variation 

of  marching  methods  for  elliptic  equations.  The  algorithms  involved  have  been 
described  in  detail  (ref.  5)  and  timing  and  accuracy  tests  of  a  particular 
software  realization  of  the  marching  methods,  called  the  GEM  codes,  have  been 
reported  (ref.  6). 

Although  stabilizing  schemes  exist  (ref.  5,6),  as  a  practical  matter,  the 
marching  methods  depend  on  a  favorable  cell  aspect  ratio  AC/An  to  stabilize 
the  inherently  unstable  spatial  marching  procedure.  They  are  thus  well  suited 
to  problems  with  a  grid  refinement  in  one  coordinate  in  the  transformed  plane. 
The  marching  methods  are  not  suitable  for  problems  in  which  there  is  a  signifi¬ 
cant  grid  refinement  in  both  coordinate  directions  in  the  transformed  plane. 
However,  for  many  practical  problems,  they  are  very  well  suited. 

The  advantages  of  the  marching  methods  are  their  generality  and  speed. 
Unlike  "fast  Poisson  solver"  algorithms  such  as  FFT  or  odd-even  reduction,  the 
marching  methods  (1)  do  not  depend  on  separability  of  the  coefficients,  and 
(2)  can  treat  the  9-point  operator  directly,  even  for  nonseparable  stencils. 

Both  these  advantages  are  pertinent  to  nonorthogonal  grid  problems,  not  only 
in  the  solution  of  the  grid  by  elliptic  pde's,  but  also  in  the  solution  of  the 
physics  (in  the  present  case,  the  electric  field  equations)  no  matter  how  the 
non-orthogonal  grid  is  generated.  As  for  speed,  the  marching  methods  will  ini¬ 
tialize  in  order  (M^)  operations  for  an  MxM  cell  problem,  and  will  solve  repeat 
solutions  in  the  optimal  order  (M^)  operations.  For  large  two-dimensional  prob¬ 
lems  using  a  5-point  operator,  repeat  solutions  by  actual  timing  tests  are 
obtained  (ref.  6)  in  the  equivalent  of  2  point  SOR  iterations  including  con¬ 
vergence  testing. 

4.  APPLICATION  TO  ELLIPTIC  GRID  GENERATION  EQUATIONS.  The  semidirect/ 
marching  methods  are  particularly  well  suited  to  the  solution  of  the  elliptic 
grid  generating  equations,  provided  that  the  cell  aspect  ratios  are  favorable. 

In  our  semidirect  approach,  the  two  equations  are  first  linearized  about  some 
initial  guess  for  the  grid,  giving  values  of  o0,3°.  etc.  We  then  solve  a 
sequence  of  linear  problems,  indicated  by 

L0(e'^)  =  S(e'''b 

where  L®  is  based  on  the  initial  guess  o®,  3°,  etc.  and  S  is  defined  by 
S(e)  =  -  {(o-a®)e^^  -  2(8-S°)e^^  +  (Y-Y°)e^J 
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If  immediate  updating  of  the  coefficients  were  used  (true  Picard  method), 
the  coefficients  in  1°  would  be  re-evaluated  at  each  iteration  and  the  GEM 
solution  would  be  reinitialized,  requiring  order  (M^)  operations  for  each 
iteration.  Instead,  we  attempt  a  single  initialization  of  the  GEM  code  using 
a  quasi-Picard  method.  Depending  on  the  adequacy  of  the  initial  guess,  this 
single  initialization  may  be  adequate,  or  we  may  require  reinitialization 
during  the  solution  process.  The  decision  to  reinitialize  is  automated  and 
is  based  on  the  requirement  for  at  least  an  80%  reduction  in  the  maximum  change 
in  X  and  y  at  each  iteration.  Also,  in  the  iterative  design  process,  the  ini¬ 
tialization  from  a  previous  design  (i.e.  a  previous  laser  electrode  geometry) 
can  be  used  for  the  next  grid  generation. 

The  semi  direct/marching  methods  are  well  suited  to  this  problem  of  ellip¬ 
tic  grid  generation  for  two  reasons.  First,  although  two  coupled  nonlinear 
equations  are  used,  there  is  only  one  matrix  for  the  two  equations.  Thus, 
only  one  matrix  initialization  is  used,  and  only  one  set  of  coefficients  must 
be  stored.  Second,  although  the  equations  are  nonlinear  and  coupled,  they  are 
not  coupled  in  the  boundary  conditions.  This  adds  to  the  speed  of  the  itera¬ 
tive  convergence  process.  (For  the  Navi er-Stokes  equations,  the  coupling  of 
the  boundary  conditions  leads  to  time-like  iterative  behavior,  which  is  com¬ 
paratively  slow;  e.g.  see  refs.  4,7.) 

5.  ACCURACY  AND  TIMING  TESTS.  For  moderate  geometries,  the  semi  direct/ 
marching  methods  give  solutions  for  the  grid  in  typically  8  to  10  iterations, 
requiring  less  than  4  seconds  on  a  CDC  6600  for  a  31x31  grid  with  poor  initial 
guesses.  We  use  an  unusually  tight  convergence  criterion  of  6x,6y  <  10"5, 
because  we  are  interested  in  using  Richardson  extrapolation  to  fourth  order 
accuracy  for  the  solutions  of  the  physics equations;  this  requires  no  oscilla¬ 
tions  in  the  solution  for  either  the  coordinate  system  or  the  physics  equations 
(ref.  8).  The  number  of  iterations  required  is  not  a  strong  function  of  grid 
size,  and  the  marching  error  is  tolerable  for  most  problems  encountered  so  far 
(of  the  order  5x10“®  for  a  31x61  grid).  As  yet,  we  have  had  no  experience  with 
coordinate  system  control  using  the  P  and  Q  terms  (ref.  3).  Fortunately,  many 
geometries  of  practical  interest  to  the  electrode  design  area  are  convex  in  the 
region  of  most  interest  and  do  not  require  additional  coordinate  control.  The 
present  code  is  being  used  for  interactive  computer  design  of  several  laser 
systems. 

The  electric  field  solutions  are  also  obtained  with  the  semi  direct/marching 
methods  once  the  coordinate  system  has  been  generated.  For  linear  field  equa¬ 
tions  with  1-point  or  2-point  derivative  boundary  conditions,  the  equations  are 
solved  directly.  For  the  nonlinear  field  equations  and  for  3-point  derivative 
boundary  conditions,  iteration  is  required.  A  representative  problem  is  solved 
in  the  order  of  10  iterations,  requiring  less  than  5  seconds  on  a  CDC  6600. 
However,  we  have  encountered  nonlinearities  in  o  which  required  50  iterations. 

The  linear  problem  is  of  practical  interest,  and  has  been  used  as  an  ac¬ 
curacy  test  by  comparison  of  the  computed  results  with  those  of  the  Rogowski 
electrodes,  obtained  by  conformal  transformation  methods.  With  boundary  points 
equi distributed  in  arc  length,  we  predict  the  E-field  to  plotting  accuracy  in  a 
25x25  grid.  Using  a  distribution  of  boundary  points  weighted  by  surface  curva¬ 
ture,  we  have  obtained  plotting  accuracy  in  a  13x13  grid. 
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It  appears  that  a  good  multigrid  code  using  nonlinear  grid  interpolation 
(FAS)  can  achieve  the  same  level  of  efficiency  as  the  semidirect/marching 
methods  for  the  nonlinear  problems  (ref.  9).  For  the  linear  problem,  the 
marching  methods  as  embodied  in  the  GEM  codes  are  tba  fastest.  However,  they 
are  limited  in  resolution  to  about  a  100x100  grid  with  favorable  cell  aspect 
ratios.  More  importantly,  they  are  attractive  in  3  dimensions  only  for  prob¬ 
lems  which  are  separable  in  the  third  coordinate  so  that  a  FFT  can  be  used 
(ref.  5).  The  marching  methods  appear  to  vectorize  well,  especially  for  re¬ 
peat  solutions,  for  the  5-point  operator.  On  a  vector  machine,  9-point  opera 
tors  would  be  best  treated  iteratively  by  lagging,  as  is  customarily  done 
with  linear  iterative  methods.  The  vectorizing  of  multigrid  codes  is  an  open 
question  at  this  time.  The  comparison  of  marching  methods,  multigrid  methods 
and  the  simpler  fully  vectorizable  iterative  methods  (such  as  hopscotch  SOR) 
on  vector  machines  will  be  a  complicated  job,  dependent  on  the  particular 
machine  architecture,  the  problem  size,  and  the  coding  details.  We  intend  to 
include  options  for  the  use  of  various  solvers  in  our  laser  codes  in  the  near 
future. 


6.  CONTINUATION  METHODS  FOR  DIFFICULT  GEOMETRIES.  Good  initial  conditions 
for  the  grid  can  be  a  problem,  whether  the  grid  generating  equations  are  solved 
by  semidirect/marching  methods  or  by  more  conventional  iterative  methods.  Par¬ 
ticularly,  for  slit-like  geometries,  initial  conditions  obtained  by  simple 
interpolation  in  the  transformed  plane  can  give  crossed  coordinate  lines  and 
negative  Jacobians,  which  can  prevent  iterative  convergence  of  the  nonlinear 
problem. 

We  have  developed  two  continuation  methods  for  this  problem.  Both  attain 
the  final  solution  in  N  continuation  steps  (where  N  is  selected  by  the  code 
user).  The  weighting  function  W  varies  from  0  to  1  for  the  sequence  of  problems, 

W  *  0,  1/N,  2/N,  ....  (N-l)/N,  1. 

The  first  continuation  method  builds  up  to  the  true  boundary  conditions. 

With  B  =  X  and  y  boundary  conditions,  the  continuation  method  is 

b''  =  (1-W)B°  +  W*B^'^“® 

where  B°  is  some  trivial  initial  geometry,  such  as  a  rectangle. 


The  second  method  builds  up  to  the  true  generating  equations,  and  was 
suggested  by  Maliska's  work  (ref.  10)  using  point  SOR  for  the  solution.  The 
coefficients  a,  3>  and  r  are  built  up  from 

where 


A  *  a  and  y. 

This  starts  from  the  linear,  decoupled  problem 

Xrr  +  X  »  0 

CC  nn 
y  +  y  *  0 
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We  have  had  success  with  both  methods,  but  the  second  is  preferable.  It  is 
more  systematic,  and  avoids  some  clumsy  scaling  problems  of  the  first.  For  a 
rather  severe  slit-like  laser  geometry,  only  two  continuation  steps  were  re¬ 
quired  to  solve  the  grid.  (Note  that  for  very  mild  problems,  this  first  con¬ 
tinuation  step  might  produce  an  adequate  grid,  and  could  utilize  any  fast 
Poisson  solver  for  separable  equations.) 

7.  SOLUTION  OSCILLATIONS  NEAR  GRADIENT  BOUNDARIES.  An  illuminating 
behavior  arose  in  the  application  of  symmetry  boundary  conditions  to  the  elec¬ 
tric  field  equations.  For  symmetry  at  c  =  0,  the  transformed  equation  requires 

=  (o((i_  -  &<ti  )/Ja^  =  0,  where  J  =  Jacobian. 

The  marching  code  GEM  requires  one-sided  differences  for  (f)^  because  the  boun¬ 
dary  conditions  must  be  separable  in  the  march  direction.  Depending  on  the 
curvature  at  the  boundary  (the  sign  of  e)  and  the  march  direction,  this  can 
be  analogous  to  downwind  differencing  along  the  boundary,  and  can  produce 
oscillations  in  the  solution  of  the  physics  equations.  In  analogy  with  the 
well-known  fluid  dynamics  problems,  we  would  anticipate  that  other  workers 
may  have  encountered  this  behavior  using  centered  differences  for 

The  cure,  which  almost  certainly  has  been  applied  in  practice  elsewhere 
although  not  reported  (nor  perhaps  recognized)  is  to  have  a  nearly  orthogonal 
grid  near  symmetry  and  other  gradient  boundaries,  giving  p  =  0.  (One  could 
also  set  e  =  0  by  reflection  (ref.  10)  but  this  gives  a  discontinuity  in  the 
grid  which  will  slow  the  truncation  error  convergence.) 

In  the  GEM  solutions,  true  second-order  accuracy  is  obtained  by  a  dcrerred 
correction  approach,  lagging  the  difference  between  the  one-sided  and  ctntered 
forms  for  41  .  It  is  even  more  robust,  for  geometries  in  which  p  might  change 
sign  along  the  boundary,  to  lag  the  entire  (!►„,  along  with  the  deferred  correc¬ 
tion  for  the  3-point  41^  and  any  nonlinearities,  and  this  is  now  our  standard 
procedure.  Note,  however,  that  the  GEM  code  now  cannot  be  considered  a  direct 
solver  for  gradient  boundary  conditions  in  a  nonorthogonal  grid;  this  is  a  code 
limitation,  since  marching  methods  (i.e.  the  algorithm)  can  be  adapted  to  solve 
this  problem  directly. 

8.  TECHNIQUES  FOR  HIGH  ACCURACY  SOLUTIONS.  For  the  laser  design  problems 
which  we  have  encountered  to  date,  moderate  accuracy  has  been  quite  adequate. 
(The  more  important  problem  has  been  resolution  of  the  peak  E-field,  and  we 
expect  to  soon  be  working  on  a  solution-adaptive  grid  generation  method  to 
address  this  problem.)  For  other  applications,  high  accuracy  may  be  desirable. 
Obtaining  high  accuracy  solutions  in  boundary-fitted  coordinates  requires 
special  comment. 

Obtaining  high  accuracy  solutions  generally  involves  using  high-order  dis¬ 
cretization  and/or  systematic  grid  refinement.  There  are  remarkably  few  pub¬ 
lished  studies  of  strongly  multidimensional  problems  which  do  a  convincing  job 
of  establishing  accuracy,  even  for  problems  defined  in  cartesian  coordinates. 
For  general  nonorthogonal  coordinate  transformations,  we  need  a  systematic 
method  for  refining  this  mesh  and  assuring  smoothness  of  the  mesh.  This 


requirement  is  satisfied  by  Thompson's  elliptic  generating  approach  (and  by 
simple  analytic  stretches,  etc.). 


We  consider  here  three  techniques  for  obtaining  high-order  solutions  in 
general  nonorthogonal  grids;  Richardson  extrapolation,  the  direct  use  of  high 
order  equations,  and  deferred  corrections. 

Richardson  extrapolation  must  be  applied  with  great  care.  Incomplete 
iteration  noise  and  machine  round-off  error  will  be  magnified  by  the  extrapo¬ 
lation,  and  the  enhanced  order  of  accuracy  will  not  occur  near  boundaries  unless 
consistently-ordered  discretizations  are  used  at  boundaries.  However,  when 
carefully  implemented  (ref.  8)  this  technique  does  give  high  order  accuracy  in 
nonorthogonal  coordinates,  and  is  not  troubled  at  all  by  the  cross-derivatives. 

It  gives  0(a‘‘)  accurate  solutions  only  on  the  subgrid  of  the  finest  grid  cal¬ 
culated,  however.  It  may  be  possible  to  obtain  the  0(a‘*)  solution  on  the  finest 
grid  by  interpolation;  this  approach  remains  to  be  worked  out  and  verified. 

The  direct  use  of  high-order  equations,  either  conventional  or  "compact" 
stencils,  gives  high  order  solutions  on  the  full  grid.  However,  there  is 
trouble  in  formulating  stencils  for  cross-derivatives  and  near-boundary  points 
in  nonorthogonal  coordinates.  Also,  the  Iterative  solution  methods  may  deter¬ 
iorate  with  high-order  stencils.  (They  should  never  be  used  directly  in  marching 
methods,  since  the  effect  on  the  march  stability  is  disastrous;  see  ref.  5.) 

The  deferred  correction  technique  avoids  this  latter  difficulty,  and  further 
provides  a  convenient  measure  of  truncation  error  convergence.  However,  the 
difficulties  with  the  cross-derivatives  remain. 

To  our  knowledge,  ref.  8  (utilizing  Richardson  extrapolation)  presents  the 
only  multidimensional  0(a‘*)  solution  in  a  nonorthogonal  boundary-fitted  grid. 

9.  PRECISE  COORDINATE  CONTROL  AT  INTERIOR  POINTS.  It  is  often  desirable 
to  precisely  control  the  posUion  of  grid  nodes  at  some  interior  points.  In 
laser  calculations,  the  electric  field  can  be  affected  by  the  presence  of  di¬ 
electric  materials  in  the  cavity,  and  calculation  accuracy  could  be  enhan''ed  if 
the  grid  points  were  on  dielectric  boundary.  Such  precise  control  is  simply 
achieved  by  algebraic  (e.g.  ref.  11)  and  ad  hoc  grid  generation  methods.  In 
the  elliptic  generating  technique,  the  "tuning"  of  the  nonhomogeneous  terms  P 
and  Q  as  in  ref.  3  provides  considerable  adjustment  of  the  grid,  but  not  precise 
control . 

Precise  placement  of  grid  points  is  easily  achieved  by  partitioning  the 
grid  solutions  along  the  desired  interior  boundary.  This  can  be  implemented 
either  by  patching  separate  solutions  together,  or  by  locally  defining  the 
discretized  problem  to  be  the  identity  equation,  i.e.  replacing  the  9-point 
stencils  for  the  x  and  y  differential  equations  by 

X  =  x^j,  and  y  =  y.j,, 

where  "ib"  refers  to  the  desired  interior  boundary.  Patching  results  in  a 
timing  and  storage  penalty  in  the  GEM  codes,  but  the  patch  line  can  also  be 
used  to  stabilize  the  march  (refs.  5,  6).  The  second  implementation  will  not 
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work  with  the  GEM  codes,  as  it  results  in  a  singular  matrix  for  the  marching 
procedure.  Either  implementation  speeds  convergence  for  point  and  line  itera¬ 
tive  methods. 

However,  precise  placement  of  grid  points  is  not  the  real  difficulty; 
rather,  it  is  achieving  a  smoothness  of  the  grid  through  the  interior  boundary. 
Smoothness  will  be  possible  only  if  (1)  the  angles  of  the  coordinate  lines 
passing  through  the  interior  boundary,  and  (2)  the  grid  spacings  along  those 
coordinate  lines,  are  "equal"  (to  some  discretized  measure)  on  both  sides  of 
the  boundary.  This  can  be  accomplished  with  Steger  and  Sorenson's  algorithm 
(refs.  12,  13)  which  iteratively  adjusts  the  nonhomogeneous  terms  P  and  Q  so 
as  to  achieve  the  user-specified  coordinate  spacing  and  angle  at  boundaries. 

It  will  also  be  possible  to  slide  the  grid  points  along  the  interior  boundary 
following  some  solution-adaptive  scheme.  The  position  of  the  interior  boun¬ 
dary  itself  can  likewise  be  adjusted  to  follow  the  physics  solution,  e.g.  the 
dividing  streamline  in  separated  flow. 

As  an  alternative  to  Sorenson's  algorithm,  we  can  achieve  smoothness  by 
specifying  gradient  rather  than  Dirichlet  boundary  conditions  in  the  solution 
of  x(c.n)  and  y(Ctn)-  This  is  an  entirely  different  algorithm  and  will  gener¬ 
ate  a  different  grid.  Unfortunately,  this  formulation  nonlinearly  couples 
both  the  X  and  y  boundary  derivatives  in  both  the  ^  and  n  directions.  This 
is  expected  to  slow  convergence  in  the  semidirect  formulation  (ref.  4)  and  in 
point  iterative  solutions,  especially  if  solution-adaptive  procedures  are 
simultaneously  used.  Actually,  a  weighted  combination  of  Dirichlet  and  both 
derivative  conditions  (generalized  Robbins'  condition)  is  the  obvious  candidate. 

A  comparison  of  these  two  approaches  will  be  undertaken  in  the  near  future;  both 
can  be  extended  to  3D. 

10.  SENSITIVITY  TO  CROSS  DERIVATIVES.  We  have  generally  been  impressed 
with  the  difficulty  of  code  verification  for  general  nonorthogonal  coordinate 
problems.  In  particular,  the  experience  related  here  violated  out  intuition 
on  the  sensitivity  of  the  solutions  to  the  cross  derivative  terms  like  Xf  , 
etc.  The  experience  arose  from  a  coding  error  in  which  the  cross  defrva- 
tTve  terms  were  all  calculated  a  factor  of  2  larger  than  correct.  The  error 
was  not  detected  early  because  the  solutions  looked  good  for  mild  but  non¬ 
trivial  geometries.  For  electrodes  in  a  quadrant  where  the  lower  electrode 
was  described  by  a  cos^  curve  and  the  upper  electrode  by  cos^,  the  grid  gen¬ 
erated  and  the  solution  for  the  E-field  were  quite  accurate.  Likewise,  the 
solution  for  the  Rogowski  electrode  differed  by  only  0.4%  from  the  exact 
using  only  a  13x13  grid.  However,  in  systematic  convergence  testing  (performed 
by  H.  Happ  of  Tetra  Corporation),  the  error  did  not  reduce  as  the  grid  was  re¬ 
fined.  The  coding  error  was  detected  and  corrected,  and  the  previous  cases 
were  recalculated.  The  factor  of  2  error  in  the  cross  derivatives  proved  to 
affect  the  coordinate  generation  by  less  than  0.01%  in  the  location  of  any  x 
and  y  of  the  grid  nodes,  and  to  affect  the  E-field  (derivative  of  the  4*  solu¬ 
tion)  by  0.016%.  The  conclusion  might  seem  obvious,  that  the  solutions  are 
very  insensitive  to  the  cross  derivatives.  However,  this  is  actually  quite 
problem  dependent.  For  a  slit-like  geometry,  the  coding  error  seriously  affected 
the  grid  generation.  Iterative  convergence  was  obtained  only  with  the  extreme 
of  20  continuation  steps  plus  the  use  of  extensive  under- relaxation  of  boundary 
and  interior  points.  The  resulting  "mesh"  was  a  mess,  with  coordinate  lines 
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that  crossed  and  extended  outside  of  the  physical  domain,  violating  the  maximum 
principle.  When  the  coding  error  was  corrected,  the  method  converged  to  a  per¬ 
fectly  good  grid  in  2  continuation  steps.  For  this  class  of  problems,  we 
conclude  that  the  grid  generation  process  is  highly  sensitive  to  the  cross¬ 
derivatives.  Aside  from  coding  errors,  this  experience  also  seems  to  bear  on 
the  robustness  of  alternate  elliptic  generating  systems  which  use  simpler  equa¬ 
tions  in  the  transformed  plane;  their  chances  of  success  for  difficult  geometries 
appears  to  be  poor. 

11.  SYMBOLIC  MANIPULATION  ANO  GRID  GENERATION.  Coding  errors  such  as  the 
one  described  above  plague  all  computational  work,  and  the  chance  for  error 
increases  as  the  complexity  of  the  problems  increase.  As  noted  above,  we  have 
been  impressed  with  the  difficulty  of  code  verification  for  the  transformed  grid 
problems.  We  have  also  been  impressed  with  the  complexity  of  the  3-dimensional 
equations  for  general  nonorthogonal  grids. 

In  association  with  Prof.  Stanly  Steinberg  of  the  University  of  New  Mexico, 
we  are  addressing  this  and  related  problems  using  computer  Symbolic  Manipula¬ 
tion.  These  are  not  floating-point  calculations,  but  symbolic  operations,  e.g. 
the  chain  rule  differentiation,  performed  by  computer  logic.  The  gathering  of 
coefficients  is  likewise  done  symbolically,  as  is  the  actual  writing  of  the 
Fortran  subroutines  to  define  the  problem.  The  symbolic  code  used  is  a  VAX 
computer  version  of  the  code  MACSYMA  developed  over  many  years  at  the  MIT  Lin¬ 
coln  Laboratories. 

To  recapitulate:  we  are  using  MACSYMA  to  (1)  analytically  generate  the 
transformation  equations,  and  (2)  to  actually  write  a  Fortran  subroutine  to 
produce  the  9-point  stencil  defining  the  matrix  problem. 

Once  the  computer  has  written  the  subroutine  defining  the  problem,  the 
coefficient  matrices  defining  the  stencil  are  passed  to  some  canned  solver,  in 
this  case  the  GEM  codes.  Both  the  grid  generation  problem  and  the  physics  equa¬ 
tion  are  solved  the  same  way.  Except  for  input/output  and  processing  of  the 
results,  as  well  as  the  passing  of  the  matrix  problem  to  the  canned  solver,  the 
user  obtains  the  answer  without  writing  Fortran  or  similar  code. 

The  general  second-order  two-dimensional  equation  has  been  solved  in  this 
manner,  and  the  results  verified  by  comparison  to  the  hand-coded  coefficient 
matrices.  The  analytic  generation  of  the  transformation  equations  and  the 
writing  of  the  Fortran  subroutine  require  about  10  minutes  on  a  VAX  780.  The 
three-dimensional  problem  has  also  been  solved,  but  the  computer  time  increases 
dramatically  due  to  the  computational  complexity  of  the  chain  rule  operations, 
similar  to  the  classic  "sorting"  problem.  We  are  currently  involved  in  the 
code  verification.  Rather  than  generate  a  hand-coded  version,  we  will  obtain 
three-dimensional  solutions  of  the  algebraic  equations  (using  a  hopscotch  SOR 
"canned"  solver)  and  verify  the  code  by  convergence  testing  to  the  exact  solu¬ 
tion  of  highly  stretched  coordinate  problems. 

In  the  near  future,  we  intend  to  work  on  the  relatively  straight-forward 
problems  of  multiple  equations,  higher  order  equations,  perturbation  terms  in 
the  source  term  formulated  so  as  to  give  deferred  corrections  to  higher  order 
accuracy  and/or  nonlinar  terms,  and  validation  of  all  these. 
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More  difficult  problems  are  conservation  forms,  upwinding  (or  other  condi¬ 
tional  differencing),  complicated  boundary  conditions  (currently  we  have  used 
only  Dirichlet  conditions),  and  optimization.  It  is  likely  that  the  Fortran 
code  generated  will  always  be  less  efficient  than  what  could  be  obtained  with 
expert  hand  coding.  This  situation  is  viewed  as  analogous  to  the  situation  of 
efficiency  attainable  from  high-level  languages  like  Fortran  vs.  assembly  lan¬ 
guage.  The  "efficiency"  sought  is  not  that  measured  by  CPU  seconds  for  code 
execution,  but  by  calendar  years  for  code  development. 

Human  errors  are  still  possible  in  this  process,  but  they  are  a  different 
level  of  error.  Grand  mistakes  will  occur,  but  not  the  petty  ones  of  writing 
S(I+1,J)  when  the  term  should  have  been  S(I-1,J),  etc. 

The  following  areas  of  application  for  Symbolic  Manipulation  appear  most 
promising. 

(1)  Combination  of  perturbation  methods  and  numerical  methods.  These 
"semianalytic"  approaches  have  already  been  used  with  some  success,  and  are  not 
difficult  for  regular  perturbation  problems.  With  insight,  they  can  be  used 
for  singular  perturbation  problems,  and  could  be  used  in  general  grid  problems 
to  remove  grid-introduced  singularities. 

(2)  Coordinate  transformations,  especially  in  conjunction  w'th  (3). 

(3)  Constitutive  equation  testing,  in  areas  like  turbulence  modeling,  non- 
Newtonian  fluids,  soil  mechanics,  gravitational  theory. 

(4)  Generation  and  analysis  of  new  discrete  forms  via  finite  difference, 
finite  element,  least  squares,  etc.  methodologies. 

The  prospect  of  virtually  error- free  testing  of  constitutive  equations  and 
difference  forms  is  most  attractive.  I  predict  that  the  use  of  Symbolic  Manipu¬ 
lation  in  these  and  other  problems  will  shortly  be  recognized  as  the  way  of  the 
future,  and  that  the  practice  of  disciplines  like  computational  fluid  dynamics 
will  be  revolutionized  in  the  next  decade  as  the  power  of  Symbolic  Manipulation 
becomes  widely  recognized. 

12.  FUTURE  WORK.  Besides  the  use  of  Symbolic  Manipulation  described  above, 
we  expect  to  extend  the  work  described  herein  in  the  near  future  to  include  the 
following:  unsteady  equations,  3-dimensional  problems,  magnetic  effects  (which 
give  rise  to  a  tensor  conductivity),  dielectric  interior  boundaries  (which  re¬ 
quire  the  precise  control  of  the  grid  at  interior  points),  solution  adaptive 
methods  to  better  resolve  the  maxima  in  the  E-fields,  and  semi -automated  opti¬ 
mization  of  the  electrode  design  procedure. 
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